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FOREWORD OF THE 
FIRST EDITION 



This book originates from two recent articles by Prof. Ruggero Maria Santilli 
appeared in Algebras, Groups and Geometries (Santilli (1991a, b)) on his isotopic 
liftings of contemporary mathematical structures. 

I thought that their rewriting in the form of a. short monograph, with the 
addition of a few complementary aspects and applications, may be useful for 
applied mathematicians and theoretical physicists interested in examining Prof. 
Santilli's novel mathematical and physical theories. 

1 would like to thank Prof. Santilli for invaluable assistance and for 
authorizing free use of his computer disks in the preparation of this volume. 



J. V. Kadeisvili 

Spring 1992 
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FOREWORD OF THE 
SECOND EDITION 



Part I of this second edition, on Santilli's isotopies of contemporary algebras, 
geometries and isorelativities, consists of the entire first edition with numerous 
corrections following comments 1 received from various readers, which are here 
gratefully appreciated. 

Part II is new and deals with the nonlinear, nonlocal and nonhamiltonian 
isotopies of the various branches of Lie's theory today known as the Lie-Santilli 
isotheory. This Part II also includes an updated and more advanced formulation of 
the isotopies and isodualities of contemporary mathematics. 

Part III has been added while this volume was about to be released for print, 
and outlines the iso-grand-unification and isocosmology to be presented by at 
the forthcoming VIII M. Grossmann Meeting on General Relativity scheduled in 
Jerusalem this coming June, 1997. 

Part I is recommended for a first study of the isotopies of contemporary 
algebras, geometries and relativities. Part II is recommended as a more advanced 
study of the topics. The understanding of Part III requires an advanced technical 

I left thj references of Part I unchanged and added new references for Parts 
II and III. In this way, the reader can also see the rather remarkable progress made 
in the field during the past five years. 

This volume is primarily devoted to theoretical profiles. For the numerous 
applications and experimental verifications of isotopic theories and their isoduals 
today available in particles physics, nuclear physics, astrophysics, 
superconductivity, biology and other fields, we suggest Ref. [101] of Part II. 

Again, I have no words to express my thanks to Prof. Santilli for his 
guidance and support as well as for allowing me to use his computer disks. 
Additional thanks are due to Mrs. Pamela Fleming of the Institute for Basic 
Research for logistic assistance and to various colleagues for critical comments and 
suggestions. 



J. V. Kadeisvili 
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PART I: 

SANTILLI'S ISORELATIVITIES 



1992 
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motion of extended particles within physical media; 

II) are based on the isotopic generalization of the virtual entirety of 
contemporary mathematical structures, including: fields, vector spaces, 
transformations, Lie algebras, Hamiltonian mechanics, Lie symmetries, and the 
symplectic, af f ine and Riemannian geometries; 

III) are a covering of the conventional relativities, because admitting the 
latter as a particular case when motion returns to be in vacuum (empty space), and 
all acting forces return to be local-differential and conservative. 

By using a language accessible to both mathematicians and theoretical 
physicists, in this monograph, I shall review Santilli's generalized mathematical 
structures because they are mathematically relevant per se , and then outline their 
application for the construction of the isotopic relativities. 

The conditions of exact applicability of conventional relativities are those of 
their original conception 4 , namely, particles which can be well approximated as 
being point-like while moving in the homogeneous and isotropic vacuum, under 
action at-a-distance, potential and therefore, variationally selfadjoint (SA) forces 
(Helmholtz (1887), Santilli (1978e)). 

These physical conditions were historically referred to by Lagrange (1788), 
Hamilton (1834), Jacobi (1837), and other Founders of contemporary analytic 
dynamics as those of the exterior dynamical problem, namely, the study of 
dynamics in the empty space outside the minimal surface containing all matter of 
the body considered, including its possible atmosphere. A typical example is given 
by a satellite in orbit around Earth. 

Mathematically, the above conditions render exactly applicable the 
conventional local-differential structures of contemporary mathematics in their 
canonical-Hamiltonian realizations, such as algebras, geometries, analytic 
mechanics, etc. 

As indicated before, Santilli's isotopic relativities have been worked out for 
physical conditions fundamentally more general than the above ones and, in 
Tf tm2) C h9£) d (m) S ' Cal k " 0Wledge ' inclu(i '"S discrete systems, as shown by Jannussis 
4 For n i st °™al presentations one may consult Galilei (1638), Newton (1687), Lorentz (1904), 

comprehensive historical bibliography on the special and general relativities one may 
consult Paull (1921), in the English edition of 1981. Contemporary formulations of Galilei's 
relativity can be found in Levy-Leblond (1971), or Sudashan and Mukunda (1974). Among a 
number of contemporary presentations of Einstein's relativities so large to discourage an 
outline, this author still prefers Pauli (toe. cit) for reasons of completeness that will 
transpire in the geometrical parts of this volume (e.g., because Pauli indeed reviews the 
Freud (1939) identity of the Riemannian geometry, which is generally ignored by 
contemporary presentations, and other reasons). 
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particular, for conditions historically referred to as those of the interior dynamical 
problem , namely, the study of dynamics in the interior of the minimal surface 
encompassing all matter of the body considered. A typical example is given by a 
satellite during re-entry in Earth's atmosphere. 

In fact, Lagrange Hoc. cit. ) and Hamilton (toe. cit. ) formulated their 
original analytic equations with external terms precisely to represent the contact 
interior forces which were known since their time to be outside the 
representational capabilities of the Lagrangian or Hamiltonian. It was essentially at 
the end of the past century that, as a result of the work by Lie (1893) and for other 
historical reasons, the original Lagrange's and Hamilton's equations were "truncated" 
with the removal of the external terms, by acquiring the form of conventional use 
in contemporary mathematics and physics. 

From a mathematical viewpoint, the latter systems can be represented as 
follows. Denote with TE(r,S,S) the cotangent bundle of the three-dimensional 
Euclidean space E(r,S,SR) with local chart r and metric 8 = diag. (1,1,1) over the reals 
S Then the isotopic relativities provide a form-invariant description of systems of 

N particles of mass m a * 0, a = 1. 2 N, in their first-order, vector-field form 

which can be written 

a = fe« - ) = (r\a,a,..)) = r - 

/ p,a/n > Y (i.D 

\ (r) + F NSA la (t. r. P. f>--> + / ^ ff NSA ia <t. r, p, P...J /' 



where- the r's are the coordinates of the experimenter, the p's represent the linear 
momenta-, the m's are the masses of the N particles; SA and NSA stand for 
variational selfadjointness and nonselfadjointness (Santilli (1978e», respectively; and 
c represents a surface or volume. 

The objective of this monograph is to review the generalized mathematical 
tools used by Santilli for the treatment of systems (1.1). The following additional 
introductory comments appear to be recommendable. 

Recall that Einstein did not claim Galilei's relativity to be "violated" for very 
high speed, but merely "inapplicable". In this way, he constructed a covering of 
Galilei's relativity admitting of the latter at low speeds. 

Along the same historical teaching, Santilli stresses that conventional 
relativities are not "violated" for the systems considered, but merely inapplicable. 
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because we are dealing with physical conditions substantially beyond those of their 
original conception. He then constructed isotopic coverings of the conventional 
relativities which admit the latter identically when their physical conditions are 
recovered. 

The inapplicability of the conventional relativities for Santilli's broader 
conditions is beyond any meaningful doubt. As an example, Einstein's special and 
general relativities are inapplicable to systems (l.l) because of: 

a) the inapplicability of their local-differential topology (e.g., the Zeeman 
topology of the special relativity), due to the nonlocal-integral character of the 
broader systems considered; 

b) the inapplicability of their Lagrangian character, because the systems 
considered are nonselfad joint by conception and experimental evidence; 

c) the inapplicability of their canonical-Hamiltonian formulation, due to the 
nonhamiltonian character of the systems; 

d) the inapplicability of their homogeneous and isotropic structure, owing 
to the physical evidence that the material media of interior problems, such as our 
atmosphere, are generally inhomogeneous (e.g., because of the local variation of 
the density) and anisotropic (e.g., because of the intrinsic angular momenta of 
Earth which evidently creates a preferred direction in the medium itself); 

e) the inapplicability of Galilei's, Lorentz's and Poincare's symmetries, due to 
numerous independent reasons, such as their strictly linear and local characters, as 
compared to the necessarily nonlinear and nonlocal character of systems (1.1); 

f) the inapplicability of the conservation laws of physical quantities, because 
of, e.g., the moriotonically decreasing character of the angular momentum of the 
space-ship during re-entry in Earth's atmosphere, which is contrary to the 
fundamental conservation laws of established relativities; 

g) the inapplicability of the conventional symplectic geometry (see, e.g., 
Abraham and Marsden (1967)), affine geometry (see, e.g., SchrOdinger (1950)) and 
Riemannian (1868) geometry (see, e.g., Lovelock and Rund (1975)), trivially, because of 
their local-differential character as compared to the nonlocal-integral nature of 
the systems considered; 

and several other mathematical, theoretical and experimental reasons. 

Santilli illustrates rather convincingly all the above occurrences by 
considering a limit case of interior problems, such as the core of a star undergoing 
gravitational collapse. In this case we have the mutual penetration of a very large 
number of wavepackets of the particle constituents and their compression in a 
very small region of space. The 
emergence of nonlinear, nonlocal and nonlagrangian-nonhamiltonian forces under 
these conditions, and the consequential inapplicability of the Riemannian geometry 
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are simply beyond any credible doubt. It is hoped the reader sees in this way the 
inapplicability of Einstein's gravitation for a more adequate study of interior 
gravitational problems, as manifest via a mere inspection of systems (l.l) (see Sect. 
12 for more details). Santilli nevertheless stresses that the Riemannian geometry 
remains exactly valid for the physical conditions of its original use: the exterior 
gravitational problem of test particle moving in empty space. 

This establishes the need to identify mathematical tools for the effective 
treatment of systems (l.l), and the consequential physical need to build a new 
generation of covering relativities. For more details on Santilli's isotopic relativities 
see the two recent monographs (Santilli (1991a, b)) and the review monograph 
(Aringazin et a/. (1991)). 

To begin our review, let us recall that Santilli's studies are based on the so- 
called isotopies of conventional formulations, which essentially are characterized 
by the liftings from the conventional to the most general possible, nonlinear and 
nonlocal, axiom-preserving formulations of current mathematical structures . 

The fundamental mathematical (and physical) idea (Santilli (1978), (1979), (1980), 
and others) is the generalization of the conventional trivial, n-dimensional unit I 

of current theories, I = diag. (1, 1 1), into a quantity 1 called isotopic unit, or 

isounit, which is nowhere null in the considered region of the local variables, and 
Hermitean, but otherwise possesses the most general possible, nonlinear and 

nonlocal dependence on: coordinates r ; their derivatives of arbitrary order r, r (or 

p, p,...); as well as any other needed quantity, such as the density u = u(r) of the local 
medium considered, its local temperature tW, its index of refraction n = n(r) (if 
any), etc. 

1 = Kt, r, f, r, p, t, n, ...). (1.2) 

All contemporary mathematical structures, such as fields, vector spaces, 
transformation theory, algebras, analytic mechanics, symplectic geometry, aff ine 
geometry, Riemannian geometry, etc. were then generalized by Santilli in such a 
way to admit the quantity 1 as their unit. The insensitivity of the structures to the 
topology of their unit then allows a direct and effective representation of 
nonlocal-integral forces without excessively complex alterations of the original 
theories. 

In particular, systems (l.l) become directly representable via a conventional 
Hamiltonian H(t, r, p) characterizing all selfadjoint forces, and by embedding all 
nonhamiltonian forces in the generalized unit!. 

Needless to say, the above representation of systems (1.1) is not unique, and a 
number of additional possibilities exist in the specialized mathematical literature. 
However, these methods are rather complex indeed, because requiring rather 
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delicate nonlocal topologies, and of unknown value for the characterization of a 
generalized analytic mechanics. The primary value of Santilli's isotopic structures 
is therefore their simplicity and effectiveness, as we shall see. 
The mapping 

I =» % (1.3) 

is a first example of isotopies. In fact, the basic properties (or axioms) of the 
conventional unit I are those of being nowhere singular, real valued and symmetric. 
The lifting I 1 is then an isotopy because all the infinite, most general possible 
isounits (1.2) do preserve these basic properties by assumption. In physical 
applications Santilli adds the condition of positive-definiteness of the unit and of 
its isotopic images because it is instrumental in proving the local isomorphism 
between the isotopic and conventional symmetries. 

Santilli fundamental application of the the isotopies I =» 1 has been for the 
construction of a corresponding generalized formulation of Lie's theory which he 
called Lie-isotopic theory (Santilli (toe. at.)), but which is today called Lie- 
Santllli theory (see Aringazin et al. (1991), and other papers quoted later on). As we 
shall see in Sect. 6, the generalized theory essentially consists of isotopic liftings of 
all the various branches of the conventional Lie's theory (universal enveloping 
associative algebras, Lie algebras, Lie groups, representation theory, etc.), when 
formulated with respect to, and under the condition of the existence of the most 
general possiblelsounit (1.2). 

A few aspects should be indicated in these introductory words. The first is 
that, owing to the deep inter-relation and mutual compatibility of the various 
mathematical structures used in dynamics, the isotopies of any one of them 
require, for mathematical consistency, the isotopies of all the others. 

For instance, the isotopies of an algebra soon require, for consistency, those 
of the underlying field which, in turn, require the isotopies of the space in which 
their modular actions hold which, in turn, require the isotopies of the applicable 
geometry, of the transformation theory, etc. 

This is the reason why Santilli starts with the isotopies of fields, and then 
passes to those of linear spaces, metric spaces, algebras, geometries, etc. 

A second important aspect of Santilli's analysis, is the restriction of the 
isotopies to those admitting a well identified (left and right) isounit 1. As well 
known (see, e.g., Jacobson (1962)), the conventional Lie's theory is formulated with 
respect to the trivial unit I of current use in all its branches. It is then evident that 
the selection, say, of an isotopy of the associative enveloping algebra which does 
not possess the unit, even though mathematically relevant, is bound to be 
inadequate for the quantitative treatment of interior systems of type (1.1). 
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lent that, when the isotopic formulation of a given mathematical 
itructure nas been identified, then its study for singular isounits are 
mathematically and physically relevant. The best example is given by the 
singularities of the isotopies of the Riemannian geometry due to the isounits, 
which offer evident new possibilities for gravitational collapse and other topics. 
Nevertheless, Santilli stresses that regular isotopies should be studied prior to their 
singular particularization. 

A third introductory aspect is that the isotopies essentially represent the 
"degrees of freedom" of given mathematical axioms and, by central conditions, they 
produce no new abstract axiomatic structure. 

As a matter of fact, this property is so universal that the most effective 
criterion for ascertaining the mathematical consistency of given isotopies is that 
the conventional and isotopic formulations must coincide, by construction, at the 
abstract, realization-free level, as stressed since the original proposal (Santilli 
(1978a)). 

As a result, the reader should not expect the identification of new Lie 
algebras via the use of isotopies, trivially, because all Lie algebras (over a field of 
characteristic zero) are known from Cartan's classification. On the contrary, the 
isotopies produce generally new, infinitely many different, nonlinear and nonlocal 
realizations of known abstract Lie algebras. 

In fact, Santilli's Lie-isotopic generalizations of Galilei's and Poincare's 
symmetries which are at the foundations of his relativities coincide, by conception 
and realization (for positive-definite isounits), with the conventional Galilei and 
Poincare symmetries, respectively. More generally, Santilli's isotopies of Galilei's 
relativity, Einstein's special relativity and Einstein's general relativity for the 
interior problem coincide, also by conception and realization, with the conventional 
relativities of the exterior problem at the level of abstract, realization-free 
formulations (Santilli (1988a, b, c d) and (1991a, b)). 

In short, the isotopies permit the achievement of a rather remarkable unity 
of mathematical and physical thought in which, in the transition from the exterior 
to the interior dynamical problem, the fundamental geometries, space-time 
symmetries and physical laws, rather than being abandoned, are preserved in their 
entirety, and only realized in the most general possible nonlinear and nonlocal 

The mathematical literature on isotopies is rather limited, to my best 
knowledge. During his first studies in 
of Harvard Universit y 5 in the late 71 

5 Where Santilli had a position as co-principal investigator under contracts with 
Department of Energy Numbers ER-78-S-02-4742.A000, AS02-78ER04742 and DE-A 
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the Cantabridgean mathematical libraries. The only mathematical book that he 
could identify at that time with the notion of isotopy was Bruck (1958), who points 
out that the notion dates back to the early stages of set theory , whereby two sets 
were called isotopically related if they could be made to coincide via 
permutations. 

An extensive search in abstract algebras revealed that the notion had been 
applied to associative and (commutative) Jordan algebras (see the mathematical 
bibliography by C. Balzer er al. (1984)), but no application of the notion of isotopy 
to Lie algebras and other structures of direct physical relevance existed at the time 
of Santilli's original proposal of 1978. 

To my best knowledge at this writing (early 1992), Santilli remains the 
originator and sole author on the mathematical study of the isotopic liftings of Lie 
algebras, geometries and mechanics; no additional mathematical book has appeared 
with the notion of isotopy; and the only articles appeared in a mathematical journal 
with the names "Lie-isotopic algebras" are the review by Aringazin et al. (1990), and 
the two memoirs by Santilli (1991a, b). Quite appropriately, Santilli quotes several 
times Bruck's (loc. cit. ) warning: 

" The notion (of isotopy) is so natural to creep in unnoticed." 



1.2: ISOFIELDS 

Recall that a field (see, e.g., Albert (1963)) is a set F of elements a, (3, y,... equipped 
with two (internal) operations, usually called addition a + p and multiplication or 
product ap, such that 

1) Properties of addition: For all a, p, y e F, a + p = p + a, and a + (p + y) = 
(a + |3) + y, for each element a there is an element 0, the unit for the addition here 
called additive unit, such that a + = a and an element - a such that a + (-a) = 0; 
and the set is not empty, i.e., there exist elements a ^ 0; 
^ ^ 2) Properties of multiplication: for all a, p, -y € F we have ap = pa and 

multiplication here called multiplicative unit, such that al = la = a, and an 
element <T l such that aa _I = a"'a = 1; and the equations ax = p , and xa = p, for a 
9 s 0, always admit solution; 

3) Distributive laws: for all a, p, 7 e F, a(p+ y) = ap + ay, and (p + y)a = pa 
+ 7"- 

0ER10651 in association with his colleague S. Sternberg. 
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Unless otherwise stated, all fields are assumed of characteristics zero 6 
throughout the analysis of these papers, so as to avoid fields with an axiomatic 
structure different than that currently used in physics. The extension of the results 
to fields of characteristic p * is rather intriguing, but it will be left for brevity to 
the interested mathematician. 

The sets of real numbers 51, complex numbers C and quaternions Q 
constitute fields with respect to the conventional sum and multiplication. However, 
octonions O do not constitute a field because of the loss of the associativity of the 
product 

DEFINITION 2.1: Given a field F with elements a, p, y..., sum o + 3, 
multiplication cc|3, and respective units and I, "Santilli's isofields" are rings of 
elements a = at where a are elements of F and 1 = T" 1 Is a positive-definite 
n*n matrix generally outside F equipped with the same sum a + p of F with 
related additive unit = 0, and a new multiplication a«p = aTp, under which 1 = 
is the new left and right unit of F in which case F satisfies all axioms of a 
field. 

Thus, an isofield is a field by construction. The basic isofields of this 
analysis are the real isofields ft, i.e., the infinitely possible isotopes ft of the field of 
real numbers R, which can be symbolically written 

ft = {n | n = ril, n eH, 1*0), (2.1) 

and their elements fi are called isonumbers. As per Definition 2.1, the sum of two 
isonumbers is the conventional one, 

fi, + n 2 = (nj + njlt. (2.2) 

To identify the appropriate isoproduct, recall that 1 must be the right and 
left isounit of ft. This is the case if one interprets! as the inverse of an element T, 
called isotopic element, 



b Let F be a field with elements a, ft... If there exists a least positive integer p such that pa 
= for all aeF, then the field F is said to be of characteristic p. The fields of real or 
complex numbers evidently have characteristic zero. Contrary to a rather general belief in 
physical circles, the classification of simple Lie algebras is still incomplete. In fact, we have 
today Cartan's classification of all simple Lie algebras, but only over a field of 

this writing. 



Santilli's Isotopie 



1 = T" 1 , (2.3) 

and defines the isoproduct as 

n I* n 2 " efn I Tn 2' T flxed - (2 ' 4> 

Then, 

l*n= n*l =n, for all n (2.5) 

Note that the isotopie element T need not necessarily be an element of the 
original field SR, because it can be, say, an integro-differential operator. As we shall 
see, this feature is of fundamental relevance for the applications of the isotopie 

Note also that the lifting I =* 1 does not imply a change in the numbers used 
in the practical, mathematical and physical applications. This can be seen in various 
ways, e.g., from the fact that the isoproduct of an isonumber n times a quantity Q 
coincides with the conventional product, 

fi«Q = nQ. (2.6) 

Note finally, from the complete arbitrariness of the isotopie element T in 
isoproduct (2.4),- that the field of real number sft admits an infinite number of 
different isotopies. 

Another field of basic physical relevance is the complex isofield C, 

C = (c|c = cl, ce C, 1*0} (2.7) 

which plays a fundamental role in the operator formulation of the classical 
isotopies of this volume. As such it will be considered elsewhere. 

Particularly intriguing is the notion of quatemionic isofield Q which does 
not appear to have been studied in the mathematical or physical literature until 
now, to our best knowledge. In fact, the elements of are matrices, as well known. 
Their isotopie liftings via a matrix T of the same dimension then considerably 
broaden the original structure. 

Finally, note that the isotopy F =* F used in these papers is solely referred to 
the multiplication, and not to the addition. Needless to say, a more general notion of 
isotopy including both sum and multiplication as well as internal and external 
operations is, conceivable, but its study is left to the interested mathematician. 

The notion of isofield was submitted by Santilli during an invited talk at the 
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Clausthal Conference on Differential Geometric Methods in Mathematical Physics 
of 1980 (see also Santilli (1981b)). The notion was then elaborated by Myung and by 
Santilli (1982a), and by various works by Santilli (1983a), (1985a), (1988a, b) and (1991a, b). 



1.3: ISOSPACES 

A linear space V (see again Albert (1963)) is a set of elements a,b,c,... over a field F 
of elements a, 8, y, ... and units and 1, equipped with the additions a+b, and a + b, 
and the multiplications ab, aa, and ab, such that, for all a,b,c € V and a, 6,y e F: a + 
b = b + a; a + (b + c) = (a + b) + c; a(Ba) = (a|3)a; a(a + b) = aa + at* (a + b)a = aa + Ba; 
for every a e V there exists an element -a such that a + (-a) = a - a = 0; and the 
multiplicative unit 1 of F is the right and left unit of V, i.e., la = al = 1 for all a e V. 

From the above definition one can clearly see that we cannot construct an 
isotopy of a linear space without first introducing an isotopy of the field, because 
the multiplicative unit I of the space is that of the underlying field. 

DEFINITION 3.1: Given a linear space V over a field F, the "isotope" V of V with 
respect to the multiplication, here called "Santilfis isospace", is the same set of 
elements a, b, c,... e V defined over the isofield P with multiplicative isounit 1 
and therefore equipped with a new multiplication a*b, which is such to verify all 
the axioms for a linear space, i.e., 

a*(S*a) = (a*B)*a, a*(a + b) = a«a + a*b, (3.1a) 

(a+B)*a = a*a + 3*a, a*(a + b) = a*a + a*b, (3.1b) 

l*a = a*l = a, (3.1c) 

for all a,b € V and a, B e F. 

Note the lifting of the field, but the elements of the vector space remain 
unchanged. This is a property of important physical consequence, inasmuch as it is 
at the foundation of the preservation of the conventional generators of Lie algebras 
under isotopies. In turn, this implies the preservation of conventional conservation 
laws under lifting. 

The interested reader can prove as an exercise a number of properties of 
isolinear spaces. One which is particularly relevant for this analysis follows from 
the invariance of the elements a, b, c, ... of the space under isotopy and can be 
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expressed as follows. 

PROPOSITION 3.1: The basis of a (finite-dimensional) linear space V remains 
unchanged under isotopy. 

The above property essentially anticipates the fact that, when studying later 
on the Lie-Santilli algebras, we shall expect no alteration of its basis (Santilli (1978a)). 

Linear spaces V are also called vector spaces in which case their elements 
a,b,c, are called vectors. The isotopes V are then called isovector spaces and their 

A metric space hereon denoted M(x,g,F) is a (universal) set of elements x, y, 
z,.. over a field F equipped with a map (function) g: M x M F, such that: 

g(x,y) s 0, (3.2a) 

g(x,y) = g(y,x) for all x,y e M; g(x,y) = if f a = or b = 0. (3.2b) 

g(x,y) a g(x,z) + g(y,z) for all x,y,z e M. (3.2c) 

A pseudo-metric space, hereon also denoted with M(x,g,F), occurs when the 
first condition (3.2a) is removed. Finally, recall that the field of metric spaces 
generally used in physics is that of the reals SR. 

Suppose that the space M(x,g,) is n-dimensional, and introduce the 

components x = (x'), y = (y'), i = 1,2 n. Then, the familiar way of realizing the 

map g(x,y) is that via a metric g of the form 

g(x,y) = x 1 gij yj, (3.3) 

The axiom g(x,y) > for metric spaces then implies that g is positive-definite, g > 
0. 

The best physical example of a metric space is the n-dimensional Euclidean 
space hereon denoted with the symbol E(r,8,M), namely, the vector space E with 
local charts r = (r 1 ) and realization of the metric 

g( ri ,r 2 ) = r^Sy^j, (3.4) 
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8 = (8,j ) = diag. (1, 1, .., I) (3.5) 

is the matrix of the Kronecker delta Sjj. 

A pseudo-metric space of primary physical relevance is the (3+1)- 
dimensional Minkowski space hereon denoted M(x,r|,50, namely, the vector space 
with charts 

x = (xt 1 ) = (x'.x 4 ), x 1 eE(r,8,5l), x 4 = c Q t, (3.6) 
where c Q e SR represents the speed of light in vacuum. Then the map is indefinite, 

n(x,y) = x^ V / (3.7) 
where n is the celebrated Minkowski (1913) metric, hereon assumed of the type 
Tl = diag. (I, I, 1, -1). (3.8) 

Further spaces also relevant in physics are the Riemannian spaces hereon 
denoted R(x,g,S), which are the fundamental spaces of Sects 1 1 and 12 of Part II. 

The simplest possible way of constructing an infinite family of isotopes of 
M(x,g,F) is by introducing n-dimensional, nowhere null and Hermitean isounits 

1 = n, J ) = (ti), i,jr,s, = 1,2 n. (3.9) 

with isotopic elements 

T = 1 _1 = (Tjj) = frty, (3-10) 

g(x,y) = (x'gijyH (3.11) 

where the quantity 



g = Tg = (Tj k g kj ), 



(3.12) 
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shall be called hereon the isometric. 

The basis e = (e,), i = I, 2 n of an n-dimensional space M(x,g,F) can be 

defined via the rules 

g(e,,ej) = g,j. (3.13) 

Then, under isotopy we have the rules 

gtei.ej) = gjj, (3.14) 

which illustrate the preservation of the basis as per Proposition 3.1. 

The above isotopic generalizations can be expressed as follows. 

DEFINITION 3.2: The "isotopic liftings" of a given, n-dimensional, metric or 
pseudometric space M(x,g,ft) are given by the infinitely possible Santilli's isospaces 
M(x,g,#) characterized by: a) the same dimension n and the same local coordinates 
x of the original space; b) the isotopies of the original metric g into one of the 
infinitely possible nonsingular, Hermitean "isometric" g = Tg with isotopic 
■ element T depending on the local variables x, their derivatives x, x, ... with 
respect to an independent parameter, as well as any needed additional quantity 

g =* § = Tg, (3.15a) 

T = T(x, x, x,.J , detT^O, T^ = T, det.g^O, g = gt, (3.15b) 

and c) the lifting the field <R into an isotope ftwhose isounitl is the inverse of the 
isotopic element T, i.e., 

H = Si, 1 = T - ' = 8 -1 , (3.16) 
with composition now over $1 

(x,"y) = (x,Ty)l = (Tx,y)l - 1 (x,Ty) 

= 6c i g iJ yJneP, (3.17) 
' The liftings of the conventional n-dimensional Euclidean spaces E(r,S,SR) over the 
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reals 9! into "Santilli's isoeuclidean spaces", are given by the particular ca 
E(r,6,S) => &r,hffl, 

det S = 1 * 0, 8 = 8^ =» det. 8 * 0, 8 = fit, 

£R =* ft = SRl, T = T 1 = s" 1 

W'r'Sjjrj =* (rTr) = (r,Sr)1 

= (6r,r)1 = l(r,8r) = [r j Sytr, f, if,..) r4% 

T/ie Wft/ngs of t/ie conventional Minkowski space M(x,ti,S) /n (3+lhspace-time 
dimensions are given by the isotopes called '"Santilli's isominkowski spaces" 

M(x,ti,SR) =» M(x,T),ft), (3.19a) 

T) = diagil, 1, 1, -1) =» f, = T(x, x, X,...) ri, (3.19b) 

detT| = -1^0, r| = T|t detT^O, ^t = f|, (3.19c) 

S ft = ftt, 1 = T 1 , (3-19d) 

(x,x) = x%„x v (xTx) = (x,Tx)1 = (Tx,y)l 

= l(x,Ty) = Ix f|^(x, x, x,...) x v ]1, (3.19e) 

Finally, the liftings of a given n-dimensional, Riemannian or pseudoriemannian 
space R(x,g,«) over the reals X into the infinitely possible isotopes called "Santilli's 
i spaces" ft(x,g,ft) are given by 



g = g(x) g = T(x, x, ii, ...) g(x), 



(3.20b) 
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K => # = SRI, 1 = T~\ (3.20d) 

(x,y) = x'gjjtxJxJ (xTx) = (x,Tx)l = (Tx,x)1 

= 1 (x,Tx) = (x j gjjlx, x, x, ...) xJ H. (3.20e) 

Santilli )1988b) illustrated the general character of the concept of isotopy via 
the following property of evident proof. 

PROPOSITION 3.2: All possible metric and pseudometric spaces in n-dimension 

M(r,g,SR) can be interpreted as isotopes of the Euclidean space in the same 
dimension E(r,8&) under the reformulation 

M(r,g,P): F = Fl, 1 = g->. (3.21) 



The reader should therefore keep in mind that there is no need to study the 
isotopies of all spaces, because those of the fundamental Euclidean space are 
sufficient, and inclusive of all others, as illustrated by Santilli (toe. cit. ) with the 
following 

COROLLARY: 3.2.a: The conventional Minkowski space M(x,n,S) in (3+1) space-time 
dimensions over the reals 3) can be interpreted as an isotope M(r,n,&) of the 4- 
dimensional Euclidean space E(x,8,X) characterized by the isotopy of the metric 

S = 14x4 = & = T8 = T| = diag. (l, 1, 1, -1), (3.22) 

under the redefinition of the fields 

5t a = 5)1, 1 = T~' = rf 1 = r|. (3.23) 

The reader should remember that the isotopy of the field is a feature needed 
for mathematical consistency, but it does not affect the practical numbers of the 
theory. Also, as we shall see in Sect. 8, the symmetries of M(x,r|,S) and those of 
M(x,T).5t) coincide because characterized by the metric T|. Thus, the isotopic 
Minkowski space Mx,r|,ft) and the conventional Minkowski space M(x,T|,S) can be 
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made to coincide for all practical purposes used in physics. 

COROLLARY 3.2.b: The conventional Riemannian spaces R(x,g,SR) in (3+lhspace- 
time dimensions over the reals SH is an Isotope k(x,g,ft) of the 4-dimensional 
Euclidean space E(x,8,R) characterized by the lifting of the Euclidean metric S 
into the Riemannian metric g 

S = => TS = g, (3.24) 



and by the corresponding lifting of the field 

« => 8 = Sft1, 1 = T" 1 = g" 1 . 
Santilli (toe. cit. ) also submitted the following 



(3.25) 
interpretation of 



the Riemannian space. 
COROLLARY 3.2.C: The 

;e M(x,n%) in 



the Minkowski m 



= diag.tl, 1. 



Riemannian space R(x,g,SR) in (3+lhspace-time 
interpreted as an isotope ft(x,g,&) of the 
characterized by the isotopy of 



M & = 3ft, 1 = T 1 . (3-27) 

The notion of isotopy of a metric or pseudometric space is therefore first 
useful for conventional formulations. In fact, Santilli (toe. cit. ) has shown that 
the transition from relativistic to gravitational aspects is an isotopy. This concept 
is at the foundations of his study of the global symmetries of conventional 
gravitational theories which can be readily characterized by the Lie-Santilli 
theory, but which are otherwise of rather difficult treatment via conventional 
techniques. 

Notice also the chain of isotopies illustrated by the above Corollaries, also 
called isotopies of isotopies, 

E(x,S,SR) => M(x,n,H) ■* Rfeg.rt. (3-28) 

Corollary 3.2.c is useful to illustrate the insensitivity of the isotopies to the 
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explicit functional dependence of the isounit. The reader can then begin to see the 
general character of Santilli's isoeuclidean spaces which encompass, not only the 
Minkowski and Riemannian spaces, but also all known metric and pseudometric 
spaces of the same dimension, such as Finslerian spaces, as well as additional 
classes of infinitely possible, genuine isotopies of the Euclidean, Minkowski, 
Riemannian and other spaces. 

DEFINITION 3.3. Given a metric or pseudo-metric space M(x,g,F) with metric g, 
"Santilli's isodual" space M^x,!,?) is the isotopic space Hi characterized by the 
isotopic element 

T = - I = diag. (-1, -I, -1, ...,-D. (3:29) 
The isodual of the Euclidean space E(x,8,H) is therefore the isotope E^xM) 

8 = -8. (3.30) 

As we shall see, the above spaces are useful for the construction of the 
isodual realization of given simple Lie groups with rather intriguing implications, 
evidently given by the embedding of the inversion in the isounit of the theory. 

Similarly, the isodual of the Minkowski space M(x,T|,5t) is the isospace 
MtWiJU where the isometric f| is given by 

f| = Tn = -n = diag. (-1, -I, -1, +1). (3.31) 

Clearly the notion of isoduality in Minkowski space allows the mapping of 
time-like into space-like vectors and vice-versa. As such, isodual spaces are at the 
basis of the generalized Lorentz transformations x => xlx) introduced by Recami and 
Mignani (1972) for which 

^\v x ' V = " xM "V x1 '' (a32) 

and are important to identify certain properties of the isotopies of the Lorentz 
group (Santilli (1991b)). 

The notion of isospace was introduced by Santilli (1983a) in conjunction with 
his first construction of the isotopic generalization of Einstein's special relativity. 
The theory of isospaces was then used in more details for the construction of the 
infinite isotopies of isometries of metric and pseudometric spaces (Santilli (1985a, 
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b)) where the notion of isotopic duality was also introduced. Finally, the extension 
of 'the theory to Riemannian spaces was done recently in Santilli «1988d), (I991a,b». 

The infinite family of isotopic generalizations of the Euclidean space, of the 
Minkowski space and of the Riemannian space, constitute the foundations of 
Santilli's isotopic generalization of Galilei's relativity, Einstein's special relativity, 
and Einstein's gravitation, respectively. 

The reason why they are infinite in number is to be able to represent the 
infinitely possible interior conditions for each given exterior gravitational mass. 

Also, the reader can see that Santilli's isoeuclidean, isominkowski and 
isoriemannian spaces provide a form of "geometrization" of the infinitely possible 
interior physical media when studied from a nonrelativistic, relativistic and 
gravitational profile, respectively. For numerous physical applications along these 
lines, we suggest the consultation of Santilli (1991c, d). 



1.4: ISOTRANSFORMATIONS 

Let V and V be two linear spaces over the same field F. A linear transformation 
(Albert (1963)) is a map f: V => V which preserves both the sum and the 
multiplication, i.e., it is such that 

f(a + b) = f(a) + f(b), (4.1a) 

f(aa) = f(a)f(a), (4.1b) 

which can be equivalently written 

f (aa + |3b) = f (a)f (a) + fGSf (b) for all a,b e V and a, & € F. (4.2) 

DEFINITION 4.1: "Santilli's isotopic transformations" are isomapst: V =» V among 
two isolinear vector spaces V and V of the same dimension over the same 
isofield F which preserves the sum and isomultiplication, i.e., which are such that 

t(a*a + 3*b) = t(a) « f (a) + f ((3)*t(b) for all a,b, e V and a, e Eft 

(4.3) 

In physical applications, the spaces V and V are usually assumed to 
coincide, V = V, in which case the Hnear map f is an endomorphism with 
realizations of the familiar right, modular-associative type 
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x' = Ax, xc V, x'€ V. (4.4) 

where A is independent from the local variables; the product Ax is associative; and 
the notion of module will be treated in more details in the next section. A similar 
notion would evidently result for a left modular associative action x 1 = xA. 
The transformations are nonlinear when of the form 

x' = A(x) x. (4.5) 

i A has an explicit dependence in the local coordinates x. If the x- 
:e is of integral type, we shall say that the above transformations are 

>ume now that V = V'. Then the isomap f can be realized with the 
rmations characterized by the right modular, associative isotopic action 

x' = A*x = ATx, T = fixed. (4.6) 

where the action A»a is still associative. A similar notion would result for a left, 
, modular-isotopic action x' = x»A = xTA. 

DEFINITION 4.2: SantilU's isotransformations (4.6) are said to be "isolinear" and/or 
"isolocal" when the element A is conventionally linear and/or local, respectively, 
i.e., when all nonlinear and/or nonlocal terms are embedded in the isotopic 
element T. 



A number of properties of isotransformations can be easily proved. At the 
level of abstract axioms, all distinctions between the ordinary multiplication ab and 
the isotopic one a*b (transformations Ax and A*x) cease to exist, in which case 
linear and isolinear spaces (linear and isolinear transformations) coincide. 

However, the isotopies are nontrivial, as illustrated by a number of 
properties. First, Santilli (1988b) points out the following 

PROPOSITION 4.1: Conventional linear transformations f on an isolinear space V 
violate the conditions of isolinearity. 

Explicitly stated, the lifting of the Euclidean spaces and of the Minkowski 
spaces into their corresponding isospaces requires the necessary abandonment, for 
mathematical consistency, of the Galilean and Lorentz transformations in favor of 
SantilU's isolinear and isolocal generalizations. 
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A most important property of Santilli's isotransformations is given by the 
following 

PROPOSITION 4.2: A transformation t which is isolinear and isolocal in an 

isospace V is generally nonlinear and nonlocal in V. 

In fact, when explicitly written out, isotransformations (4.6) become 

x- = ATx = AT(t,x,x,.x,...)x. (4.7) 

the nonlinearity and nonlocality of the transformations then becomes evidently 
dependent on the assumed explicitly form of the isotopic element T. 
Another simple but important property is the following 

PROPOSITION 4.3: Under sufficient topological conditions, nonlinear 
transformations on a linear vector V space can always be cast into an equivalent 
isolinear form on an isospace V. 

In different terms, given a map f in V which violates the conditions of 
linearity and/or of locality, there always exist an isotope V of V under which t is 
isolinear and/or isolocal. Explicitly, nonlinear transformations (4.5) can always be 

x' = A(x) X = BT(x)x = B*x, (4.8) 

i.e., for A = BT, with B linear. 

The above property has important mathematical and physical implications. 
On mathematical grounds we learn that nonlinearity and nonlocality are 
mathematical characteristics without an essential axiomatic structure, because 
they can be made to disappear at the abstract level via isotopic liftings. 

In turn, this feature is not a mere mathematical curiosity, but has a number 
of possible mathematical applications. As an example, if properly developed, the 
isotopies of the current theory of linear equations may be of assistance in solving 
equivalent nonlinear systems. 

On physical grounds, the first application of the notions presented in this 
section is that of rendering more manageable the formulation and treatment of 
nonlinear and nonlocal generalizations of Galilean or Lorentzian theories which, if 
treated conventionally, are of a notoriously difficult (if not impossible) treatment. 

The physical implications are however deeper than that. Recall that the 
electromagnetic interactions have been fully treatable with linear and local 
theories, such as the symmetry under the conventional Lorentz transformations. 
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One of the central open problems of contemporary theoretical physics (as 
well as of applied mathematics) is the still unanswered, historical legacy by Fermi 
(1949) and other Founders of contemporary physics on the ultimate nonlinearity and 
nonlocality of the strong interactions. 

All attempts conducted until now in achieving a nonlinear and nonlocal 
extension of current theories via conventional techniques have met with rather 
serious problem of mathematical consistency and/or physical effectiveness, as well 

Because of their simplicity, Santilli's isotopies appear to have all the 
necessary ingredients for the achievement of a mathematically consistent and 
physically effective nonlinear and nonlocal generalization of the current theories 
for the electromagnetic interactions via the mere generalization of their trivial 
unity I into Santilli's isounit 1, and the consequential isotopic generalization of the 
various notions of field, spaces, transformations, etc. 

The mathematical consistency of the isotopies is self-evident from their 
simplicity. Their physical effectiveness is due to the fact that, given a linear theory, 
say a Hamiltonian description of a conservative trajectory on a metric space, all the 
possible nonlinear and nonlocal generalizations are guaranteed by the mere 
isotopies of the underlying space. 

The (one-sided) isotransformation theory reviewed in this section was 
originally submitted by Santilli as a particular case of a still more general, two- 
sided, left and right isotransformation theory for Lie-admissible algebras (Santilli 
(1979)) (see Appendix D for a review). The isotransformation theory was then studied 
in detail in the monograph (Santilli (1981a)) and became a second central tool, 
following the notion of isominkowski space, for the first construction of the 
isotopies of the special relativity (Santilli (1983a)). Additional relevant studies were 
conducted in Myung and Santilli (1982a), Mignani, Myung and Santilli (1983), and 
Santilli (1982a), (1988a, b), (1991a, b, c, d). 



1.5: ISOALGEBRAS 

A (finite-dimensional) linear algebra U, or algebra for short (see, e.g., Albert (1963) 
or Oehmke et al. (1974)) is a linear vector space V over a field F equipped with a 
multiplication ab verifying the following axioms 



a(ab) = (aa)b = a(a), (ab)p = a(b3) = (a8)b, 



(5.1a) 
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a(b + c) = ab + ac, (a + b)c = ac + be <5- Ib > 

called right and left scalar and distributive laws, respectively, which must hold 
for all elements a,b,c € U, and a, f! e F. 

The reader should keep in mind that the above axioms must be verified by 
all products to characterize an algebra (see Appendix A of Part 11 for products 
commonly used in physics which do not characterize a consistent algebra). 

Santilli (1988b), (1991a) stresses that algebras play a fundamental role in 
physics, and their use is predictably enlarged by the isotopies. Among the existing 
large number of algebras, a true understanding of the isotopic relativities at the 
classical and/or at the operator level requires a knowledge of the following primary 
algebras (see, e.g., Albert (1963) and Schaf er (1966)): 

1) Associative aleebras A, characterized by the additional axiom (besides 
laws (5.1)) 



for all a,b,c e A, callec 
called nonassociative. All the following algebras are nonassociative 

2) Lie aleebras L which are characterized by the additional axioms 

ab + ba = 0, (5.3a) 

a(bc) + b(ca) + (dab) = 0. (5.3b) 

A familiar realization of the Lie product is given by 



3) Commutative Jordan aleebras J, characterized by the additional axioms 
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(ab)a 2 = a(ba 2 ), 
le special commutative Jorda 



3r* 8p k 3r K 3p k 

evidently verify axiom (5.6a), but violate axiom (5.6b). 

4) General Lie-admissible algebras U (Albert (1948), Santilli (1967), (1968) and 
(1978a)), which are characterized by a product ab verifying laws (5.1), which is such 
that the attached product ktyj = ab - ba is Lie. This implies, besides (5.1), the 
unique axiom 

(a,b,c) + (b,c,a) + (ca,b) = (c,b,a) + (b,a,c) + (a,c,b), (5.9) 
(a,b,c) = a(bc) - (able, (5.10) 



Note that Lie algebras are a particular case of the Lie-admissible algebras. 
In fact, given an algebra L with product ab = Ia,bl A , the attached algebra L~ has 
the product [a,b](j = 2 [a,bl A and, thus, L is Lie-admissible. 

Therefore, the classification of the Lie Lie-admissible algebras contains all 
possible Lie algebras. Also, Lie algebras enter in the Lie-admissible algebras in a 
two-fold way: first, in their classification and, second, as the attached 
antisymmetric algebras. Finally, associative algebras are trivially Lie-admissible. 

The first abstract realization of the general Lie-admissible algebras was 
given by Santilli ((1978b), Sect. 4.14) and can be written 

U: (a,b) A = arb - bsa, (5.11) 



where ar, rb, etc., are associative. In fact, the antisymmetric product attached to U 
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is a particular form of a Lie algebra (see below). 

The first realization of U in classical mechanics was also identified by 
Santilli (1969) and (1978a) and it is given by the following product for functions A(r,p) 
and B(r,p) in TE(r,8,!R) 



namely the general, nonassociative Lie-admissible algebras are at the foundations 
of the structure of the conventional Poisson brackets, which can be written 

!A.B] polsson = [A,Blu=(A,B)-(B,A), (5.13) 

5) Flexible Lie-admissible algebras U (Albert (1948), Santilli (1967), (1968) and 
(1978a)), which are characterized by the axioms in addition to (5. 1 ) 

(a,b,a) = 0, (5 - 14a) 

(a,b,c) + (b,c,a) + (c,a,b) =0, (5-1 4b) 

where condition (5.14a), called the flexibility law, is a simple generalization of the 
anticommutative law, as well as a weaker form of associativity. An abstract 
realization of the flexible Lie-admissible product is given by (Santilli (1978b)) 



where the products Xa, ab, etc. are associative. No classical realization of flexible 
Lie-admissible algebras has been identified until now, to the best knowledge of this 
author. As an example, the brackets on T E(r,S,3t) 



are Lie-admissible, but violate the flexibility law. 

6) general Jordan-admissible algebras U (Albert (1948), S 
which are characterized by a product ab verifying laws (5.1), such 
symmetric product (3% = ab + ba is Jordan, i.e., verifies the axioi 



(a 2 , b,a) + (a,b,a 2 ) + (b,a 2 ,a) + (a,a 2 ,b) = 0. 



(5.17) 
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Again, associative and Jordan algebras are trivially Jordan- admissible. 
Also, Jordan algebras enter in the Jordan-admissible algebras in a two-fold way, in 
the classification of the latter, as well as the attached symmetric algebras. 

It is important for the operator formulation of the isotopies of this volume 
to point out that Lie-admissible product (5.11) is, jointly. Lie-admissible and 
Jordan-admissible (Santilli (1978b)), because the attached symmetric product 
characterizes a special commutative Jordan algebra (see below). 

Finally, we should note that the classical Lie-admissible product (5.12) is only 
Lie-admissible and not jointly Jordan-admissible. 

7) Flexible Jordan-admissible aleebras U (Albert (1948), Santilli (1978a, b)), 
which, in addition to axioms (5.1), are characterized by the axioms 

a(ba) = (ab)a, (5.18a) 

a 2 (ba) + a 2 (ab) = (a 2 b)a + (a 2 a)b. (5.18b) 

The flexible Lie-admissible product (5.15) is also a flexible Jordan-admissible 
product, but the classical product (5.16) is only Lie-admissible, and not flexible Lie- 
admissible nor Jordan-admissible. 

We now pass to the study of the isotopies of the above notions. 

DEFINITION 5.1 (Santilli (1978a)): An "isoalgebra", or simply an "isotope" of an 
algebra U with elements a,b,c,... and product ab over a field F, is the same vector 
space U but defined over the isofield F, equipped with a new product a*b, called 
"isotopic product", which is such to verify the original axioms of U. 

Thus, by definition, the isotopic lifting of an algebra does not alter the type 
of algebra considered. 

It is important for this monograph (as well as for its operator formulation) 
to review the isotopies of the primary algebras listed above, beginning with the 
associative algebras. 

Given an associative algebra A with product ab over a field F, its simplest 
possible isotope A, called associative-isotopic or isoassociative algebra, is given 
by 

K r . a«b = aab, a e F , f ixed and * 0, (5.19) 
and called a scalar isotopy. The preservation of the original associativity is trivial 
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where T is an nonsingular (invertible) and Hermitean elements not necessarily 
belonging to the original algebra A. 

Note the necessary condition, from Definition 5.1, that the isoproduct and 
isounit in U and F coincide. This is the technical reason for the lifting of the 
universal enveloping associative algebras of a Lie algebra (Sect. 6) into a form 
whose center coincides with the isounit of the underlying isof ield. 

The reader should keep in mind that the identity of the isoproduct and 
isounit for U and F occurs in the associative cases (5.19) and (5.20), but does not 
hold in general, e.g., for nonassociative algebras. This is due to their lack of general 
lit, while such a unit is always well defined in the underlying 



field. 



: algebrc 



is known, ti 



Additional isotopies are given by the combi 
A 4 : ; 



a*b = awawTwbw, 



It is believed that the above isotopies (of which only the first three are 
pendent) exhaust all possible isotopies of an associative algebra, although this 
erty has not been rigorously proved to this writing. 

The issue is not trivial, physically and mathematically. In fact, any new 
ipy of an associative algebra implies a potentially new mechanics, while havinj 
nplications (see later on Lemma 5.1). 
be finally indicated that Santilli has selected isotopy (5.20) ovei 
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(5.21) because the former possesses a well defined isounit, while the latter does not, 
thus creating a host of problems of physical consistency in its possible use for an 
operator theory. 

Nevertheless, the study of isoassociative algebras (5.21) remains intriguing 
indeed, although it has not yet been conducted in the mathematical and physical 
literature, to our best knowledge. 

We now pass to the study of the isotopes L of a Lie algebra L with product 
ab over a field F, which are the same vector space L but equipped with a Lie- 
Santilli product (Santilli (1978a, c)) aob over the isofield F which verifies the left 
and right scalar and distributive laws (5.1), and the axioms 

aob + boa = 0, (5.24a) 

ao(boc) + boteoa) + cotaob) = o, (5.24b) 

Namely, the abstract axioms of the Lie algebras remain the same by assumption. 

The simplest possible realization of the Lie-Santilli product is that attached 
to isotopes Aj.Eq. (5.19) 

t i: (a,b)s =aob - boa = a(ab - ba) = a[a,bl A , (5.25) 



and it is also called a scalar isotopy. It is generally the first lifting of Lie algebras 
one can encounter in the operator formulation of the theory. 

The second independent realization of the Lie-isotopic algebras is that 
characterized by the isotope A 2 , also introduced in Santilli (loc. cit. ) 

L%. tabl^ = aob - boa = aTb - bTa, (5.26) 

The third, independent isotopy is that attached to A 3 , and it was introduced 
in Santilli (1981b) 

L 3 : [a,b]^ = wawbw - wbwaw, (5.27) 



A fourth isotope is that attached to A4, i.e., 
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L 4 : [a,bl A = wawTwbw - wbwTwaw, (5.28) 
w 2 = w, w,T/0. 
A fifth and final (abstract) isotope is that characterized by A 5 , i.e. 

tg: [a,b] As = a[a,bl A4 . (5-29) 

Again, it is believed that the above five isotopes exhaust all possible abstract 
Lie algebra isotopies (over a field of characteristics zero), although this property has 
not been proved to date on rigorous grounds. 

Note that the Lie algebra attached to the general Lie-admissible product 
(5.1 1) are not conventional, but isotopic. In fact, we can write 

[a,b]u = (a,b) A - (b,a) A - arb - bsa - bra + asb, (5.30a) 
= aTb - bTa = a*b - b*a, (5.30b) 



As a matter of fact, Santilli first encountered the Lie-isotopic algebras by studying 
precisely the Lie content of the more general Lie-admissible algebras (Santilli 
(1978a)). 

The following property can be easily proved from properties of type (5.30). 

LEMMA 5.1: An abstract Lie-Santilli algebra L attached to a general, nonassociative, 
Lie-admissible algebra U, t - IT, can always be isomorphically rewritten as the 
algebra attached to an isoassociative algebra k L -A', and vice-versa, i.e. 

L - IT - A". (5.31) 

The above property has the important consequence that the construction of 
the abstract Lie-isotopic theory does not necessarily require a nonassociative 
enveloping algebra because it can always be done via the use of an isoassociative 
enveloping algebra. In turn, this focuses again the importance of knowing all 
possible isotopes of an associative algebra, e.g., from the viewpoint of the 
representation theory. 

As an example, the studies by Eder ((1981) and (1982)) on a conceivable spin 
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fluctuation of thermal neutrons caused by sufficiently intense external nuclear 
fields, are formulated via a flexible nonassociative Lie-admissible generalization of 
the enveloping associative algebra of Pauli's matrices. As such, these studies can be 
identically reformulated via an associative-isotopic enveloping algebra. The 
consequential simplification of the structure is then expected to permit further 
physical advances. 

Note also that the construction of the abstract Lle-isotopic theory 
necessarily requires the isotopies of conventional associative envelopes. 

As typical for all abstract formulations of Lie's theory, the Lie-isotopies 
indicated above are in a form readily interpretable in terms of operators. As such, 
they provide the foundations for the operator formulations of the generalized 
relativities (see, e.g., the isotopic generalization of Wigner's theorem on unitary 
symmetries in Santilli (1983c)). Note in particular the identification of the inverse of 
the isounit 1 in the structure of product (5.30). 

A primary objective of this monograph is to outline the classical 
realizations of the Lie-isotopic product in such a way to admit a ready 
identification of the isounit. The latter problem will be the subject of subsequent 
sections. At this point, we shall review Santilli's classical realizations without the 
identification of their underlying isounit. 

The most general possible, classical realization of Lie-Santilli algebras via 
functions A(a) and B(a) in T*E(r,8,M) with local chart 

a = (aM-) = (r, p) = (r 1 , p,), i, = I, 2,..., n, p. = 1, 2 2n, (5.32) 

is provided by the Birkhoffian brackets (Santilli (1978a), (1982a)), also called 
generalized Poisson brackets (see, e.g., Sudarshan and Mukunda (1974)), 



(A , BWkhoff - (A,B^= — EFW — , (5.33) 

where Or 1 ", called the Lie-isotopic tensor , is the contravariant form of (the exact, 
symplectic, Birkhoff's tensor (Santilli (1978a) and (1982a)) 



(5.34a) 
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where the R's are the so-called Birkhoff's (ii 
character of the covariant tensor (5.34b) en 
brackets (5.33) (see the geometric, algebraic and analytic proofs in Santilli (1982a)). 

Recall that, unlike the conventional, abstract, Lie brackets (5.4), the 
conventional Poisson brackets (5.5) characterize a Lie algebra attached to a 
nonassociative Lie-admissible algebra U, Eq.s (5.12). It is then evident that the 
covering Birkhoff's brackets (5.33) are also attached to a nonassociative Lie- 
admissible algebra, although of a more general type (see Santilli (toe. cit. ) for 
details). 

Numerous other classical Lie-isotopic brackets exist in the literature, the 
most notable being Dirac's generalized brackets for systems with subsidiary 
constraints (Dirac (1964)). 

Note the lack of identification of the underlying generalized unit in 
Birkhoff's brackets (5.33), as well as in Dirac's brackets. This problem will be studied 
in Sect. 9. 

Realizations of the abstract isotopes of the Lie-admissible algebras can be 
easily constructed via the above techniques. For instance, an isotope of the general 
Lie-admissible product (5.1 1) is given by 

0: (aTb) =wawrwbw - wbwswaw, (5.35) 

An isotope of the clas 

0: (a:b) = 



where the tensor S* 1 ", called by Santilli (toe. cit. ) the Lie-admissible tensor , is 
restricted by the conditions of admitting Birkhoff's tensor as the attached 
antisymmetric tensor, i.e., 

SP - S*V = CF', (5-37) 

see Appendix A and, for a detailed study with additional examples, Santilli (1981a). 

As recalled in the Introduction, the inception of the notion of algebraic 
isotopy is rather old, and dated back to the early stages of set theory (Bruck (1958)). 
Nevertheless, the initiation of the technical studies of the notion can be associated 
with the development of nonassociative algebras in the middle part of this century 
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and, more particularly, with the study of Jordan algebras (see the bibliography in 
nonassociative algebras by Balzer et al. (1984)). 

As also indicated in Sect. 1, the first isotopies of Lie algebras were done by 
Santilli (1978a, b). Since that time, while the study of more general algebras, such as 
the Lie-admissible algebras, has received considerable attention in the 
mathematical literature (see, again, the bibliography by Balzer et al. (loc. cit. )), no 
research paper in Lie-isotopic algebras has appeared in the mathematical literature 
to this writing besides the memoirs Santilli (1991a, b). 



1.6: LIE-SANTILLI THEORY 

We are now sufficiently equipped to initiate the review of Santilli's characterization 
of the most general known class of integro-differential systems (I.I), beginning 
with their algebraic treatment. 

The isotopic formulation of enveloping associative algebras, Lie algebras and 
Lie groups was presented in the original proposal by Santilli (1978a), and are today 
known under the name of Lie-SantiUi theory . A first review appeared in the 
monograph Santilli (1982a). The theory was further developed in Santilli (1988a, b) 
and (1991a, b). A first independent review was provided by Aringazin et al (1990). In 
this section we shall outline only those aspects of the theory needed for the 
remaining sections of this work. 

The literature on the conventional formulation of Lie's theory is so wast to 
discourage even a partial outline. A mathematical treatment of structural theorems 
on universal enveloping associative algebras and other aspects can be found in 
Jacobson (1962). A physical treatment of the theory can be found in Gilmore (1974). A 
classical realization of the theory is available in Sudarshan and Mukunda (1974). 

In the following we shall first outline the Lie-Santilli theory in its abstract 
formulation (i.e., in a formulation admitting a direct interpretation via matrices), 
and then point out its classical realization (i.e., via functions on the cotangent 
bundle). To avoid a prohibitive length, our presentation will be mainly conceptual, 
with no technical developments. 

To begin, let us recall that the conventional formulation of Lie's theory is 
based on the notion of unit I realized in its simplest possible form, e.g., via the 
unit value leS for the case of a scalar representation, or the trivial n-dimensional 
unit matrix 1 = Diag. (1,1 1) for the case of an n-dimensional representation, and 

In this case, the universal enveloping associative algebra A (Jacobson (1962)) 
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)f characteristic zero) hi 



The Lie algebra L (Jacobson (toe, cit.)) is then homomorphic 
antisymmetric algebra A~ attached to A characterized by the far 



)e defined via power se 



G : g(w) = exp A iwx = I + (iwx) / I! + (iwxKiwx) / 21 + .... (6.3) 

with well known generalizations to more than one dimension, as well as to discrete 
components such as the inversions (Gilmore (toe. cit. )). 

As recalled in Sect. 1, the central idea of the Lie-Santilli theory is to realize 
Lie's theory with respect to the most general possible unit 1 which, besides 
invertibility and Hermiticity, has no restriction on its functional dependence. As 
such, 1 can have a generally nonlinear dependence on all possible or otherwise 
needed quantities. For an operator interpretation of the theory (see below for its 
classical counterpart), such a dependence is on an independent parameter t, 
coordinates x, velocity x = dx/dt or momenta p), accelerations x = d 2 x/dt 2 (or p), 
wavefunctions their conjugate i|jT, their derivatives 3* = 34</3x and 3*T/3x , etc., 
1 = 1(t, x, x, X, *, *t, 3*, 3*t,..J (6-4) 

Furthermore, Lie's theory is known to be insensitive to the topology of its 
unit. As a result, the generalized unit! can be, not only nonlinear, but also nonlocal 
in all its variables. 

The Lie-Santilli theory therefore has all the necessary characteristics to 
admit, ab initio, me nonlinear, nonlocal and nonhamiltonian forces of systems (1.1), 
provided that they are all incorporated in the generalized unit (see the subsequent 
sections for their analytic representation). 

The reader should be aware that representations of nonlocal forces outside 
the unit of the theory would require a new topology precisely of nonlocal-integral 
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type which, at any rate, does not appear to be available at the 
level at this time in a form usable for physical applications. 

It is easy to see that the lifting I => 1 requires a necessary, corresponding, 
generalization of the entire Lie theory. In fact, fori to be the left and right unit, the 
universal enveloping algebra, say £, of Lie's theory must be generalized into the 
form, say, J, which is the same vector space as f, but now equipped with the 
generalized product (5.20), i.e., 



3 shown in Sect. 5, the new product a*t 
1978a)). Under the assumption! = T"',1 i 



l*a = a*l = a, for all a eA, (6.6b) 

and is called the isounit (toe. clt. ). 

Owing to the isotopic character of the generalizations (often referred to as 
lifiipgs ), the structural theorems of conventional universal enveloping associative 
algebras £, such as the Poincare-Birkhoff r -Witt Theorem for the infinite- 

isoassociative envelope t as shown since the original proposal (Santilli (toe. clt. )), 
and it is today called Poincare'-Birkhoff-Santilli-Witt theorem . 

In particular, the ordered basis X = (Xj), i = 1, 2 n, of the original Lie 

algebra L is left unchanged by the isotopy, because Proposition .3.1 applies to L as a 
vector space, thus preserving the basis X. 

In the transition to the underlying associative algebra, we have evidently the 
same occurrence. However, when £ is turned into an isotopic envelope , the 
original infinite-dimensional basis of ? is lifted into the form characterized by the 
Poincare-Birkhoff-Santilli-Witt Theorem 

£ 1, X,, XfXjtiSj), X,*XfX k (iSjSk), (6.7) 
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For brevity, we refer the interested reader to the reviews by Santilli (1982a) 
and Aringazin et a/. (1990). Thus, t is indeed, a bona fide, universal enveloping 
isoassociative algebra. 

Additional associative isotopies independent from form (6.5) are presented in 
Sect. 5. Isotopy (6.5) is however the fundamental one of this analysis because it 
admits a right and left generalized unit. 

The Lie algebras, say, L are now homomorphic to the antisymmetric algebra 
J" attached to t t-T, with the new product (5.26), i.e., 



[a.b^a.b 



= aTb - bTa, 



which verifies the Lie algebra ax 



ns (5.24), w 



in the simplest possible Lie product "ab - ba" of cun 
algebras t have been called Lie-Santilli algebras . 

The interplay between the algebra L and its 
Consider an n-dimensional Lie algebra L with ordered 
theory, the Poincare-Birkhoff-Witt Theorem 



le possessing a structure le 



(6.8) 



(6.9) 



rresponding context of the covering Lie-Santilli theory is 
oader. In fact, the isotopic Poincare-Birkhoff-Witt Theorem now 

.1 isoenvelope £ which, since it is constructed via the original basis of 

denoted from its original formulation as % = i(L) (and not as ?(D). The novelty 



RttX^L, 



(6.10) 



More particularly, the original envelope £(L) c 
algebra, the algebra L. On the contrary, Santilli (1982a) has shown that the infinite 
able isoenvelopes fftj for each given original algebra L can 
•ne, single, unified algorithm t(L) all possible Lie algebras I of the 
with the sole possible exclusion of the exceptional Lie algebras 
8 . It is hoped that, in this, way the reader can begin to see the power of 
geometric unification of our isotopies. 

Again, owing to the isotopic character of the lifting, conventional structural 
theorems of Lie algebras, such as the celebrated Lie's First, Second and Third 
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Theorems (Gilmore (1974)), admit consistent isotopic generalizations identified 
since the original proposal, and are today called Lie-SantilU Theorems . We refer 
the interested reader for brevity to the locally quoted reviews. 

Most importantly, the conventional structure constants of a Lie 
algebra (Gilmore (toe. clt.)) are generalized under isotopy into the structure 
functions C i j k (t,x,x,if,...) as requested from the Lie-isotopic Second Theorem with 
isocommutation relations 

L: [Xj^ = Xj*Xj - Xj*Xj = C.. k (r,x,x,x,...)X k , (6.11) 

where the C"s are restricted by certain integrability conditions originating from the 
Lie-Santilli Third Theorem (Santilli tloc. cit. )). 

As we shall see, isotopes t with positive-definite isounits of given, 
conventional, simple Lie algebras L with basis Xj and structure constants Cjj k , 
generally admit a reformulation X'j of the basis (while keeping the isounit 
unchanged), which recovers the conventional structure constants, i.e., such that 

L: [X^ = X'fX'j - Xj*X'i = Cjj k X' k fe 12) 

In turn, this evidently proves the local isomorphism of the infinitely possible 
isotopes L with the original simple algebra L, L - L. One should however keep in 
mind that, for the case of isounits of undefined topology, the isotopes are generally 
nonisomorphic to the original algebra, L f L. 

Let us recall that Cartan's classification identifies all nonisomorphic simple 
Lie algebras of the same dimension, e.g., 

Simple 2-dim. algebras: 0(3), and 0(2.1), (6.13a) 

Simple 6-dim. algebras: 0(4), 0(3.1), and 0(2.2), (6.13b) 

etc. (or algebras isomorphic to the above; see, e.g, Gilmore (toe. cit.)). 

The covering Lie-Santilli theory allows instead the representation of all 
simple Lie algebras (6.13) of the same dimension with one algorithm: the unique, 
abstract, simple, Lie-isotopic algebra in n-dimension, 



Simple 3-dim, isoalgebra 0(3), 



(6.14a) 
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Simple 6-dim. isoalgebra 0(6), (6. 1 4b) 

and similarly for other cases, with the exclusion of the exceptional algebras 
indicated earlier. 

The recovering of different, generally nonisomorphic (e.g., compact or 
noncompact) algebras is then reduced to the mere realization of the isounit I For 
details on the above "isotopic unification" of simple Lie algebras, see Sect. 8, Figures 
8.1 and 8.2, in particular. 

A technical knowledge of the above unification is a necessary pre-requisite 
for understanding certain physical results, such as the geometric unification of 
Einstein's special relativity in a Minkowski space, with Einstein's gravitation in a 
Riemannian space, as well as all their isotopic generalizations for the interior 
problem, which is achieved via one unique, abstract notion, that of the Poincare- 
isotopic symmetry, admitting of an infinite number of different realizations, 
whether in Minkowskian, or in Riemannian or in more general spaces Santilli (1988b, 
c) and (1991a, b)). 

The reader should keep in mind that, in physical applications, the generators 
have a direct physical meaning. The isotopic algebras with a direct physical 
meaning therefore remain structures (6.9), while reformulations (6.10) lose the 
directly physical meaning of the generators and, as such, they generally carry a sole 
mathematical meaning. 

We also recall the differential rule for the isocommutators 

[A*B,C) ? = A*1B,C^ + [A,C] ? *B, (6.15a) 

[A,B*Clj = [A,B]£*C + B»[A,Cl^, (6.15b) 

which is based on the fact that the conventional product AB of elements A and B 
of the isoassociative envelope has no mathematical or physical meaning in £, and 
must be replaced with the isotopic product A*B. 

In particular, this implies that all conventional operations based on 
multiplications are now inapplicable to the isotopic theory. As an example, the 
insistence in the use of the conventional square 

a 2 = aa, (6.16) 

such as the magnitude of the angular momentum 
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within the context of the isoenvelope % would imply the violation of isolinearity 
and numerous other inconsistencies (Sects 3, 4). The correct quantity is evidently 
given by the isotopic square 



is the isotopic magnitude of the angular momentum 
J 2 = £ _ V J k' 



The lack of knowledge of these basic elements is reason for considerable 
3. In fact, readers not familiar with the Lie-Santilli theory tend to 
preserve under isotopy the old notion of square, say, of the angular momentum, Eq. 
(6.17), by therefore resulting in a host of inconsistencies of which they are generally 

Additional isotopies of Lie algebras independent of (6.7) are presented in Sect. 
5, although structure (6.7) is the fundamental one for the construction of Santilli's 
new generation of isotopic classical relativities, as well as for their operator 
extensions. 

Finally, connected Lie groups cannot be any longer defined via power series 
in f (which would violate the linearity condition), and must be defined in the new 
envelope ? via infinite basis (6.7) with expressions of the following type for one 
dimension 

G : g(w) = exp^ iwX = 1 + (iwX) / II + (iwXWiwX) / 2! + ... 

= l[exp 5 lwTX ) = [exp ? iXTw n, (6.20) 

with corresponding expressions for more than one dimension as well as for discrete 
components. 

The elements g(w) cannot evidently verify the old group laws (Gilmore 
Uoccit. )) but must verify instead the isotopic group laws 



g(w)*g(w') = g(w>g(w) = g(w + w'), 



(6.2 la) 
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g(w)*g(-w) = g(0) = 1 (6.21b) 

where the associativity of the isotopic group product g(w)*g(w') is understood. 

All Lie groups verifying the above laws were called Lie-isotopic groups 
(Santilli (1978a)), and are now known as Lte-Santilli groups. Again, we refer the 
interested reader to the locally quoted literature for the isotopic lifting of 

As an example the %otopic lifting of the Baker-Campbell-Hausdorff 
Theorem (Santilli (loc. cit.)) is given by 

[e^il'fe^j] = e ? X k, (6.22a) 
X k = X, + Xj + [Xj.X^ / 2 + [(Xj - Xj), [Xj.X^lj /12 + (6. 22b) 

As now predictable, the covering Lie-Santilli theory is expected to unify 
into one, single, abstract, n-dimensional Lie-isotopic group 6(n) all possible 
conventional (non-exceptional) Lie groups in the same dimensions G(n). 

With the terms Lie-Santilli theory we shall specifically refer to the 
collection of formulations based on: 1) the universal enveloping isoassociative 
algebras, 2) the Lie-Santilli algebras, and 3) the Lie-Santilli groups, including all 
related structural theorems, as well as the remaining compatible aspects, such as 
the isorepresentation theory. 

Needless to say, an inspection of the quoted literature indicates that the 
theory is just at the beginning and so much remains to be done. Nevertheless, the 
main structural lines developed so far are sufficient to identify the foundations of 
Santilli's new relativities. 

The Lie-isotopic generalization of the conventional formulation of Lie's 
theory was submitted along structural lines conceptually similar to those of the 
Birkhoffian generalization of Hamiltonian mechanics (Santilli (1978a) and (1982a)), 
i.e., under the condition that the generalized theory coincides with the conventional 
one at the abstract, realization-free level. In fact, the isoenvelopes t, the Lie- 
isotopic algebras L and the Lie-isotopic groups coincide by construction with the 
original structures (, L and G, respectively, at the abstract, realization-free level. 

Note that, by central assumption, Santilli's isotopies preserve the generators 
and parameters of the original group and generalize instead the structure of the 
group itself in an axiom preserving way. These features are of central relevance 
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for the characterization of interior dynamical systems, such as Jupiter when 
considered as isolated from the rest of the universe, and thus verifying all 

The representation of the time evolution is evidently of fundamental 
physical importance. In the conventional case it is given by a one-dimensional Lie 
group Gj with the Hamiltonian H as generator and time t as parameter. For the Lie- 
isotopic case, we have instead the more general structure in finite and infinitesimal 
forms for an arbitrary quantity Q(t) 

G, : Q(t) = fej" 
= 1 [e ? -" TH ]<j(0We ? 1HTt n 
dQ(t) 

i = [G,% = Q*H 

= Q Kt,x,p,pAM3<M<l<t-) H 

characterizing the Lie-isotopic generalii 
isoheisenberg's representation, originally s 

The corresponding, equivalent, isoschrodinger's representation is then 
characterized by the right and left modular-isotopic isoeigenvalue equations 

i 3 t I <l> > = H*| 4>> = HT| <|; > = E»| t|i > = E| i|j >, (6.24a) 

-i<4»|at = <t | J |, H = <4 ,| TH = <() ,|, e = <4 ,| Ei (624b) 



]*Q(0Mej ltH ] = 




- H*Q = QTH - HTQ = 

[ - H T(t, x,p,p,i)i,(|it,3i];,6ipf,...) G. (6.23b) 

zation of Heisenberg's equations, called 
submitted in Santilli (1978b), p. 752. 



£ e <ft, E c % H = Ht' 

introduced by Mignani (1982) and Myung and Santilli (1982a). 

By inspection, one can see that Eq.s (6.24) represent a physical system with 
all possible potential forces, characterized by the conventional Hamiltonian as the 
sum of the kinetic energy and potential energy, H = T(x) + V(t, x, x), with potential 

d 3V 3V 

1^= , (6.25) 



of nonlinear, nonlocal and nonhamiltonian forces 
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beyond the representational capability of the Hamiltonian, characterized precisely 
by the isotopic element T which, as one can see, multiplies the Hamiltonian from 
the right and from the left. 

Eq.s (6.23) and (6.24) are at the foundations of the operator formulation of the 
Lie-Santilli theory. In fact, as shown in Santilli (1978b) and subsequently developed 
by Myung and Santilli (1982a), Mignani, Myung and Santilli (1983) and Santilli (1989a, 
b, c, d), Eq.s (6.23) and (6.24) characterize a generalization of quantum mechanics on 
a suitable isotopic form of the Hilbert space, called hadronic mechanics. 

In this case, the generators X are generally expressed via matrices or via 
local-differential operators, while the isounit 1 is generally represented by a 
nonlinear and nonlocal, integro-differential operator. 

As an example, for the case of two particles with wavepackets i|Xt,r) and 
$(t,r) in conditions of deep mutual penetrations, the isotopic element can be 
expressed via the form first introduced by Animalu (1991) 

^^-itK/dv.Kt.r)^) (g26) 

One can therefore see in this way that for null wave-overlapping, the 
integral in the exponent of Eq. (6.26) is null, the isounit 1 assumes the conventional 
trivial value I, and all Lie-isotopic formulations recover the conventional 
formulations identically at both the quantum mechanical as well as Lie levels. 

In turn, the emerging isotopic generalization of quantum mechanics under 
isounit (6.26) is useful for a more adequate nonlocal formulation of: bound states of 
particles at very short distances resulting in nonlocal internal effects, as expected 
in the structure of hadrons and, to a lesser quantitative extent, in the structure of 
nuclei (but not in the structure of atoms); a possible nonlocal structure of Cooper 
pairs in superconductivity; the origin of Bose-Einstein correlations; and all other 
particle cases where nonlocal conditions are expected to provide experimentally 

Realization (6.26) is useful to provide the reader with an illustration of the 
needed type of nonlocality, as well as of the type of operator Lie-Santilli theory 
which is expected from the classical formulations of this analysis. 

We now pass to the classical realization of the Lie-Santilli theory, which is 
the central topic of the remaining parts of this paper. In this section we shall 
present only a few introductory notions. The topic is studied in detail at the 
analytic level in Sect. 7 and at the geometric level in Sect. 9. 

Introduce the conventional phase space T*E(r,8,3t) with local coordinates 
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thea- 

As well known, the celebrated Lie's First, Second and Third Theorems 
provide a direct characterization of the conventional Hamilton's equations without 
external terms, as presented in their original derivation (Lie (1893)). Therefore, Lie's 
Theorems provide a direct characterization of the familiar Polsson brackets 
among functions A(a) and B(a) on T*Er,8,SR) 

8A 3B 3A 3B 8B 8A 

[A, B] = u} LV = , (6.28) 

8aP- da v 3r k 8p k 3rj- 8p k 

where (o |iv is the contravariant, canonical, Lie tensor with components 

( u liV) = ^ Vn 'nxn ^ fe29) 

(see the next sections for details and geometrical meaning). 

Santilli's primary physical motivation for proposing the Lie-isotopic theory 
was to Show that the isotopic First, Second and Third Theorems characterize a 
generalization of Hamilton's equations originally discovered by Birkhoff (1927) and 
called Birkhoff's equations, with the ensuing mechanics called Birkhoffian 
mechanics. 

In fact, the Lie-Santilli Theorems directly characterize the most general 
possible, regular realization of Lie brackets on T*E(r,8,5t), given by Birkhoff's 

8A(a) 8B(a) 



, verifies the conditii 



XP' aa^ 8C# T 

Ci T P + QW> + C)H> = 0. 

8aP 8aP 8aP 



(6.31b) 
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The reader should also be aware that, in a classical realization, the isotopic 
rules (6.15) no longer hold because the product of functions A and B in the phase 
space T*E(r,8,5t) is conventional, AB, and the differential rules for the classical 
isotopic brackets are given by 

[AfBCl = [A,"B]C + BlATCl (6.32a) 

lABTC] = [ATClB + AlBTCl (6.32b) 

A comprehensive treatment of Birkhoffian mechanics was presented in 
Santilli (1982a). However, such a formulation is local-differential and, thus, basically 
insufficient for the treatment of systems (1.1) A further structural generalization 

In essence, the abstract formulation of the Lie-Santi!li theory, as reviewed in 
this section, is directly suited for the representation of nonlinear as well as nonlocal 
interactions', via their embedding in the isounit of the theory. 

On the contrary, the classical realization of the Lie-Santilli theory as 
originally proposed and developed into the Birkhoffian mechanics could indeed 
represent all possible nonlinear and non-Hamiltonian systems (I.l), but only in their 
local-differential approximation. 

This occurrence is dictated by the use of the conventional symplectic 
geometry, although in its most general possible exact realization precisely given 
by the Birkhoffian mechanics. The inability to represent any form of nonlocal- 
integral interactions was then due to the strictly local-differential topology of the 
underlying geometry. 

This created a rather unusual dichotomy whereby the operator formulations 
of the theory did indeed permit nonlocal interactions (Myung and Santilli (1982a), 
Mignani, Myung and Santilli (1983)), but their classical counterpart could only admit 
local interactions (Santilli 1982a)). 

This problem was solved only lately via the submission (Santilli (1988a, b), 
(1991a, b)) of what he called symplectic-isotopic geometry and Birkhoffian- 
isotopic mechanics , and now called Santilli's isosymplectic geometry and 
Birkhoff-Santilli mechanics, respectively, as the true, classical, geometric and 
analytic counterparts, respectively, of the abstract Lie-Santilli theory reviewed 
earlier. We are referring here to the capability of the geometry and of the analytic 
mechanics to identify in a direct and unambiguous way the underlying isounit in a 
way similar to the same capability of the Lie-Santilli theory. 

Once the applicable geometry and analytic mechanics can directly identify 
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the underlying isounits, they are readily turned into a form capable of representing 
integro-differential equations, because one can embed all nonlocal terms in the 
isounit of the theory. 

Santilli's isosymplectic geometry and the Birkhoffian-Santilli mechanics will 
be reviewed in the next sections. In this section, I shall merely present the main 
idea of the brackets needed by Santilli. 

Let us review the conventional Poisson brackets in the unified notation (6.27) 
on the conventional 2n-dimensional space T*E(r,8,SR). Its underlying unit is evidently 
given by the trivial unit I in 2n-dimension, 



I = (I p CT ) = I 2n x2n = diag,(l, 1 1). 

Santilli therefore note that, while the conventional 
Poisson brackets in the disjoint r- and p-coordinates does nc 
identification of the underlying unit, this is not the case for ti 



re given by a dire 



[a;b]= — <#P1 v (t,a,a,...) — , 
da^ P aa v 



that is, with the following generalization of the canonical tensor 



= c/ P l "(t,a,a,...), (6.36) 



evidently under integrability conditions (6.31) for brackets (6.35) to be verify axioms 
(5.24). 

Santilli also writes brackets (6.35) in the disjoint r- and p-coordinates by 
assuming the diagonal form of the isounit 
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and structure (6.29), under which we have 

3A 3B SB 3A 
UrB ] - _S i( (t,r,P,...) — S>J(t,r,p,...) — ■ fe- 38 ' 

One again see in this way that the unified notation (6.27) permits the direct 
identification of the isounit 1, while such isounit is not directly exhibited by the 
disjoint r- and p-formulation. 

Classical brackets (6.35) do indeed permit the representation of nonlocal 
systems without any need of introducing a nonlocal topology. This is essentially 
due to the fact that the canonical structure bP v is preserved in its entirety in 
structure (6.35), while all nonlocal terms are factorized into the isounit 1, exactly as 
it occurs at the abstract formulation of the theory. 

The only difference between the abstract and classical realizations is that in 
the abstract case, brackets (6.8) exhibit the presence of the isotopic element, while 
in the classical realization (6.35), the brackets exhibit the presence of the isounit. 

This is a fully normal occurrence and it is due to the interchange between 
covariant and contravariant quantities in the transition from the abstract to the 
classical formulation of the enveloping algebra. 

The classical realization of the Lie-isotopic tim 
straightforward, and it is given by 



i (6.2a) i: 



6,= Q'(a(t)) =(le f 



^^WmW* (6.39, 



assical realization of the abstract Lie-Santilli 
earlier, with a ready extension to more than one 

>f time evolution (6.39) was easily identified by 



,d characterizes the Hamilton-SantilU equations submitted in Santilli (1988a,b), 
91a, d). The more general Birkhoff-Santilli equations hold when the factorized 
e tensor is the original Birkhof f 's tensor (see next section for details). 
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The reader should be aware that, while the classical realizations of Lie 
algebras and groups in their conventional or isotopic realizations are rather simple, 
as shown above, the classical realizations of universal enveloping associative 
algebras are rather complex, whether conventional or isotopic, and they will not be 
treated here for brevity. 

In particular, the most notable differences between the abstract 
isoenvelopes and their classical realizations is the appearance of the so-called 
neutral elements dy (see, e.g., Sudarshan and Mukunda (1974), p. 222). Conventional 
closure rules must be generally written 

L: [Xj.Xj] = Cjj k X k + djj, (6.41) 

where the X's are vector-fields on T*E(r,S,SR), the brackets are the conventional 
Poisson brackets, and the neutral elements dy are pure numbers. 

In the transition to the Hamilton-Santilli brackets, the situation is 
predictably more complex, inasmuch as rules (6.41) are now lifted into the isotopic 



[X^Xj] = C ij k (t,a,a,..)X k + aijtUa,..), (6.42) 

namely, riot only the structure constants Cjj k are lifted into the structure functions 
Cjj k , but also the constant neutral elements dy are lifted into the isoneutral 
elements dy with a nontrivial dependence in the local variables. 

Now, the elimination of the neutral elements is rather simple at the level of 
abstract Lie algebras and groups, whether conventional or isotopic. Nevertheless 
their elimination is rather complex within the context of classical realizations. 

This occurrence has direct implications in the identification of the classical 
realizations of Casimir invariants of the Lie-Santilli theory, called isocasimir 
invariants, but not in their abstract (or operator) counterpart. In fact, in the 
abstract case the isocasimir invariant can be globally identified in a rather simple 
way, while in the corresponding classical realization, the same isocasimir invariants 
are generally defined only locally, in the neighborhood of a point of the local 
variables. 

This occurrence can be best illustrated by inspecting the global 
identification of the isocasimir invariants of the Lorentz-isotopic group in Santilli 
(1983a), and only the local identification of their classical counterpart in Santilli 
(1988c), (1991d). 
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The ultimate roots of this occurrence were identified by Santilli (1978a), and 
are due to the fact that the envelopes underlying the abstract Lie brackets "ab - ba" 
or their isotopic generalization "a*b - b*a" are associative Lie-admissible in the 
conventional or isotopic sense, 

£ : ab = assoc., {"= ab- ba, (6.43a) 

£: a«b = assoc., t~ : a*b - b»a. (6.43b) 



On the contrary, the envelopes underlying the classical Lie brackets (6.34) or 
their isotopic generalizations (6.35) are nonassociative Lie-admissible, Eq.s (5.12), 

8A 8B _ 3A 3B 3B BA ^ 

8r k 8p k 3r k 8p k 3r k 3p k 



0: 




(6.44b) 



We know nowadays how to generalize the Poincare-Birkhoff-Witt Theorem 
for isoassociative algebras, but their generalization for nonassociative algebras is 
known only for flexible Lie-admissible algebras (Santilli (1978a), Ktorides, Myung 
and Santilli (1982a)), namely, for a type of algebra for which no classical realization 
is known at this writing (Sect. 5). 

It is evidently true that the classical Lie algebras and groups can be 
equivalently formulated via an associative envelope. Lemma 5.1. In fact, the Lie- 
San tilli expansion (6.39) is precisely of conventionally associative type. ^ 

implies the appearance of the neutral elements. The difficulties in their elimination 
at this time therefore rest in our lack of knowledge of the infinite-dimensional 
basis for the nonassociative envelopes U and above. 

In conclusion, we do have today a vast mathematical and physical 
knowledge on the associative envelope of the brackets of quantum mechanics, 
Heisenberg's brackets AB - BA. 

Nevertheless, despite truly voluminous studies initiated by Sophus Lie (1893), 
and contrary to rather widespread beliefs in mathematical and physical circles, we 
still do not possess today final mathematical knowledge on the envelope of the 
corresponding classical brackets, the conventional Poisson brackets (6.28). 
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1.7: BIRKHOFFIAN MECHANICS 

We now pass to the second step in Santilli's characterization of systems (i.l), this 
time, their analytic representation. 

We shall first review the elements of the Birkhoffian generalization of 
Hamittonian mechanics, or Birkhoffian mechanics, as originally derived, that is, 
via formulations on conventional spaces with the algebra structure being the Lie- 
Santilli theory, and the underlying geometry being the conventional symplectic 
geometry. 

We shall also review Santilli's direct universality of Birkhoffian mechanics 
for local-differential systems verifying the necessary topological conditions, that 
is, its capability of representing all possible nonlinear and nonhamiltonian systems 
of ordinary local-differential equations verifying certain continuity and regularity 
conditions (universality) directly in the coordinates of their experimental detection 
(direct universality). 

We shall then reformulate the Birkhoffian mechanics in a form, called 
Birkhoff-Santilli mechanics, which is formulated on Santilli's isospaces in such a 
way to exhibit the isounit of the theory directly in the analytic equations and, 
therefore, in- the Lie-Santilli brackets. The geometric structure of the latter 
mechanics will be studied in Sec. 9. 

The primary reason for such a reformulation was indicated earlier, and it is 
due to the fact that the Birkhoffian mechanics can only represent local-differential 
systems because it is based on a geometry, the symplectic geometry, which is 
strictly local-differential in topological character. The Birkhoff-Santilli mechanics, 
instead, permits the representation of nonlocal-integral systems under the 
condition that all the nonlocal terms are incorporated in the isounit of the theory, 
as permitted by the Lie-isotopic algebra. 

In turn, the achievement of a mechanics capable of representing nonlocal 
interactions is necessary, not only for the classical representation of systems of 
type (1.1), but also for the operator formulation of the theory. In fact, the 
interactions of primary interest for the interior problem in both classical and 
particles physics are precisely of nonlocal-integral type. 

The studies of this section were initiated by Birkhoff (1927) who identified 
the central local-differential equations of the new mechanics. However, their 
algebraic and geometrical structures were unknown. Also, Birkhoff applied his 
equations to conventional, conservative, Hamiltonian systems, such as the stability 
of the planetary orbits. 

Birkhoff's studies went essentially un-noticed for about fifty one years. 
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Santilli (1978a) rediscovered the equations, by calling them "Birkhoff's equations", 
and identified: 1) their algebra structure as being that of the Lie-isotopic theory; 2) 
their geometric structure as being that of the conventional symplectic geometry in 
its most general possible exact and local formulation; and 3) the capability of the 
equations of representing all possible nonlinear and nonhamiltonian systems in 
local-differential approximation. The name of "Birkhoffian mechanics " was 
apparently submitted in the quoted memoir for the first time. 

A presentation of the foundations of the studies, Helmholtz's (1887) 
conditions of variational selfadjointness, were subsequently presented in the 
monograph Santilli (1978e), while a comprehensive presentation of Birkhoffian 
mechanics was provided in the subsequent monograph (1982a). 

The nonrelativistic (relativistic) Birkhoff-Santilli mechanics were 
introduced for the first time in Santilli (1988a) (Santilli (1988c)), and then developed in 
Santilli (1988b) (Santilli (1991d)). In this section we shall present the structure of the 
mechanics in isospaces of unspecified physical interpretation. 

The reader should be aware that the Birkhoff-Santilli mechanics provides 
the ultimate analytic foundations of the isotopies of Galilei's and Einstein's 
relativities. No in depth knowledge of the Santilli's relativities can therefore be 
reached without an in depth knowledge of their analytic structure. The 
rudimentary outline of this section is basically insufficient for this task, and a 
study of the original references is essential. 

We should finally mention that Santilli presented in the same memoir of 
(1978a) a still more general mechanics possessing, this time, the broader Lie- 
admissible and symplectic-admissible structures. This more general mechanics was 
subsequently studied in detail in the monograph Santilli (1981a). The rudiments of 
this latter mechanics are presented, for completeness, in the Appendices. 

As anticipated in Sect. 4, the primary physical motivation for this latter 
generalization is the following. Whether conventional or isotopic, Birkhoffian 
mechanics is an axiom preserving generalization of Hamiltonian mechanics. As 
such, its primary physical emphasis is in space-time symmetries and related first- 
integrals which represent total conservation laws. This renders Birkhoffian 
mechanics ideally suited for the characterization of closed-isolated interior 
systems, such as Jupiter when studied as a whole. 

Santilli's more general Birkhoffian-admissible mechanics implies instead a 
generalization of the axiomatic structure of Hamiltonian mechanics into a form 
which represents instead the time-rate-of-variations of physical quantities. This 
renders the Birkhoffian-admissible mechanics particularly suited when studying 
open-nonconservative interior systems, such as a satellite during penetration in 
Jupiter's atmosphere considered as external. 
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Santilli's notations, which are herein adopted, are the following. Manifolds 
over the reals Eft of arbitrary physical interpretation are indicated with the generic 
symbol M(3t). Specific physical interpretation of M(3t) (such as the Euclidean space 
over the reals), are generally indicated with different symbols (such as E(SR)). 

Generic local coordinates on an N-dimensional manifold M(3t) are indicated 
with the symbol x, and their components with the symbol x = (x 1 ), where for all 
Latin indeces i = 1, 2, N. Coordinates of specific physical interpretation (e.g., the 
Cartesian coordinates on a Euclidean space) are indicated with generally different 
symbols (e.g., r = (r 1 )). 

To begin, considered a 2n-dimensional manifold M(SR) with local coordinates 

x = (x 1 ), i = 1, 2 2n, over the reals SR. Let t be an independent variable and x = 

dx/dt. Birkhoffian mechanics is based on the most general possible variational 
principle in M(!R) which is of linear and first-order character, i.e., depending linearly 
in the x's. Our basic analytic tool is then the Pfaffian variational principle 

SA = s/ t ' 2 (Rj(x) x' - B(t, x)| E dt = 0, i = i, 2, .... 2n, (7.1) 

here written in its semiautonomous form, i.e., with the t-dependence restricted 
only to the B-function, called by Santilli the Blrkhoffian because it does not 
generally represent the Hamiltonian H = T + V. 

When computed along an actual path 6 of the system, principle (7.1) 
characterizes ;the following equations 

« . 3B(t,x) 

qjtoxJ - — , i, j = 1, 2, 2n, (7.2) 

called by Santilli the covariant, semiautonomous Birkhoff's equations, where 

3Rj(x) 3R ( (x) 

D ij(x) = : — , (7.3) 

3x' 6xJ 

is the covariant Birkhoff's tensor hereon restricted to be nowhere degenerate (i.e., 
det toy) ¥ o everywhere in the region considered). 

Santilli then called the contravariant, semiautonomous Birkhoff's equations 
the expressions 



(7.4) 
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Q ij (x) = (\0 [S <4' 1 
it Birkhoff's tensor. 



s the most general possible 
exact symplectic two-form in local coordinates. This provides the necessary and 
sufficient conditions for brackets (7.6) to be the most general possible classical, 
regular , unconstrained 9 Lie-Santilli product on M(Sft) (see the proof in Santilli 



Brackets (7.6) were called by Santilli Birkhoff's brackets , and this 
terminology will be kept in this volume. The same brackets are also called 
generalized Poisson brackets in other studies (e.g., Sudar -1 - 
The fundamental Birkhoff's brackets are then given by 



and they play an important role for the classical and operator re 
Santilli, space-time symmetries. 

Other fundamental equations are given by the expression called by Santilli 
m Hamilton-Jacobi equations 
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dk 



B(t,x) = 0, 



(7.9a) 



at 



dk 

— = R|, 
ax 1 



(7.9b) 



which are directly derivable from variational principle (7.1) (under the condition of 
nowhere degeneracy of Birkhoff's tensors) and, as such, are equivalent to Birkhoff's 
equations (see Santilli (1982a) for details). 

Eq.s (7.9) play a predictable fundamental role for the construction of the 
operator formulation of the isotopic relativities, although in a reduced isotopic 
form discussed below. 

In Hamiltonian mechanics, one usually assigns the Hamiltonian and then 
computes the equations of motion, when needed. In Santilli's studies of Birkhoffian 
mechanics the situation is the opposite. In fact, one starts with an arbitrary 
nonlinear and nonhamiltonian system and then computes its Birkhoffian 
representation. 

A main result can be formulated as follows. 

THEOREM II.il (Direct Universality of Birkhoffian Mechanics for Local First- 
Order Systems;, Santilli (1982a), Theorem 4.5.1, p. 54): All local, analytic, regular, 
nonautonomous, finite-dimensional, first-order, ordinary differential equations on 
a 2n-dimensional manifold MM with local coordinates x = (x 1 ) , i = 1, 2, .... 2n, and 
derivatives x = dx/dt with respect to an independent variable t. 



always admit, in a star-shaped neighborhood of a regular point of their variables, a 
representation in terms of Birkhoff's equations directly in the local variables at 



Namely, for each given vector-field lit, x) on M(SR) verifying the topological 
conditions of the theorem, one can always construct (n + I) functions Rj(t, x) and 



x 1 = rtt, x), 



(5.10) 



aR/t,x) 8R:(t,x) . 3B(t,x) aRj(t,x) 
[ — ] ^— ] rtt,x) = — + ~ , 



.11) 
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B(t, x) which characterize Birkhoffian representation (7.1 1). 

The reader should be warned that, as the representation emerges from the 
techniques of Birkhoffian mechanics, it is generally of the nomutonomous type 
(7.11), even when the equations of motion are autonomous . Now, representation 
(7.1 1) is certainly correct from an analytic viewpoint, i.e., for the use of variational 
principle (7.1), the Hamilton- Jacobi theory, etc. However, structure (7.11) is not 
suitable for a generalization of conventional relativities because it violates the 
condition for the characterization of any algebra, let alone the Lie-isotopic algebras 
(see Appendix .A for details). 

This requires the reduction of nonautonomous representation (7.11) to the 
semiautonomous form (7.2) (with a consistent Lie-Santilli structure) via the use of 
the "degrees of freedom" of the theory which are considerably broader than those 
of the conventional Hamiltonian mechanics. 

We limit here to the indication that the so-called Birkhoffian gauge 
transformations ^ ^ 

Rj(t,x) => R'j(x) = Rj(t,x) + — , (7.12a) 



B(t,x) =» Bltx) = B(t,a) — , (7.12b) 



leave unchanged the integrand of principle (7.1) as well as brackets (7.6) and two- 
form (7.7), within the fixed system of local coordinates of the vector-field. For 
other degrees of freedom, see the locally quoted references. 

Santilli's formulation of the Birkhoffian mechanics is evidently a covering 
of the conventional Hamiltonian mechanics because: 

1) The former mechanics is based on methods (the Lie-Santilli theory) 
structurally more general then those of the latter mechanics (Lie's theory in its 
simplest possible realization); 

2) The former mechanics represents physical systems (local, but arbitrarily 
nonlinear and nonhamiltonian systems) which are structurally more general than 
those represented by the latter systems (local potential systems); and 

3) The former mechanics admits the latter as a particular case. 

To illustrate the latter occurrence, we now introduce a physical realization 
of the preceding formulation. Let E(r,SR) be an n-dimensional Euclidean space with 
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Cartesian coordinates r = (q), and let p = dr/dt = (pj) be their tangent vectors (the 
ordinary linear momenta). Then, the 2n-dimensional manifold M(K) can be 
interpreted as the cotangent bundle (the conventional phase space) T*E(r,5t) with 

local coordinates a = (al 1 ) = (r f , pp, p. = 1, 2 2n, and i = 1, 2 n, where, for 

simplicity of notation, we shall assume all upper and lower Latin indeces on 
coordinates and momenta to be equivalent, but preserve the distinction between the 
Greek upper (contravariant) and lower (covariant) indeces on T*E(r,SR). 

It is then easy to see that the particular case of Birkhoffian mechanics 
characterized by 

a =(a^) = (r,p) = ( ri , Pj ), (7.13a) 

R = R° = (Ry= (p,0) = (Pj.Oj), (7.13b), 

B = B(t, a) =B(t, r, p) = H(t, r,p) = H(t, a), (7.13c) 

(i = 1.2, 2n, i = 1, 2 n, 

reproduces the conventional Hamiltonian mechanics in its entirety. 

In fact, under values (7.13), Pfaffian principle (7.1) re-acquires its canonical 

8A = sj" t t2 [ Pj f' - Htt.r.pM^dt = 

= 8 f ' 2 [ R°(a) & - H(t,a)ldt = 0, (7.14) 



the covariant tensor (7.3) assumes the canonical-symplectic value on T*E(r,S) 




(7.15) 



with canonical-Lie counterpart 

(coH-1 = (Ito f 1 ) = ( ° nXn ' nXn ) (7.16) 

13 \ -i nxn o nxn / 

Birkhof f 's equations (7.2) then reduce to the covariant Hamilton's equations 
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with contravariant form 

3H(t, a) 



which, when written in the disjoint coordinates x = (r, p), assum 
3H(t, r, p) 8H(t, r, p) 



Note that, while the canonical action A is independent from the variables p 
as expressed in Eq.s (7.20b), the Pfaffian action A is generally dependent on all a's 
and, thus also on the momenta, as expressed by Eq.s (7.9b). 

This occurrence creates problems in the use of the general equations (7.9) for 
the construction of an operator image of Birkhoffian mechanics, owing to its 
excessive generality (e.g., because, after using conventional quantization techniques, 
it would imply "wavefunctions" 4< depending also on momenta, i.e., <|> = <Jj(t, r, p)). 

Santilli's first motivation for the reformulation of the above mechanics into 
his isotopic form is therefore of physical character, and consists of the study of 
Pfaffian variational principles which, while being truly generalized, imply an action 
independent from the p-variables. 

Santilli achieved this objective via the following particular form of the R- 
f unctions 



R° = (ftya)) = (P/r, p), op = (pTj, 0) = (p^ T^, 0j), 



(7.21) 
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<n symmetric, nonsingular and real-values matrix 
= (T aj ) = (Tj jj ) = (T/j) = (T^ 1 ). (7.22) 

ie space T"Ej(r,SH) for which principle 

t'fa/ar 1 - H(ta)tadt 



SA° = sf t2 [ft° (a) 
l l K 

S / tl ^PiT/Jfj - H(t,r,p)] |e dt = 



and can be interpreted as acting 01 



(7.23) 
e-space T*£j(r,sft) 



(7.25a) 
(7.25b) 



thus confirming the independence of the generalized action from the velocities, as 

Intriguingly, the mapping of Eq.s (.8.25) into an operator form yields exactly 
isoschrodinger's equations (6.24a), as shown by Animalu and Santilli (1990). We can 
therefore state today that the Birkhoffian generalization of Hamiltonian mechanics 
admits as operator image the hadronic generalization of quantum mechanics. 

The covariant Birkhoff's tensor characterized by Pfaffian principle (7.23) is 
given by 



%_ I Vn <T 2 >n*n 1 
3x v \ -(T 2 ) nxn nxn > 
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l 3T* ) (7.26) 

namely, has the factorized structure 

# = (0x1-2, (7.27a) 

T 2 = diag. (T 2 , T 2 ), (7.27b) 

T 2 = OT,,. + Pk-^-W • '7-27c) 

with corresponding two-form 

tf - Cf ^ d# A dx" - ( ^ a f * J da^ A da* (7.28) 

where the upper script " ° " in structure Cl° stands to indicate that the factorized 

structure co is canonical. The covariant analytic equations are given by the 
ffi equations (Santilli (1988a)) 



3H(t a) 



- V . 2 -V»r = — . 

The contravariant Birkhoff's tensor has the structure 



- (I 2'nxn 

1 2 = T 2 _1 = diag. (T 2 _1 , T 2 _I ) = diag. (1 2 , 1 2 ), (7.30b) 
■2 = ( T nj + Pk > • (7 - 30c) 
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and characterizes th 



[A :b] = 



3A 



eat 1 



Hamilton-Santilli 
a^ = ff^fa) - 



3H(t, a) 



3H(t, a) 



in the disjoint r- and p-coordina 

3H(t, r, p) 
f, = I 2i /r,p) . 



A few comments are here in order. First, two-form (7.; 
symplectic, as the reader can verify (see Sect. 9 for details). 
(7.31) remain Lie-Santilli under factorization (7.27), provided 
are computed as in Eq.s (7.30c). 

Second, we note that Hamilton-Santilli mechanics chai 
equations (7.30) or (7.32) on r£^r&) does indeed permit t 
nonlocal-integral interactions, provided that they are all 
isotopic element T2 or, equivalently, in the isounit ?^ . 
al topology of Hamiltonian mechanics is preserved 
:d canonical forms, while the formulations ; 
nonlocality of their units. 

Moreover, we note that, when the equations 1 
(7.30) or (7.32) are written in their second-order form 
they characterize second-order Lagrangians 10 . 

As a result, an alytic equations (7.30) or (7.32) or 
lu see footnote 3 in Sect. 1. 



a result, brackets 



it the el 



tsl. 



acterized by analytic 
'le representation of 
incorporated in the 
In fact, the local- 
n its entirety in the 
ie possible 



isospaces T*£,,(r,&) do indeed 
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characterize systems of type (1.1), that is, the most general possible class of 
nonlinear, nonlocal and nonhamiltonian systems (1.1) known at this writing 

The reader should finally be aware of the distinction between spaces 
TGjtr.ft) and T*£ 2 (r,sW. The former is characterized by a one-form, the integrand 
of Pfaffian principle (7.23), while the latter is characterized by a two-form, Eq.s 
(7.28). As a result, they have different isotopic elements, T, and T 2 , and different 
isounits,!) andl 2 , respectively. The isospace characterizing the Lie-Santilli algebra 
is evidently that of the analytic equations, T*fi 2 M0. 

The extension of the above results to a full isotopy of Birkhoffian 
mechanics, i.e., for structures (7.28) and (7.30) in which the factorized structures are 
Birkhoffian, rather than Hamiltonian, is straightforward (see also Sect. 9 for its 
geometrical treatment). 

Santilli (loc,. cit.) reach in this way the following 

DEFINITION 7.1: Let T*^ 2 WW ° e a 2n-dimensional iso-phase spaces with local 
coordinates x = Ir, p) , isofieldft = &\and isounit 

h = = (1 2a P) = fl 2 P a> = ^ = °20 a > = iia & (I 2' [ 2> 

= «2i f '2ij> " " « 2 'W J >= V 1 " fr 2 _I .T 2 - I )>ft 
T 2 = (T iij + Pk >■ 

3Pj 

with T, (r,p) being an n*n symmetric, nonsingular and real-value matrix. Then, the 
"Birkhoff-Santilli equations" are given in their covariant form by 

8B(t, a) 

Cfa (a) a v = [T^a) Q av (a)] a v = —^< (7 ' 35) 



(7.34a) 
(7.34b) 
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namely, they occur when the contravariant tensor '1 (covariant tensor Cf 1( ) is, 
first, Lie-Santilli (isosymplectic), and, second, admits the factorization of the 
isounit lisotopic element) of the isospace TE 2 hM in which it is defined 

= a 2a v )x(Qt ia ) (7.37a) 

<V = (t W x (7-37b) 

where d> (Oy ) are conventional, local-differential contravariant (covariant) 
Birkhoff's tensors. The "Birkhoff-Santilli mechanics" is the mechanics 
characterized by the Birkhoff-Santilli equations. 

It is easy to see that the Birkhoff-Santilli mechanics is broader than the 
conventional one, trivially, because of the preservation of the most general possible 
Birkhoff's tensors in its structure, plus the isounit. As a result, the Birkhoffian- 
isotopic mechanics, not only verifies Theorem 7.1 of Direct Universality, but 
actually verifies it in an extended form inclusive of nonlocal integral terms. 

In particular, Birkhoff-Santilli equations (7.32) are expected to be "directly 
universal" for systems (l.l), although the study of this property was left open by 
Santilli because not needed for his isotopic relativities. 

The Birkhoff-Santilli mechanics is however, excessively broad for our needs. 
In the subsequent sections of this volume we shall use its particularized form as 
per the following 

DEFINITION 7.2 The "Hamiltonian-Santilli mechanics" is the particular case of the 
Birkhoff-Santilli mechanics in which the general Birkhoff's tensors are replaced 
by the canonical ones. The "Hamilton-Santilli equations" on T*E 2 (r,$) are therefore 
given in their covariant form by Eq.s (7.30), and in their contravariant form by 
Eq.s (7.32), with explicit form (7.33) in the r- and p-coordinates. 

The above definitions essentially deal with the so-called "direct problem" 
of analytic dynamics, in which one assigns the Hamiltonian and the isounit and 
then computes the equations of motion via Eq.s (7.29) or (7.32). 

Of particular importance for systems (l.l) is the "inverse problem" of 
analytic dynamics, in which one assigns the equations of motion and must then 
compute the corresponding isoanalytic representation. This problem was studied in 
great detail in the monograph (Santilli (1978e)) for the case of local, nonlinear and 
Hamiltonian systems and in the monograph (Santilli (1982a)) for the case of local, 
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nonhamiltonian systems \ 
DEFINITION ; 



a- Let r be a nonlinear, nonlocal and nonhamiltonian vector-field in 
with explicit form of type (1.1). A "direct Hamilton-Santilli 
representation" exists when one can compute a Hamiltonian H and an isotopic 
element T 2 from the given equations of motion, in such a way that the following 
"isoanalytic representation" holds in the given local coordinates a = (r,p) 

3H(t, a) 



The more general "direct Birkhoff-Santilli representation" of the same vec 
r in the same local coordinates a = (r, p) occurs when one can co. 
Birkhoffian B, 2n Birkhoffian functions and one isotopic element T 2 s 
the following "isoanalytic representation" holds, again, in the given local va> 
3B(t, a) 

V (a)rF = ['V' (a)Q ai' (a)lr1 ' = 



The methods for the construction of the above isoanalytic representations 
for the local subcase have been presented in detail in the monograph (Santilli (1982a), 
Sect. 4.5 in particular., and they cannot be reviewed here to avoid a prohibitive 
length. We merely recall that they are based on the construction, first, of an 
equivalent covariant form of the given vector-field r characterized by the 
multiplication of a regular matrix of integrating factors (C^ 



- r")),, 



= (C ; 



w*. (7 - 4C 

al selfadpintness (SA), Theorem 4. 
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which, as one can see, are the covariant version of the algebraic conditions (6.31) 
(see Santilli (1982a) for details). 

Once the selfadjointness of the covariant version of the vector-field is 
assured, the construction of the and B functions from the equations of motion 
can be done according to several possible methods of the quoted literature, e.g., 

iyt, a) = [ / o ' dT T C^(t, a) ] a", (7.42a) 

B(t, a) = - [ / 1 dx ( + 61^ / StXt, xa) ] aK (7.42b) 

Note that the conditions of variational selfadjointness essentially imply that 
the matrix of integrating factors coincides with that of Birkhoff's tensor, i.e., 

V = V = VV " W (7 43) 

The generalization of the above techniques to the case of nonlocal vector- 
fields r is based on the construction of an equivalent covariant form (7.40) of the 
given vector-field in the same coordinates which verifies the following conditions: 

1) The multiplicative matrix of integrating factors (C^) is decomposable in 



where T^ a is totally symmetric and Q av is totally antisymmetric 

T a • T^, O av = -O va} (7.45) 

2) All nonlocal terms are embedded in the symmetric tensor T^", and the 
quantity Cl av admits no nonlocal-integral terms; and 

3) the resulting system is variational^ selfadjoint 
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(T^a" - D^^'O. (7.46) 

easy to see that the following Birkhoff-Santilli 



where the Birkhoffian functions and B are computed as in the conventional 

CaSe We now review a few simple example from Santilli (1982a), (1988a), (1991d). The 
simpler isoanalytic representations (7.38) with underlying variational principle (7.23), 
Lie-Santilli brackets (7.30) and isosymplectic two-forms (7.28) are sufficient for all 
practical cases. In fact, the Hamiltonian H can represent the totality of potential 
forces, as in the conventional theory, while the isounit can represent the totality of 
nonlocal-integral forces that are admitted by the theory. The broader Birkhoff- 
ts referred to the direct universality 



Let us begin with the simplest possible case, the free particle 
r = p/m, p = 0, 

which admits the Hamilton-Santilli representation in isospace 
£(r,8,&): 8 = diag.(b 1 2 ,b 2 2 ,b 3 2 ) = constants > 0, 

a = sa, i = r 1 . 



in terms of the functions 

R° = (p,0), T=diag.(S,6), (7.50a) 

B = p 2 /2m, ~v = pSp, (7.50b) 

The reader can therefore see that the transition from the conventional 
Hamiltonian mechanics to the covering Hamilton-Santilli mechanics implies the 
possibility of representing the actual shape of the particle considered (e.g., an 
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oblate or prolate spheroidal ellipsoid) via the & isometric while the equations of 
motion formally coincide with the conventional ones. 

After representing the actual shape of the particle considered, Santilli's 
methods can also represent all the infinitely possible deformations of the original 
shape. The simplest possible case occurs when the deformation of shape 8 =* 8' is 
due to a conventional, external, local-potential force. This is the case when a 
perfectly spherical charge distribution 8 = diag. (1, 1, I) in vacuum is subjected to 
an external electric field which causes the deformation 

8 = diag. (1, 1, 1) S' = diag. (b', 2 , b' 2 2 , b' 3 2 ) > 0, (7.51) 

The equations of motion remain the conventional ones 

f j = pj/m, pj = -feV / 3r) r f / r, (7.52) 

while the deformation of shape is represented via the Hamilton-Santilli quantities 

R° = (p, 0), T- = diag. (&', 8'), (7.53a) 

H = p 2 /2m + V(r), p 2 = pSp, r = | r S r | *' (7.53b) 

where all quantities, including powers and absolute values, are properly written in 
Santilli's isospace £(r,8,ft). 

In conclusions, Santilli's isotopic methods apply first to the conventional, 
local, potential subclass of systems (1. 1) by 

1) leaving the equations of motion unchanged; 

2) by providing the additional capability of representing the actual shape of 
the particle considered) as well as 

3) of being able to represent all its infinitely possible deformations caused 
by external forces; 

all this at this purely classical and Newtonian level (while preserving the exact 
rotational symmetry, of course, at the isotopic level, as shown in the next section). 

By comparison, the conventional Hamiltonian formulation of contemporary 
mathematics and physics: 

1') can represent the shape of a particle only after the rather complex second 



/. V. Kadeisvili 



Sanlilli's Isotopies 



2) they cannot represent the actual shape of the particle considered (say, an 
oblate spheroidal ellipsoid) because the form factors are only remnants of the shape 
itself and, at any rate, they can only admit perfectly spherical objects to avoid the 
breaking of the conventional rotational symmetry; and 

3'); they are structurally unable to represent the deformation of a given 
original shape, again, to avoid the breaking of the conventional rotational 
symmetry. 



The mathematical and physical advancements for the study ol 
local potential systems in the transition from the conventional Hamiltonian 
techniques to Santilli's isotopic formulations are then transparent. 

Nevertheless, Santilli conceived his isotopic formulations for the 
representation of the most general known, nonlinear, nonhamiltonian and nonlocal 
systems (1.1). A typical example is given by the perfectly spherical charge 
distribution above which performs the transition from motion in vacuum to 
motion within a physical medium, resulting precisely in contact, nonlinear, 
nonlocal and nonhamiltonian forces between the sphere and the medium, with 
evident, consequential deformation of shape. 

A simple example occurs when the extended particle experiences a 
nonlocal-integral force with quadratic damping 

mi- + yi 2 J da ■Sis) = 0, (7.54) 

which admits the following Hamilton-Santilli representation 

R° = (p,0), (7.55a) 

T = diag. (S exp( 7rf a daff(r) ), S exp { yr/ a do1F(r) )), (7.55b) 

B = p ( 8' exp ( yr / CT daT(r) )) p / 2m. (7.54c) 

where the dash in the isometric 8' indicates deformation of the original shape S and 
the quantities b' k may depend on suitable parameters such as pressure, density, etc. 

An endless variety of examples can then be constructed with infinitely 
possible combinations of local-potential and nonlocal-nonpotential forces 
depending on the infinitely possible physical media in which motion occurs. 
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The reader interested in learning Santilli's isotopic methods is urged to 
construct a number of isoanalytic representations for given preassigned systems 
(I.I). 



1.8: SANTILLI'S ISOSYMMETRIES 

We are now sufficiently equipped to study Santilli's nonlinear and nonlocal 
symmetries of systems (1.1) on isomanifolds, called Santilli's isosymmetries . 
These generalized symmetries evidently play a fundamental role for his 
construction of the isotopies of Galilei's, Einstein's special and Einstein's general 

In this section we shall consider two main topics. The first is the notion of 
isosymmetries as the largest possible nonlinear, nonlocal and noncanonical groups 
of isometries of given isometric spaces. The second is the notion of isosymmetries 
of given equations of motion on isomanifolds, with related lifting of Noether's 
theorem and conservation laws. 

The notion of isotopic space-time symmetries was introduced in the original 
proposal of the Lie-isotopic theory (Santilli (1978a)), although it was formulated in 
conventional manifolds. 

The formulation of space-time symmetries as isosymmetries, that is, as 
symmetries on Isomanifolds, appeared in print, apparently for the first time, in 
Santilli (1983a) in conjunction with his original construction of the infinite family of 
isotopes 0(3.1) of the Lorentz symmetry 0(3.1). In fact, the paper first constructed 
the infinite family of isotopies M of the Minkowski space M, then introduced the 
Fundamental Theorem on Isosymmetries (see below), and finally constructed the 
isotopies of 0(3.1). 

The operator counterpart of the above results was presented in Santilli 
(1983c) via an isotopy of Wigner's theorems on unitary symmetries. 

The theory was formalized in Santilli (1985a), which constitutes the main 
reference of this section, and applied to the lifting 0(3) of the group of rotations in 
the adjoining paper (Santilli (1985b)). 12 

The second part of this section dealing with the isotopic symmetries of 
given equations of motions, was first introduced in the monograph Santilli (1982a) as 
part of the Birkhoffian generalization of Hamiltonian mechanics, including the 
ld We should Indicate here that Santilli wrote first, in 1982, the papers (Santilli (1985a and b)) 
on the background methods and then wrote paper (1983a) on the isotopies of the Lorentz 
symmetry. The preceding two papers appeared in print some two years after the latter 
because of extreme editorial oppositions he encountered in their publication which he 
reported in detail in the paper itself (Santilli (1985a)), p. 26. 
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section. 

To begin, consider a pseudornetric space M (Sect. 3), here defined as an n- 
dimensional topological space over the field F of real numbers % complex numbers 

C or quaternions Q with local coordinates x = (x 1 ), y = (y 1 ), i = 1, 2 n, equipped 

with a nonsingular, sesquilinear and Hermitean composition (x,y) characterizing the 

maPPUlg (x,y): M x M =* M. (8.1) 

is of M, and define the metric tensor via the familiar 

i.ej) - gjj, g = ( gij ). (8-2) 
nsingularity is intended to ensure the existence of the 



g« = <lg r J > iJ . 
le region considered, which permits the 



The condition of sequilinearity 
«x,ay + (3z) = a(x,y) + #x,z), (ax + W.z) = a(x,z) + 



(x,y) = x^gy = x'gjjyj. 



Santilli's Isolopies 



Finally, the condition of Hermiticity implies that 

xt(gy) = (gt x t)y = (g X t)y (8.7) 

by characterizing abstract spaces hereon denote M(x,g,F). 

The additional condition of positive-definiteness of the metric g implies that 
we have a metric space as per the definition of Sect. 3. Otherwise we have 
pseudo-metric spaces . 

Let us recall from Sect. 3 that a metric space of particular physical 
relevance is the three-dimensional Euclidean space E(r,8,F), with local coordinates 
r = (r') over the fields F = SH (real), C (complex), Q (quaternion), with composition 

r 2 = r' B,j rl e F, 8 = diag. (1, 1, 1). (8.8) 

A pseudometric space also relevant in physic is the (3+l)-dimensional 
Minkowski spaces M(x,T],3t) with local coordinates x = (r,x 4 ), x 4 = c Q t, where c 
represents the speed of light in vacuum, r e E(r,8,S), and the composition is given by 
the familiar expression 

x 2 = T}^ x v , n = diag. (l, 1, 1, -1). (8.9) 

Let us also recall the notion of isometrydm) of a generic manifold M(x,g,F), 
here defined as the largest possible m-dimensional Lie group Glm) of linear and 
local transformations x =* x 1 leaving invariant the composition for the separation 
Xj -x 2 among two points x j, x 2 of an n-dimensional manifold M(x,g,F), F = £?, C, 

a 

x", -x- 2 )t g (x-, - xg) = (x, - x 2 )tg (x t - x 2 ), (8.10) 

(see for details, e.g., Gilmore (1974) and quoted literature). 

The connected component G„(m) of Glm) can be defined as an m- 
dunensionai Lie transformation group on M(x,g,FX, i.e., as a topological space G„(m) 
equipped with a binary associative composition ip characterizing the mapping 

<p: Go(m)xGj(m) Go(m), (8.11) 

for G(m) to be a topological Lie group, and the additional mapping 
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f: Glml»M =» M, (8.12) 

characterized by n analytic functions f(w; x) depending on m parameters w and the 
local coordinates x e M, which verify the conditions for Go(m) to be a Lie 
transformation group. 

It is finally assumed that Ghn) is a linear transformation group on M(x,g,F), 
i.e., the f-functions have the particular form 

x' = f(w;x) = A(w)x, (8.13) 



under which the group conditions can be written 

A(0) = I, (8.14a) 

A(w)A(w') = A(w')A(w) = A(w + w), (8.14b) 

A(w)A(-w) = I, (8.14c) 

where 1 is the trivial identity of Lie's theory and the composition is the associative 

The isometry &,(m) can then be defined as the largest possible group of 
transformations (8.13) leaving invariant separation (8.10), i.e. 

[fx, - x 2 )UT] g [A(x, - x 2 )] = (X[ - x 2 )t g (x; -x 2 ), (8.15) 

which can hold iff in F 

A^gA = Ag AT = gl, (8.16) 



detA = ±1. (8.17) 

Among the rather large number of methodological aspects needed for a 
comprehensive characterization of G(m), we now restrict our attention to the 

I) S The universal enveloping associative algebra £(&(m)) of the Lie algebra 
GKm) recalled in Sect. 6. For readiness in the comparison of the results under 
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call that the basis of Gjm) 

X = (X k ), X k t = -X kf k = i,2,...,m, (8.18) 
d, and that the envelope £(G„(m» is characterized by the infinite- 



X^ (r s s), xpCgXt, (r s s a t), 



A generic element of £<SUm)) is 
The center C of &Qim)) is the sel 
ts X k of the basis, and can 
scalar multiples of the fundamental ui 



II) The connected Lie group G (m) 

by' exponentiations in £(Gim)) via the 
lodular transformations (8.13), it can b 



M(x,g,F), which is 
isis (8.19). For the case 
in the symbolic form 



where the exponentiation is the conventional one. Exponentiation (8.22) can then be 
reduced to the desired form via the Baker-Campbell-Hausdorff Theorem (Gilmore 
Uoc. c/tJ). For the left modular action of Gjtm) on M(x,g,F) 



'e the realization 



Gjm): At= (ne fe X k w k)t 



where the skew-Hermiticity of th 



Ill) The Lie algebra CUm) of G„(m), which is homomorphic to the 
antisymmetric algebra {&Gjiri)T attached to the envelope &GSm», and it is 
characterized by the commutation rules 

GUm) : [X r , = X^ - Xfr = C rs l X t , (8.25) 
where XjXg is the trivial associative product in Z(Gjm)), and the Cs are the structure 
Finally, the discrete part D(m) of G(m) is characterized by the inversions 

D(m): x' = Px = -x. (8.26) 

and constitute an invariant Abelian subgroup of G(m). 

As a specific example, the largest possible group of isometries G(m) of a 
three-dimensional Euclidean space E(r,8,F) is the Euclidean group (see, e.g., Gilmore 
(1974) or Sudarshan and Mukunda (1974)) 



where 0(3) is the familiar group of rotations, and T<3) is the group of translations. 

Similarly, the largest possible group of isometries of the (3+l)-dimensional 
Minkowski space M(x,T|,5l) is the Poincare group (loc. cit.) 

P(3.1) = 0(3.1) ®T(3.I), (8-28) 

where 0(3.1) is the Lorentz group and T(3.l) is the group of translations in space- 

We pass now to the study of Santilli's infinitely possible isotopies of each 
given group of isometry. For this purpose, the first needed notion is that of 
isospaces (Definition 3.2): 

a) The infinitely possible isotopes M(x,g,F) of M(x,g,F), which preserve the 
dimensionality and local coordinates of M(x,g,F), and generalize instead the metric g 
and field F into the isometrics and isofields 

g = Tg, T = T T, detT^O, (8 ' 29a) 



(8.29b) 
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respectively, with generic composition 

(x,"x) = (xtgx)l = (xTTgx)l ef\ (8.30) 

2) The infinitely possible isotopes E(r,8,ft) of the Euclidean space E(r,8,Jl), 
called Santilli's isoeuclidean spaces , with 

8 = T g 8 » T~, ft = 3)1 g, 1- = T~ l = S _I , (8.31) 

and composition 

P- = (r'Srilg €<&. (8.32) 

3) The infinitely possible isotopes M(x,t)$) of the Minkowski space M(x,t),M), 
called Santilli's isominkowski spaces, with 

f| = Tr,, ft = 5)1^, 1^ = ^"', (8.33) 

x 5 = (xM-f| x v )r € St, (8.34) 
uv fi 

We introduce now Santilli's isotransformation theory of Sect. 4 on isospaces 
M(x,g,F), i.e., the right, modular-isotopic transformations 



x- = A*x = ATx. (8.35) 

where T is the isotopic element of the isospace. 

The following important properties then follows. 

PROPOSITION 8.1: Given linear and local transformations on a metric or 
pseudometric space M(x,g,F) 



(8.36) 
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their images for the infinitely possible isotopes AJfo&W 

x' = A(wK (8.37) 

are "isolinear" and "isolocal" in the sense that they are linear and local at the 
abstract, coordinate-free level, but they are generally nonlinear and nonlocal when 
projected in the original space M(x,g,F), 

x- = A*x = A(w)T(x,x,x,...)x. (8.38) 

Santilli (1983), (1985a) studied the groups of isometries of generic isospaces 
ld(x,g,F), namely, the largest possible, m-dimensional groups of isolinear and isolocal 
transformations, denoted G(m), leaving invariant the isoseparation (x ~y) on F. 

It is evident that the old group of isometries G(m) cannot act consistently on 
K*(x,g,F), e.g., because of the violation of the linearity condition and other problems. 
This renders necessary the lifting of Lie's theory, from the conventional 
formulation outlined earlier in this section, to the Lie-Santilli theory. 

We shall therefore assume that G(m) admits a connected component G (m) 
and a discrete part film). Suppose that G (m) is an (abstract) topological space 
equipped with the isomap 

6„(m)*Gim) =* G„(m), (8.39) 
verifying the conditions for Go(m) to be a Lie-Santilli group (Sect. 6), and equipped 

f : Gim)*^ = KJ, (8.40) 

characterized by analytic functions T(x,... ; w) depending on the same parameters w 
and the same local variables x of the original isometry G(m), as well as verifying 
the Lie-Santilli First, Second and Third Theorems mentioned earlier. 

We finally impose that isomap (8.40) is isolinear and isolocal, i.e., of the left 
and right modular-isotopic type 

x'T = xT»A(w) = xhk(w), (8.4 la) 



x- = A(w)*x = A(w)Tx. (8.41b) 
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This implies that the elements A(w) of G(m) verify the Lie-Santilli group 

A(0) = 1 = T" 1 , (8.42a) 

A(w)*A(w') = A(w'WWw) = Atw+w-), (8.42b) 

A(w)*A(-w) = 1, (8.42c) 

where the product A(w)*A(w) is isoassociative (Sect. 5), with similar laws for the 
conjugate elements. 

DEFINITION 8.1 tSantilli (1983a)): The group of isometries of an n-dimenslonal 
isospace 0x,g,F), F = & C, Q, called "Santilli's isometries", is the largest possible, 
m-dimensional, isolinear and isolocal, Lie-Santilli group <j(m) of 
isotransformations (8.41) leaving invariant the isoseparation for the difference z = 
x-yof two points x, ye lfi(x,g,P), 

(z' T z') = (z«A r A*z) = [ feW) g (A*z) ] 1 = 

= [[(xi-x'lTiUtngrgU^T^'-y 1 )])! = 

= (x r -y s )g rs (x s -y s )l. (8.43) 

For the construction of G(m) Santilli evidently use his Lie-isotopic theory, 
with particular reference to: 

1': The universal enveloping isoassociative algebra £(G>(m)) of (Jim) which, 
by central assumption, is constructed via the same generators of the original 
isometry Gjm), i.e., the ordered basis (8.18). The isotopy (jiGUm)) |(G,(m)) is 
characterized by the Poincare-Birkhoff-Santilli-Witt Theorem mentioned earlier, 
with infinite-dimensional isobasis 

i : 1 , X k , X,.*X S (r a s), X r *X s *X t (r s s 4 1) (8.44) 

where 1 = T~' is the fundamental isounit of the theory and the product is 
isoassociative, i.e.. 



X,.*X s = X r TX s , (8.45a) 

l»p = P»] = p V PeJ, (8.45b) 

s a generic element of I, i.e., a generic polynomial on the basis X. The 
C of the envelope is then characterized by all elements which 
ite with the basis X and all its possible polynomial forms, and it can be 
represented via all possible isoscalar multiples of 1 on F 



IT) The connected Lle-Santilli group Go(m), which can be 
power series expansions in the new envelope £(0(m)). For the case 
w and one generator X, these generalized group 
be written for the m-dimensional case 

Go(m) = A(w) : IT* 



characterized by 
of one parameter 
: of type (5.8) and can 



* w xf 

&(m) : A(w)t = TTk=l me^ k k ' 



111') The Lie-Santilli algebra Glm) of G„(m) characterized by th 
First, Second and Third Theorems with isocommutation rules 



:x^ = [x^ 



= C rs t (x,x,x,...)X t , 



(8.49) 



J. V. Kadeisvili 



Santilti's Isolopies 



where the C"s are the structure functions of &(m). 

Suppose now that the original group G(m) is an isometry of the original 
space M(x,g,F), i.e., it verifies conditions (8.15)-(8.17). Santilli then proved that all 
infinitely possible isotopes G(m) of G(m) as constructed above automatically leave 
invariant the new isocomposition 

{ (x - y)t«At g A«(x - y) ]1 = [ (x - y)t g (x - y) ]1, (8.50) 

or, equivalently, verifies by construction the property 

Atg A = AgA 1 = gl, (8.51) 

with 

det. (Ag) = det B = ± 1, (8.52) 

without any need of additional conditions. 

In fact, property (8.50) holds for the continuous part in view of the identities 

e -w k TX kTge X k Tw k = T& (g53) 
which hold iff the original invariance conditions 

e k K g e k k , (8.54) 

are verified, where the exponentiation in f has been omitted for simplicity. 

In particular, if the original isometry is the orthogonal group O(n) of an n- 
dimensional Euclidean space E(r,8,F), the isometric 8 coincides with the isotopic 
element T (Definition 3.2), and expressions (8.53) reduce to an identity, as one can see 
in the one-dimensional case 

e -wSX ge XSw = g + wM _ SxS) + 

+ iw^SXSXS - SXSXS) + = S. (8.55) 

The isotopies D(m) of the discrete component D(m) (8.26) are given by 
Santilll's isoinversions 
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Urn): Px = Pl*x = Px =-x, (8.56) 

where P is the original discrete generator. 

The above results can then be expressed as follows. 

THEOREM 8.1 (Fundamental Theorem on Isotopic Isometries; Santilli ((1983a) and 
(1985a)) : Let G(m) be an m-dimensional Lie group of isometries of an n- 
dimensional metric or pseudometric space M(x,g,F) over the field of real numbers 
31, complex numbers C or quaternions Q, 

dim): x"t = xUW x- = A(w) x, (8.57a) 

[ (x - y)t aT(w)1 g [A(w) (x - y) ] = (x - y)t g (x - y). (8.57b) 

Atg A = A g Af = gl, (8.57c) 

detA = ±l. (8.57d) 

Then, Santilli's infinitely possible isotopes G(m) of Gtm) characterized by the same 
parameters and generators of dm), and the infinitely possible, nowhere singular, 
Hermitean and sufficiently smooth isounits 1 = T~' (isotopic elements T), leave 
invariant the isocomposition (xhgxll of the isotopic spaces ltf(x,g,F), g = Tg, F 
= Fl,1 = T _1 , 

CKm) = x't = xt*A(w) =xTtaT(w). x'=A(w)*x = A(w)Tx, (8.58a) 
[ (x - y)t«At] g IMx - y) l = (x - y) T g (x - y), (8.58b) 
Atg A = AgAt = 8 1 , (8.58c) 
Det (Ag) = detB = ± 1. (8.58d) 
The following comments are now in order: 

1) Each given isometry G(m) admits an infinite number of different isotopes 
G(m) characterized by infinitely possible, different isounits which, from a physical 
viewpoint, represent the infinitely possible interior physical media. 

2) Each of the infinite isotopes can be explicitly computed, from expansions 



G(m), the explicit form of the isotransformations is different for different isoui 
1. 

4) As indicated earlier, the isotransformations are generally nonline 
because of the dependence of T. 

5) The isotransformations are also generally nonlocal because of the possi 
integral functional dependence of the isotopic elements T. 

6) All isotopes G(m) are coverings of the original isometry G(m) under i 
sole condition that the old metric g is admitted as a particular case. 

7) AH Lie algebras, including that of the isometries Gjm), admit 1 
following trivial isotopy X r => X,. = X r l, under which 



= [Xj-.X^l = (Crj'Xt)! = C rs 



8) The di 
infinitely possible isotopic isi 
particular, the condition for 



9) The 
symmetry G(m). Howe\ 



:s G(m) ce 



s preserved by all 
couraged to verify. In 
(m), Eq.s (8.49) are reducible to those for 

generally nonisomorphic to the original 
e shall see in the subsequent chapters, all infinitely 
restricted to be locally isomorphic to the original 
:ondition of positive- (or negative-) definiteness of 



isometry G(m) ui 
the isotopic element T. 

To understand the physical relevance of Santilli's Fundamental Theorem 8.1, 
one should be aware that his isotopic generalizations of Galilei's relativity, of 
Einstein's special relativity and of Einstein's general relativity (Santilli (1988a, b, c, d)) 
are particular applications of the theorem. 

The first, physically relevant particularization of Theorem 8.1 is given by the 
following 



COROLLARY 8.1 ji (Santilli (1985b)): Let 0(3) be the simple, three-dimensional 
orthogonal group of isometries of the three-dimensional Euclidean space E(r,8,!R) 
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0(3): r- 1 = rtR'te), r = R(6) r, 
r '2 = r .t s r = rR t R r „ r 2 „ r t r 



detR = ±l. (8.60d) 

where the O's are the Eater's angles. Then, the infinitely possible isotopic 
generalizations 0(3) of 0(3), called "Santilli's isorotational symmetries" characterized 
by the same parameters and generators of 0(3), and a nowhere singular, Hermitean 
and sufficiently smooth isounits 1 = T' 1 (isotopic elements T (r, r, t,...)), leave 
invariant the corresponding, infinitely possible isocompositions (r ( S rl ? of the 
isoeuclidean spaces E(rM) with S = TS = T, & = Stl, 1 = T~', 

G(m>. t 2 = (f 1 M 1 = ( [ (r^le) ] 8 [ Metaffi = r 2 = (r l S r) 1, (8.6 la) 

R t tR = RtR t = i = (8.6 lb) 

Det(ft8) = ±l. (8.61c) 

Intriguingly, the isotopes 0(r) leave invariant all infinitely possible 
deformations of the sphere, while resulting to be locally isomorphic to 0(3) for T > 
0. In this sense, the isotopes 0(3) reconstruct as exact the rotational symmetry when 
broken by ellipsoidical deformations of the sphere ( toe. cit. ). In this way, one can 
reach a first meaning of the isometric S as representing the shape of the particle 

The fundamental physical application of Santilli's isoeuclidean spaces fi(r,S,ft) 
is however that of providing the first, rigorous, quantitative, and effective 
mathematical tool for the study of the nonrelativistic motion of extended particles 
within inhomogeneous and anisotropic physical media. 

In fact, the mutation of the metric 8 S = T8 geometrically represents the 
underlying homogenous and isotropic space represented by the conventional 
Euclidean metric 8, and its mutation into an inhomogeneous and anisotropic form 
caused by the presence of a physical medium represented by T8. 

These mathematical tools have permitted Santilli (1982a), (1988a), (1991d) to 
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construct an isotopic generalization of Galilei's relativity today called Santilli's 
isogalilean relativities 13 , which provide a form-invariant description of the 
most general dynamical systems known at this writing, systems (1.1), i.e., extended 
and therefore deformable particles while moving within inhomogeneous and 
anisotropic material media, thus resulting in the most general known combination 
of long-range, action-at-a-distance, potential forces, as well as short-range, 
contact, nonlinear, nonlocal and nonlagrangian-nonhamiltonian forces. 

Needless to say. Santilli's isogalilean relativities are a covering of the 
conventional Galilei's relativity, which is admitted as a particular case fori = 1, that 
is, when particles exist physical media and return to free motion in vacuum. 

The reader should keep in mind the transition from motion in empty space 
to motion within a physical medium because it is crucial to understand later on 
(Sect. 12) the transition from conventional parallel transport and geodesic to 
Santilli's covering geometrical notions of isoparallel transport and isogeodesics. 

Remarkably, Santilli's isogalilean relativities are directly universal for 
. systems (1.1) and do not need any additional verification, because it is verified by 
construction for each given system (l.l). This is first established by the fact that, 
while Galilei's symmetry is imposed on physical systems, Santilli's isogalilean 
symmetries are instead constructed from each given system (1.1). The generalized 
relativities are then established by the Theorems of Direct Universality of the 
Santilli's isotopic methods for systems (1.1) without any need for any further 
verification. 

The structure of Santilli's isogalilean symmetries and further details are 
provided in the appendices. 

A further important case is given by the isotopies of the Lorentz isometry. 

COROLLARY 8.1.b (Santilli (1983a), (1988c) and (1991d)): Let 0(3.1) be the simple 
Lorentz group of isometries of the conventional Minkowski space M(x,n,3t) over the 

0(3.1): x* = xU^w), x' = A(w)x, (8.62a) 
x' 2 = x'^riAx = x 1 tix, t\ = diag. (1, 1, 1, -1), (8.62b) 
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(detA) = ±1. (8.62d) 

where the w's are the conventional six parameters of 0(3.1). Then, the infinitely 
possible isotopes 0(3.1), called "Santilli's isolorentzian symmetries" characterized by 
the same parameters and generators of the original group 0(3.1), and by nowhere 
singular, Hermitean and sufficiently smooth Isounitsl (or isotopic elements T(x, x, 
Si,..)), leave invariant the isoseparation (xTnx)1 of the corresponding infinite class of 
Minkowski-isotopic spaces 0x,rj,fi) with f| = Tn, & = 3ft, 1 = T" 1 , 



0(3.1): x' 1 = x l *A(w), x- = A(w)*x, (8.63a) 

x- 2 = ( x't.A 1 f| A»x )1 = (xtfi x)l, (8.63b) 

A l f|A = A f|A l = H (8.63c) 

det. (A-n) = ± 1. (8.63d) 



Santilli's isominkowski spaces t3Hx,r\M provide a geometrization of, this 
time, the space-time, inhomogeneous and anisotropic character of physical media 
characterized precisely by the mutation n ■* r\ = Tt|, thus establishing the first, 
rigorous and effective mathematical methods for the quantitative study of 
relativistic dynamics within physical media. 

Santilli's (1983a), (1988c), (1991d) isolorentzian symmetries 0(3.1) characterize a 
generalization of the special relativity called Santilli's isospecial relativities which 
holds for strictly noneinsteinian conditions, such as relativistic motion of extended 
and therefore deformable particles within physical media, or the propagation of 
light within inhomogeneous and anisotropic atmospheres. 

Santilli's special relativities are a covering of Einstein's special relativity 

1) They are based on structurally more general mathematical methods 
(isotopic generalization of contemporary mathematical structures as outlined in 
this monograph); 

2) They represent structurally more general physical systems (nonlinear, 
nonlocal and nonlagrangian-nonhamiltonian systems), and 

3) They admit Einstein's special relativity as a simple particular case, 
trivially, fori = I. 
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The isospecial relativities result in a series of quantitative predictions of 
new, measurable, effects, such as the prediction of a redshift of light when 
propagating within inhomogeneous and anisotropic media and other physical 
effects structurally outside the technical capabilities of Einstein's special relativity 
(see the locally quoted literature). 

Thus, while Santilli's isogalilean relativities do not need experimental 
verifications, as indicated earlier, his isospecial relativities require explicit 
experimental tests. 

Nevertheless, to really understand the plausibility of the isospecial 
relativities, the reader should keep in mind that they admit as particular case the 
isogalilean relativities via a mere isotopic lifting of the conventional methods of 
group contraction (see Appendix A of Santilli (1988c), or the monograph (199Id)). 

All isotopes 0(3.1) result to be locally isomorphic to 0(3.1) for all isotopic 
elements T > 0, and they constitute the basis for Santilli's isotopies of the special 
relativity. 

Thus, contrary to a rather popular belief in mathematics and physics, a 
deformation of the Minkowski metric r| fj = Tr| DOES NOT imply a necessary 
breaking of the Lorentz symmetry. 

This erroneous belief is due to the restriction of Lie's theory to the simplest 
possible Lie product "AB - BA". In fact, if one uses the more general product of 
Santilli's type "ATB - BTA" the validity of the Lorentz symmetry is reestablished in 
full. 

In particular, the isometric f\ can be a conventional Riemannian metric g(x) 
(Corollary 3.2.c). As a result, the Lorentz-isotopic group 0(3.1) for T = g results to be 
the global group of isometries of conventional exterior gravitational models, thus 
creating the possibility of constructing covering gravitational theories for the 
interior problem via the mere isotopies of isotopies T| f| = T(x)r| = g(x) g = 
Tlx, x, X,..) g(x). 

These geometrical results are at the basis of Santilli's interpretation of the 
general relativity as an isotopy of the special (see Sects 1 1 and 12 for more details). 
A further case of physical relevance is the following. 

COROLLARY 8.1.C (Mignani (1984)) (Mignani and Santilli (1991): Let SU(3) be the 
semisimple special unitary group of isometries of a two-dimensional Euclidean 
space E(x,r|,C) over the complex field C 

SU(3t z'T = zTlAv), z' = U(w)z, (8.64a) 



z'tut 8 U z = zts z, 
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Ut U = U ut = I 2 x2> (8 - 64c) 
det. U = + 1, (8-6*1) 

TAen, fne infinitely possible isotopes S0(3> of SU(3) characterized by the same 
parameters and generators of SU(3) and by nowhere degenerate, Hermitean and 
sufficiently smooth isounitsl (or isotopic elements Ttz, zt ...!) leave invariant the 
isotopic separation kHbz)\ of the isotopic spaces £(z$,t) with h = T8, t = Cl, 
1 = T 1 , 

S0(3) : Z'T = zt*Ot, z' = 0*z, (8.65a) 

z'TSz- = z T*O^SO*z = zTSz, (8.65b) 

0*8 = OSO 1 = 1, (8.65c) 



As we shall see In the appendices, the above corollaries is instrumental in 
introducing Santilli's notion of "isoparticle" (or "isoquarks" ) as an ordinary 
elementary particle under nonlocal short-range interactions represented by the 

By using the Lie-isotopic theory out] 
compute explicit examples of Santilli's isoro 
which can be written as follows for an isorotation around the third a> 

t =diag. (g n , g 22 .g33). 

s s (e) = f -gnfen^sinlegfeng^] cos^tg,^] o 

^ 

and for an isolorentz boost (isorotation in the 3-4 plane) 



(8.67a) 
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x' 4 = yix 4 - px 3 ), 
3 = v / c Q , £ = v k b,, / c b 4 , y = ( 1 - j} 2 ) * . (8.67b) 

For the case of an explicit form of the isounitary symmetry 0(3), we refer the 
interested reader to Mignani and Santilli (1991) for brevity. 

It is an instructive exercise for the interested reader to prove that 
isotransformations (8.66) and (8.67) do indeed verify the isoinvariance laws (8.61) and 
(8.63), respectively. 

The more general inhomogeneous isotransformations are given in the 
appendices because it is recommendable for the reader to study first Santilli's 
isoparallel transport and isogeodesic and then see their isogalilean, isominkowskian 
and isoriemannian realizations. 

In his construction of the generalized relativities, Santilli always imposes the 
positive-definiteness of the isounit, 1 > 0, to ensure the local isomorphisms of the 
isotopic and conventional symmetries, with consequential covering character of the 
generalized over the conventional relativities. 

However, from a mathematical viewpoint, the restriction 1 > can be 
removed. In this case, Santilli's isotopic, simple, n-dimensional groups unify in one 
, single algorithm all nonexceptional simple group of Cartan's classification in the 

For the case of simple, three-dimensional Lie groups this can be easily seen 
' by allowing metric (8.66a) of isotransformation (9.66b) to possess both positive and 
negative values. 

We reach in this way the conclusion that the abstract isotope 0(3) of 0(3) 
with a nowhere singular, Hermitean and diagonal isometric (8.66a)) of unspecified 
signature provides a single geometric unification of all possible simple, two- 
dimensional Lie groups of Cartan's classification (Santilli (1985b)). 

This important property provides another illustration of the rather 
remarkable possibilities of the Lie-isotopic theory. It can be readily seen from the 
fact that the isosymmetry 0(3) in realization (8.66) can interconnects the compact 
realizations 0(3) - 0(3) with sig.S = (+1.+I.+I), to the noncompact realizations 0(3) - 
0(2.1) with sig.S = (-l~l,+l). The understanding is that Eq.s (8.66) provides the 
isotopic generalization of 0(3) and 0(2.1), rather then the conventional 
transformations themselves. For additional cases, see Figure 8.1. 

We now review Santilli (1983a), (1988c) classification and unification of all 
possible isotopes of the Lorentz group 0(3.1). Note that the preceding classification 
already contains that for the Lorentz group in (2+I)-space-time dimensions. The 
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extension of the results to the case of (3+l)-space-time dimension is then 
straightforward, as summarized in Figure 8,2. 



Q (3): 8 = S = (+l,+l+l); 


d (3): S = -8 =(-1,-1,-1) 


1 (3):Sig. S = (+l,+ l,+l); 


0! d (3): Sig. 8 = (-1,-1,-1) 


2 (3): Sig. 8 = {+U+U-1}, 


2 d (3): Sig. 8 = (-1,-1,+ 1) 


3 (3): Sig. 8 = (+1,-1,+D; 


3 d (3): Sig. 8 = (-1+1,-1) 


4 (3) : Sig. 8 = (-!,+ !,+ 1); 


4 d (3): Sig. 8 = (+1,-1,-1) 


0(3):S = diag. (g 11 ,g 22 .g33) 



FIGURE 8..I: A classification of all possible isotopes 0(3) of 0(3) submitted in Santilli (1985b). 
They can be presented via the classification of all possible underlying isoeuclidean spaces 
E(r,S,&) or, directly, via the classification of all possible topologies of the isometric 8. The 
first group (3) is the conventional one. The isotopic theory initiates with the isodual 

d (3) as per Definition 3.3 which can be formulated only via the use of a bona-fide isounit 

1 = -1 Then eight classes of isotopes follow, each one with infinite isotopes, grouped into 

unifying all preceding ones. 



(4): g = diag.(+l,+l,+l,+ l) 
(3.1) : g = diag. (+1,+1,+1,-1) 
(2.2) : g = diag. (+1,+1,-1,-1J 
6l(4): sig. g = (+,+, +,+) 
Oi&l): sig. g = (+,+,+,-) 

643.1) : Sig. g = (+, +, -, +) 

6 (3.1) : sig. g = (+,-,+,+) 
fj>l) : Sig. g = (-,+,+,+) 
6{(2.2);Sig.g = (+, +,-,-) 
02(2.2) : Sig. g = (+, -, +, -) 


0^4): 

o %i) 

0J2.2) 

6> = 

6$.l) 

6j\ai) 
6^3.1) 
6 4 <kl) 
6*2.2) 
6$22) 


i = diag. [-1,-1,-1,-1) 

g = diag. (-1,-1+ 1,+1) 
ig.g =(-.-,-,-) 
sig. g = K -, - +) 
sig. g = (-,-.+,-) 
sig. g = (-,+,-, -J 
sig. g = (+, -, - -) 
sig. g = (-,-,+,+) 
sig. g = (-,+,-,+) 


0(4) : g = diag. (g u , g 22, S 33, g 4+) 



FIGURE 8.2. The 21 most significant, different isotopes of the Lorentz group in 
Santilli's classification (1983a), (1988c), (1991a, d) classification of all possible 
isoorthogonal group in four dimension. The most general possible isotope is the last 
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one, denoted with 0(4) with an arbitrary topology of its isometric, which unifies all 
possible six-dimensional simple Lie groups of Cartan's classification. In particular, 
this isotope is the abstract Santilli's isolorentzian group of Theorem 5.1. In fact, 
depending on the local topology of the isometric, 0(4) can assume: any one of the 
six-dimensional simple Lie groups 0(4), 0(3.1) and 0(2.2) (and others locally 
isomorphic to the latter); any one of their isodual; as well as any one of their 
isotopes. An infinite number of possible realizations then emerge. They can be first 
divided into two classes interconnected by isoduality. Then, among each of these 
classes, only three essential isogroups emerge, those isomorphic to 0(4) or 0(3.1) or 
0(2.2). The classification includes the local and global simple symmetries of the 
special and general relativities for the exterior problem, as well as of their isotopic 



The possibilities of geometrical unification offered by the Lie-Santilli 
.theory are therefore remarkable, and expressible via the following 

CONJECTURE 8.1: The simple, abstract, n-dimensional isotopes G(n) unify in one 
single algorithm all possible simple, nonexceptional 14 Lie algebras of the same 
, dimension in Cartan's classification. 

Santilli has proved the above conjecture for the cases n = 2 and 6. Its proof 
for the general case is left to the interested reader. 

i We pass now to the study of Santilli's isosymmetries of given equations of 
motion (1.1) on an isospace. Since these equations are represented by the Birkhoff- 
Santilli equations (Sect. 7), we can effectively restrict our analysis to the 
isosymmetries of the latter equations. In particular, we shall first review the 
symmetries of Birkhoff's equations on a conventional manifold, and then generalize 



Let E(r,S,SH) be the 3N-dimensional Euclidean space of system (1.1) of N 
particles. Its cotangent bundle T*E(r,8,5t) is the 6N-dimensional space with the 

familiar local coordinates a = (d 1 ) = (r, p) = (r ia , p )a ), u = 1, 2 6N, i = I, 2, 

3, a = 1, 2, N. 

The full representation space is then given by the (6N+l)-dimensional space 
St><T*E(r,S,31), where M t represents (nonrelativistically) the ordinary time t. 

Suppose as a first step that all nonlocal forces in system (1.1) are null (but 
the vector-field remains nonlinear and nonhamiltonian), and denotes the 
14 We mentioned earlier that the removal of the exceptional Lie algebra is suggested by the 
assumption of Hermiticity of the isounit. In attempting the proof of Conjecture 8.1 for 
arbitrary dimensions, we assume the reader is familiar with the unifying power of isof ields. 
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corresponding vector-field with T° = (r°^(t,a)). Then, the Theorems of Direct 
Universality of Birkhoffian mechanics (Sect. 7) ensures that, under the assumed 
topological conditions, a representation of the vector-field r° always exists in terms 
of Birkhoff's equations in the local coordinates considered, and we shall write 



fflt, 3R„ 8B 3R„ 
[ — H]r-v= ± -it, (8.68) 

aa^ aa v aa^ at 

behavior of Birkhoff's equations under the most general possible transformations 
of the local variables. 

Recall that Hamilton's equations preserve their form only under a special 
class of transformations, the canonical ones. 

On the contrary, Birkhoff's equations are the most general equations which 
can be written in T*E(r,8,5R) with a Lie/symplectic structure. As such, they preserve 
their form under the most general possible transformations of the local variables. 

A detailed treatment of this property is provided in Chapter 5.3 of Santilli 
(1982a). Here let us illustrate the property by introducing the unified notation 



Then Birkhoff's equations (7.2) can be written in the unified form 

fl^b) db v =0, u = 0, 1 6N, (8.70) 

where Birkhoff's tensor in T*E(r,8,3t) is now extended to the form Q^„ in 
SR t xT*E(r,8,S) 




3.71) 



and ft = (-B, R) characterizes the one form in SR t xT* E(r,8,3t) 



yb) db u = ya) da^ - B(t,a) dt. 



(8.72) 
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namely, it characterizes the complete integrand of variational principle (7.1). 

Eq.s (8.70) directly reproduces Eq.s (8.68) for p. = 1, 2 6N, while the 

additional equation fo p. = yields the identity 




(8.73) 



What we have done here is performed the transition from the symplectic 
geometry in T*E(r,8,3t), to the so-called contact geometry in S t xT'E(r,8,SR) (see, 
e.g„ Abraham and Marsden (1967); and Santilli (1982a) for a specific treatment of 
Birkhoff's equations in the contact geometry). Equivalently, we can see that 
Birkhoff's tensor in T*E(r,8,SR) is of symplectic type while its extended version (8.71) 
is of contact type. 

Once the contact character of tensor (8.71) is understood, one can readily see 
the invariance of Birkhoff's equations (8.70) under the local, but most general 
possible, smoothness and regularity preserving transformations in SH ); xTE(r,S,M) 

b = (t, a) =» b' = Mb) = (r, a') = (tit, a), alt, a)), (8.74) 
In fact, contact tensor (8.71) transforms as follows 

dtp- db v 

V b) "» V (Mb)) = ^5 • (8J5) 

by evidently preserving its structure. The form invariant (but not the symmetry) of 
Birkhoff's equations then follows. 

The physical implications of the above findings are the following. The 
space-time symmetries of contemporary relativities for motion in vacuum are, 
first of all, canonical, and then symmetries of the system considered. In the 
transition to Santilli's motion within physical media all smoothness and regularity 
preserving transformations are "canonical" and, therefore possible candidates for 
interior symmetries. 



DEFINITION 8.2 (Santilli (1982a)): The local, but most general possible smoothness 
and regularity preserving transformations (8.74) on Sl t ><T*E(r,S,!R) constitute a 
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"symmetry of Birkhoff's equations", when they leave invariant Birkhoff's tensor in 
its contact form, i.e., when Eq.s (8.75) implies the particular form 

d^lb) <* fi'^b') = cyb') (8.76) 

or, alternatively, when the underlying contact one-form (8.72) is invariant up to 
Birkhoffian gauge transformations, i.e. 

am 

ft'tb'Jdb'* 1 = tft„(b') + Idb-t 1 , (8.77) 

M- I 1 db V- 

We now review the construction of first integrals (i.,e., conserved 
quantities) from a given symmetry of Birkhoff's equations. 

THEOREM 8.2. (Birkhoffian Noether's Theorem; Santilli (1982a)): If Birkhoff's 
equations admit a symmetry under an r-dimensional, connected Lie group G T of 
infinitesimal transformations 

b => b' = b + Sb = (bV- + wiaM-j(b)) = 

. ( t + W ' Pi(t ' a> ' ) (8.78) 

V aH' + wVift.a) / 

then there exist r first integrals 5} (b) of the equations of motion which are 
conserved along an actual path E 

5,(b)| E = 0, (8.79) 

namely, there exist r linear combinations of Birkhoff's equations which are exact 
differentials along B, i.e., 

9T,(b) = cyttb 1 ^, (8.80) 



given explicitly by 



ff,(b) = fy^i = 
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= lyt, a) T^jft, a) - B(t, a)p(t, a) + G(j(t, a). (8.81) 

Note that the "new time" t' in Birkhoff ian mechanics is a function of the old 
time t as well as of the coordinates r and momenta p, 

V = t(t, r, p). (8.82) 

This property is important to understand the isotranslations in time of the isotopic 
relativities (see the isogeodesics of Sect. 12 and the appendices). 

Intriguingly, this property is typical of relativistic formulations but not of 
Hamiltonian mechanics. Santilli's isogalilean relativities then achieve a form of 
symmetric behavior of time for both nonrelativistic and relativistic formulations. 

Note that the symmetry G r of Theorem 8.2 is a conventional Lie symmetry 
defined on a conventional space . 

Recall also that the nonautonomous Birkhoff's equations considered until 
now in this section do not admit a consistent algebraic structure (Appendix C). From 
now on we shall therefore restrict our attention to the semiautonomous case. 

We are now in a position to consider the Birkhoff-Santilli representation of 
systems (l.l) on isospaces T*£ 2 (r,S,5t), i.e., 

3B(t, a) 

yUOfU = , (8.83) 

where is the conventional, local, Birkhoff-symplectic tensor, and t 2 the 
isotopic element of r£ 2 (r,W). 

Our objective here is, not only that of reviewing isosymmetries on isospaces, 
but also that of reviewing their most general known nonlinear, nonlocal and 

DEFINITION 8.3 (Santilli (1988b), (1991d)). An r-dimensional symmetry of Birkhoff- 
Santilli equations (8.83) is a "Santillis isosymmetry" G r when it is defined on 
isospaces TE 2 fob® and admits infinitesimal transformations of the Lie-isotopic 
type 

„ 3X: 

aV- = + w 1 ^allzo. — ' . (8.84) 
3a v 
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where 1 2 = T 2~' is tne basic isomit of the isospace, the w's are the parameter and 
the X's are the generators of 6 r with isocommutation rules 

ax r ax, , , 

[XrrXsl= "i* ai2aV ~3 = Crs<a)Xs ' 

It is easy to see that a necessary condition for transformations a =* a' to 
be a symmetry of the Birkhoff-isotopic equations is that they have a Lie-Santilli 
structure. This renders necessary the use of the Lie-Santilli theory for the study 
of isosymmetries and their first integrals. 

THEOREM 8.3 (Integrability Conditions for the Existence of an Isosymmetry; 
Santilli (1982a) and (1991b)): Necessary and sufficient conditions for a smoothness 
and regularity preserving transformation (8.84) to be an isosymmetry of the 
Birkhoff-Santilli equations (8.83) is that they leave the Birkhoffian invariant, i.e., 

Bta') = B(a) + WjlXjrB] = B(a), (8.86) 
which can hold iff the Birkhoffian B isocommutes with all generators X f , i.e., 

[XiTB] = 0, i = 1, 2, .... r. (8.87) 



The construction of the isosymmetries of a given system (1.1) is no 
straightforward. Consider first the conservative part of the given system (1.1), i.- 



- ton, - ' Pia/ma 



-( 



)rab)Sr a b /Sr ia ' 

which is represented via the familiar Hamilton's equation with Hamiltonian 

H = Hp) + V(r) = p ia By p ja /2m a + V(r ab ), (E 

rab-lfrto-rit^V^I*. 6 

and which is manifestly invariant under the familii 
Euclidean symmetry E(3) and the Galilei symmetry G(3.1). 
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Consider now the complete extension of the above system into the assigned 
form (1.1). The identification of the isosymmetries requires the isorepresentation of 
the complete system via Hamilton-Santilli equations (7.32) according to the 
techniques of Sect. 7. This identifies the isounit! 2 (or isotopic element T 2 ). In turn, 
the isounitl 2 permits the construction of the isotopes 0(3), £(3) and 0(3.1) via the 
use of the original generators and parameters of 0(3), E(3) and G(3.1), respectively, 
according to the techniques of Sect. 6. 

. The system then results to be invariant under the isotopic symmetries 0(3), £(3) 
and G(3.l) when the Hamiltonian is an isoscalar in T*£ 2 (r,&$), i.e., of the form 



Similar results hold under isorelativistic extension (Santilli (1988c), (1991d)), yielding 
the isosymmetries under the isotopes 0(3.1) and P(3.1) of the Lorentz group 0(3.1) 
and of the Poincare' group P(.3.1), respectively. See the appendices for more details. 

It is easy to see that Santilli's isosymmetries outlined above are not only 
nonlinear, but also nonlocal, owing to the appearance of the isounit 1 2 directly in 
their infinitesimal structure. As such, they are indeed the symmetries of the most 
general known integro-differential systems of ordinary differential equations. 

To summarize, in the preceding review, we have outlined the following 
methodological foundations of Santilli's isotopic liftings of Galilei's, Einstein's 
special and Einstein's general relativities for the interior dynamical problem: 

1) Santilli's basic isof ield of the reals 31 = ml; 

2) Santilli's fundamental carrier spaces, the isoeuclidean spaces £(r,S,ft), the 
isominkowski spaces KKx,f|,51), and the isoriemannian spaces ft(x,g$), which provide 
a geometrization of the interior physical media; 

3) Santilli's isotransformation theory, which results to be isolinear and 
isolocal in the isospaces, but nonlinear and nonlocal when projected in the original 



4) Santilli's isotopic generalization of the conventional Lie's theory (universal 
enveloping isoassociative algebras, Lie-isotopic algebras and Lie-isotopic groups) 
characterizing the generalized algebraic structure of the isotopic relativities; 



H = Tip) + V(r) 



p^/2m +v(r), 



(8.1 



P 2 = Pi T 2ijPj, 




!.88b) 
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5) The Birkhoff-Santilli mechanics, and its Hamilton-Santilli 
particularization, characterizing the generalized analytic structure of the isotopic 
relativities; 

6) Santilli's isoanalytic representation of systems (1.1) via the isotopic 
equations (8.83); 

7) Santilli's isosymmetries and methods for their construction from the 
given equations of motion (1.1). 

These advances, however, even though rather considerable, were still 
considered insufficient by Santilli for the construction of the new generation of 
covering relativities in the needed depth. In fact, all relativities are an ultimate, 
symbiotic manifestation of algebraic, analytic and geometric formulations. We 
have outlined until now the isotopic generalizations of conventional algebraic and 
analytic structures, but the isotopies of conventional symmetries have not been 
considered so far. 

In his remarkable series of mathematical and physical discoveries Santilli 
therefore passed to the study of what appear to be his most significant 
achievements: the isotopic generalizations of the conventional symplectic geometry, 
aff ine geometry and Riemannian geometry, which are reviewed in the remaining 
sections of this volume. 



1.9: ISOSYMPLECTIC GEOMETRY 

In this section we shall review a nonlocal-integral generalization of the symplectic 
geometry introduced, apparently for the first time, by Santilli (1988a, b), (1991b, d) 
under the name of symplectic-isotopic geometry , and which is today called 
Santilli's isosymplectic geometry . We shall then show that such a generalized 
geometry is indeed the geometric counterpart of the Lie-Santilli's theory and of the 
Birkhoff-Santilli mechanics. We shall finally show that the generalized geometry is 
indeed applicable for the "direct representation" of nonlinear, nonlocal and 
nonhamiltonian systems (1.1), that is, their representation directly in the local 
coordinates of the experimenter. 

To avoid a prohibitive length, in this section we shall merely review the 
main lines of the new geometry, and refer the reader to the quoted literature for 
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applications. 

The literature in the symplectic geometry is rather vast indeed. A list of 
references can be found in Santilli (1982a), p. 77. In the following, we shall review 
only the most essential aspects of the conventional symplectic geometry needed for 
our analysis by following Abraham and Marsden (1967). The literature in the 
calculus of exterior forms is also so vast to discourage an outline. In this section we 
shall follow the monograph in the field by Lovelock and Rund (1975). 

All quantities considered are assumed to verify the needed continuity 
conditions, e.g., of being of Class (5 00 , which shall be hereon omitted for brevity. 
Similarly, all neighborhoods of given points are assumed to be star-shaped, or have 
a similar topology also ignored hereon for brevity. 

Let M(SR) be an n-dimensional (abstract) manifold over the reals 31 and let 
TMfefO be its cotangent bundle. We shall denote with T*M|(S0 the manifold T*M(SR) 
equipped with the canonical one-form 9 defined by (see, e.g., Abraham and 
: Marsden (1957)) 

6 : T*M[(3t) =* TtTM j&I)), 6 € AjfrMjtS)). (9.1) 
The fundamental (canonical) symplectic form is then given by the two- 

which is nowhere degenerated, exact and therefore closed, i.e., such that dio = 0. The 
manifold T*M(!R), when equipped with the symplectic two-form u becomes an 
(exact) symplectic manifold T*M 2 (SR) in canonical realization. The symplectic 
geometry is the geometry of symplectic manifolds as characterized by exterior 
forms, Lie's derivative, etc. 

Let H be a function on T*M 2 (S) called the Hamiltonian. A vector-field X 
on T*M 2 (3t) is called a Hamiltonian vector-field when it verifies the condition 

X ' u = - dH. (9.3) 

The above equation provides a global, coordinate-free characterization of 
the conventional Hamilton's equations (those without external terms) for the case of 
autonomous systems , i.e., systems without an explicit dependent in the 
independent variable (time t). 

Finally, we recall that the Lie derivative of a vector-field Y with respect to 
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the vector field X on T*M 2 fe») can t* defined by 

L x Y = [X,Y], <9- 4 ' 

where [X,Y] is the canonical commutator. 

The case of nonautonomous systems (those with an explicit dependence on 
time) requires the further extension to the contact geometry (see, e.g., Abraham 
and Marsden (toe. clt. )), and it will not be considered here for brevity because it 
does not affect the Lie content of the geometry of primary interest for this study. 

The Birkhoffian generalization of the above canonical geometry is 
straightforward, and was worked out in Santilli (1978a) and (1982a). 

Introduce in the same cotangent bundle T'M,(SR) the most general possible 
one-form e, called by Santilli the Birkhoffian or Pfaffian one-form, 

9: TM ,(90 r(T«M|W), 6 € A[(T*M|(3))). (9.5) 

The Birkhoffian two-form is then given by 

Q = d6 , (9-6) 

under the condition that it is nowhere degenerate. is exact by construction and 
therefore closed, that is, symplectic. The manifold T*M(Jl), when equipped with the 
two-form O, becomes an exact, Birkhoffian, symplectic manifold VMpi. 

Let B be another function on T'M 2 (5l) called, also by Santilli, the 
Birkhoffian. Then, a non-Hamiltonian vector-field X on T'M 2 (5t) is called a 
Birkhoffian vector-field when it verifies the property 

X * Q = " dB. (9-7) 

which provides a global, coordinate-free characterization of Birkhoff's equations 
for autonomous systems. 

Similarly, we recall that the Lie-Santilli derivative of a vector-field Y with 
respect to a nonhamiltonian vector field X (Santilli (1982a), p.88) can be written 

Ljj-Y = [XT?], (9-8) 

where the brackets are now Birkhoffian (see below for the explicit form). 

The realization of the above global structures in local coordinates is 
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straightforward. Interpret the space M(SH) as an Euclidean space E(r,S) with local 

coordinates r = (rj), i= i, 2 n. Then, the cotangent bundle T*M becomes T*E(r,3t) 

with local coordinates (r,p) = (r f , p,), where p = dr/dt represents the tangent vectors, 
and we ignore for simplicity of notation the distinction between contravariant and 
covariant indices in Euclidean spaces (but not in other spaces). The canonical one- 
form (9.1) then admits the local realization 

6 = Pj dr r (9.9) 
The Hamiltonian two-form (9.2) admits the realization 



le can easily verify that du = 0. A vector-field can then be 
X = A.(r,p)a/3rj + Bj(r,p) 3 / 3pj, 



in hold iff Hamilton's equations are verified, i.e., 
dr, 3H dpj 3H 



dt 3pj dt d 

Finally, Lie's derivative (9.4) admits the simple re 



where one recognizes in the commutator the familiar Poisson brackets (Sect. 7). 

The realization of the Birkhoffian generalization of the above structui 
requires the introduction of the unified notation introduced in Eq.s (7.13), i.e., 

a = (a^) = (r, p) = (r it Pj), u = 1, 2 2n, i = 1, 2, n, (9.14) 



where we preserve the distinction between contravariant and covariant indices of 
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6 = da^ = pj drj, R° = (p, 0), 
i Hamiltonian two-form (9.10) becomes 

oi = de = i (ii^ v da^ A da v - dpjAdrj, 
lere av^ is the covariant, canonical, symplectic tensor (7.15), i.e., 



SR° 3R° U / 



A vector-field can then be written 
X = yaO/eal 1 . 
Hamiltonian vector-field be 

LyWteV = -dH, 
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Finally, Lie's derivative becomes, in unified nc 



The transition to the Birkhoff ian realization is now straight-forward (Santilli 
(7oc. cit. )). In fact, it merely requires the transition from the canonical quantities 
R°(a) = (p, 0) to arbitrary quantities R(a) on T*Ei(r,M) under which the Birkhoffian 

9 = R^ i (a)da ti , (9.24) 
while the Birkhoffian two-form (9.6) becomes 

= d9 = 4 C^/a) A da F . (9.25) 
where Q^ v is the (covariant) symplectic Birkhoff 's tensor (7.3), i.e. 

8R v 8R LL 

V a '= -,~- V (9.26) 

A Birkhoffian vector-field X can no longer be decomposed in the simple 
form (9.1 1), but can be written 

X = B/da^. (9.27) 

The conditions for a vector-field X to be Birkhoffian, Eq.s (9.7), then become 

X ' O = X v 'd^ = - dB, (9.28) 

and they hold iff 

X = X^ — = ^ — — , (9.29) 
dd 1 da v 3aM- 
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I a^ v . (9 - 30) 
Birkhoff's equations (Birkhoff (1927)), Eq.s (7.4), 



Similarly, the Lie-Santilli derivative (9.8) assumes the realization 
$% 8? 
^ aa^ Ba v 

For additional aspects, the reader may consult Santilli (1982a), the appendice 



THEOREM 9.1 (DIRECT UNIVERSALITY OF THE SYMPLECTIC GEOMETRY FOR 
LOCAL NEWTONIAN SYSTEMS): An arbitrary, local-differential, analytic and 
regular vector-field % on a given chart on T*M 2 (r,X) always admits a direct 
representation as a Birkhoff ian vector-field, i.e., a representation directly in the 
chart considered. 

The physical implications are the following. When considering conservative- 
potential systems of the exterior dynamical problem (Sect. 1), the vector-fields are 
evidently Hamiltonian in the frame of the experimenter. However, when 
considering the nonconservative systems of the interior dynamical problem, the 
vector-fields are generally nonhamiltonian in the frame of the experimenter 15 . 

f ieldste prertse^thereason which lead Lagrange and Hamilton to formulate their^analytic 

Hamilton's equations with external terms are outside the representational capabilities of the 
symplectic geometry. Nevertheless, the Birkhoffian realization of the symplectic geometry 
essentially allows the representation of these historical external terms, when of local 
differential character, without abandoning the symplectic character of the geometry, but by 
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Now, under sufficient topological conditions, the Lie-Koening theorem 
ensures that a nonhamiltonian vector-field can always be transformed into a 
Hamiltonian form under a suitable change of coordinates (see the analytic and 
geometric proofs of Santilli (toe. cit. )). 

However, since the original vector-field is nonhamiltonian by assumption, 
the transformations must necessarily be noncanonical and nonlinear, thus 
creating evident physical problems, e.g., conventional relativities become 
inapplicable because turned into noninertlal formulations. 

This creates the need of Santilli's "direct representation" of the physical 
systems considered, that is, their representation, first, in the frame of the 
experimenter, as per Theorem 9.1. Once this basic task is achieved, then the 
judicious use of the transformation theory may have some physical value. 

Intriguingly, the identification of the Lie-Koening transformation a =* a' 
turning nonhamiltonian systems X(a) into Hamiltonian forms X(a(a')) = X(a'), directly 
implies the Birkhoffian representation of Theorem 9.1 in the a-frame of the 
observer. In fact, Birkhoff's equations (9.31) in the a-frame can be characterized 
precisely via a noncanonical transformation a' => a of Hamilton's equations (9.22) 

3H(a') 3aP 3B(a) 
.: co,,,,a' v = — lQ (a) ] = 0, (9.33a) 



v: H(a'(a)) = B(a), (9.33b) 

(see Santilli (loc. cit. ), p. 130 for details). 

We are now sufficiently equipped to review Santilli's isosymplectic 
geometry. To begin, let us recall that the geometry outlined above is strictly local- 
differential. In particular, the vector-fields cannot incorporate nonlocal-integral 
terms without the construction of a suitable, rather complex revision of the 
geometry via an appropriate nonlocal-integral topology. 

Santilli's new geometry is essentially the generalization of the symplectic 
geometry into a nonlocal-integral form which is mathematically simple and 
physically effective, as well as permitting the direct representation of vector-fields 
with nonlocal-integral components. 

For this purpose, Santilli (1988b), (1991b) first rewrites the canonical realization 
of the symplectic geometry in the following way. Consider again the original, 
assuming instead the most general possible exact symplectic two-forms (Santilli (1982a)). The 
isosymplectic geometry is the final expression allowing the representation of the external 
terms also when of nonlocal-integral type (Santilli (1988b), (1991a)). 
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abstract cotangent bundle T*M(5t), and let 

1° = (I nx „) = diag.(l, 1 I) = r _1 (9.34) 

be its unit. Then, the canonical one form (9.1) can be identically written in terms of 
the factorization 

e = 6° = e x r : rid," =* r(na,°), (9.35) 

while the canonical two-form (9.2) becomes 



This implies that, in the realization T*E(r,3l) of T*M(!H) with local chart a = (r, 
p), we can exhibit the isotopic element, this, time given by the trivial identity T, 
directly in the canonical-symplectic tensor 

a V = r M a<l W, (9.37) 

Then, its contravariant version, the unit 1°, is exhibited in the Lie-tensor of the 
theory, 

-opv = M ua,y ( 9 .3 8 ) 

The main idea of Santilli's isosymplectic geometry is that of reaching a 
generalization of two-form (9.38) in which the trivial isotopy is replaced by the 
most general possible isotopy, i.e., 

Cy v -T^v (9 - 39) 

under the conditions of characterizing an exact and therefore closed two-form. 

In this way, the conventional, local-differential, topological structure of the 
symplectic geometry is preserved in its entirety in the canonical two-form co, while 
all nonlocal-integral terms can be incorporated in the isotopic element T. 

The corresponding algebraic tensor is then of the type 
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namely, It is precisely of the Lie-isotopic type with the explicit identification of the 
isounit directly in the structure of the Lie product, as desired for this study. 

The topological consistency of the geometry then follows from that of the 
underlying Lie-Santilli algebra discussed earlier. 

For clarity as well as for ready comparison of the results, Santilli followed 
the presentation of the conventional exterior calculus by Lovelock and Rund (1975), 
by preserving their notation, and the same will be done in this volume. A generic 
2n-dimensional bundle will therefore be denoted TM&t) with generic local chart x 
= (x0, i = 1, 2, 2n. We shall return to our a-coordinates later on for specific 
physical interpretations. 

To begin, let us submit the manifold M(5t) to one of the infinitely possible 
isotopic liftings into n-dimensional isospaces M($) over the isofields ft, and let 
TKKft) be its "isocotangent bundle", that is, the conventional bundle only referred 
to isospace tfl. Introduce one of the infinitely possible, symmetric, nonsingular and 
real-valued isounits of ft in the original charts x 

1 = 1(x) = 1 . ) = «,*) = QJ, ) = Q,J ) = T - ' (9 - 4Ia) 
j 1 i i 

T = Tix) = (T'. ) = (Tj' ) = frJ, ) = (T,j ). (9.41b) 

For mathematical consistency (e.g., to preserve isolinearity, see Sect. 4), 
conventional linear transformations on T*M(3t), e.g., 



must be necessarily generalized on 1*1*9) into Santilli's isotransformations 

x' = A*x, or x' = A^T^x 3 . (9.43) 



dx and dx' of the tv 



dx" = A dx, c 
with the realization, say, for tli 
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However, the same notion of differentials dx and d)C becomes in 
the isocontangent bundle T*W(sft). Santilli (loc. cit. ) therefore ii 
generalized notion of isodifferentials 3x and 9x which hold when interconnected 
by the isotopic laws 



ax = A«3x, or ax 1 
with the particular realization, say, for th 
ax = — *ax, or 



se of the isotransformations x =* x(x) 
3x' 

= ^.ax 8 . (9.47) 



The full geometrical meaning of the at 
isodifferential 9x, will be evident later on when studying 
isoparallel transport and isogeodesics. At this moment we 
notions and derive their consequences. 

Let <Kx) be an isoscalar function on TflLWti. Then ii 

by 



a$ = — *ax, or a*(x) = — r r s &^. < 

3x 8x r 

where the partial derivative is the conventional one. 

Similarly, Santilli defines X = (X') as a contravariant isovector-fi 
TfM), that is, an ordinary vector-field although defined on an isospace. T 
isodifferential is given by 

3X 3X 1 

ax = — *a x , or ax 1 = — 



n TTWO transforms according tc 

aX> 

X ! (x) = — T r s (x)X s (x). 



J. V. Kadeisvili 



-105- 



Santilli's Isotopies 



lain rule for partial 

(9.51) 

dXi a^i ax** . ^ asi exs aX r 

3x k axSBx' 3x k r 6x' 3x k dx s 



One can see in this way that, in addition to the isotopy of the conventional 
terms of this expression (see Eq.s (3.5), p. 67, Lovelock and Rund, (foe, cit. )), 
1111 obtains an additional third term. Note that the quantity 3Xj / 3x k is not a 
d tensor of rank (1.1), exactly as it happens in the conventional case. 

From the preceding results one can then compute the isodifferential of a 



-T s a XM(x), (9.54) 
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rank (O.s) and to generic tensors of rank (r.s) are left as an exercise for the 
interested reader. 

By following Santilli, all preceding expressions (9.42)-(9.54) have been written 
in both, the abstract form and their realization in local coordinates, to illustrate 
that the notion of isotransformations and isodifferentials do constitute isotopies, in 
the sense that all distinctions between conventional and isotopic notions cease to 
exist at the abstract, realization-free level. 

Santilli then introduces the notion of one-isoform on Tl^sM as the 
quantity 

4 t = A»3x = Aj T'j foci (9.55) 

and studies the algebraic operations of isodifferentials and one-isoforms. The sum 
of two one-isoforms is the conventional sum. In fact, given two one-isoforms 
*,'= A«dx and $! 2 = B*9x, their sum is given by 

^U^, 2 = (A + B)*dx. (9.56) 

The isoproduct of one-isoform $j = A*dx with an isonumber ft e ft is the 
conventional product, 



For the product of two or more one-isoforms if = A *dx k = 1, 2, 3, ...we 
introduce the isoexterior, or isowedge product denoted with the symbol A, which 
verifies the same axioms of the conventional exterior product, that is, distributive 
laws and anticommuiauvity, i.e. 

(■V + * 1 2 )A* 1 3 = VA *,3 + ^A^ 3 (9.58a) 

■J/ A(4>[ 2 + *j 3 ) = A4>[ 2 + 4>[' A$j 3 , (9.58b) 

$[' A4>! 2 = - "t^A*! 1 . (9.58c) 

The product of two one-isoforms $[' = A*dx and <£[ 2 = B*dx shall be 
called a two-isoform on T*IvI(x,ft), and can be written 
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= A4>j 2 = A,T i r B j 'rj s ax r Aax s = 

= i (Aj T' r Bj TJg - Aj T' s Bj T ^ 3x r A dx s = 

= i Aj Bj ( T' r TJ S - T f s T\) 3x r A 9x s , (9.59) 

thus showing a clear deviations from the conventional exterior calculus (compare 
with Lovelock and Rund (toe. cit. ), p. 132). 

For the case of the isoexterior product of the one-isoforms Santilli obtains 
the three-isoform 

4, 3 = $,1 aS^A^ 3 , (9.60) 

" A, \ A 3 I 3 &h %^ 3 Til J, T ' 2 fe T ' 3 J3 a*"' A 9xk2 A 9xk3 ' 
where (see Lovelock and Rund (toe. eft.) 

S* 1 ^, . = det. ( V 1 8 ( j2 ) < 9 - 61a > 



( s \ 8 s 8 j ? \ 

sl2 \y 3 = det ' \ . 8 V S V% )' (a61b> 
& \ 83 fe *\ 

etc. The extension to n-isof orms on T*Kl(ft) is left to the interested reader. 

Given n one-isoforms $j k = A^'Sx, k = I, 2,... n, they are said to be 
isolinearly dependent when 

A A4[ n =0. (9.62) 

Note that given n one-isoforms linearly dependent on M(x,M), their isotopic 
images are not necessarily dependent. 
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Evidently, in an n-dimensional isomanifold Kl®) there exist a maximum of n 
linearly independent one-isoforms as in the conventional case, with basis 3x', 
...,dx n . The space iJWl) equipped with iso-oneforms is the cotangent space TiH^) 

Similarly, two-isoforms are elements of an isomanifold here denoted 
T*Kt 2 (ffl of in(n - l)-dimension with basis dx 1 A 3x1, i < j, as in the conventional 
case. A similar situation occurs for p-isoforms 

$ = A T 1 !. T% xxx t'p, ax Jl Aax J 2A...Aax J P' (a63) 

P i[i 2 ...i p Ji J 2 Jp 

and related isomanifolds T*Nyft). 

As an incidental note we point out without treatment the Grassmann- 
isotopic algebra G, or isograssmann algebra, which is given by the direct sum 

G - X T*%«». (9.64) 

k = o,l,2,...,n K 

The necessary and sufficient conditions for a two-isoform (9.59) to be 
identically null are that 




A similar situation occurs for p-isoforms. 

We now study the differential calculus that is applicable to p-isoforms. 1 
$j = A«dx be a one-isoform. Santilli introduces the isoexterior derivative of < 
(also called isoexterior differential ) and denoted with 3$), as the two-isoform 



, = _lL_ JL T »2 3)^1 A3x j 2 = 
1 3x'2 ] 2 

. T 2 , + A, ^ '' T'2 , ) dxil A 3x12 = 
Jl J2 M 8x i 2 ] 2 
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-T'2, iax^IAax^ 



from which one can see that d$j is no longer the curl of the vector field A^, t 
something more general, although admitting the conventional formulation a; 
particular case fori = 1. 

ar derivative of a two-isoform 



tiree-isoform 
, aA 'li 2 J, „ 



' V >2 l J 3 T \i S 

r'2. 

— ^--r^i ) a x Jl Aax ]2 Aax ]3 . 



ar derivative of the 
p-isoform <$p and a q-isoform 4>q is given by 

3( 4> p A 4> q ) = (a$p) A$ q + (-1)P 4> p A m q ). (9.69) 

Santilli then an isoexact p-isoform $pWhen there exists a (p-1) form $p_j 



and isoclosed p-isoform <f> p when 
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LEMMA 9.1 (Poincare-Santilli Lemma; Santilli (1988b), 1991b)>. Under sufficient 
regularity and continuity conditions, the Poincare Lemma admits an infinite 
number of isotopic images, i.e., given an exact p-form 4> p = d<P p -i , there exists an 
infinite number of isotopies of 4>„-i into isoforms 4>p_j 



VI, 



(9.72) 



ith consequential isotopies of the p-form 

*p = d( Vl ) V a( Vl>, (9-73) 
ir which the isoexterior derivative of the isoexact p-isoforms are identically null, 
= 0. (9.74) 

PROOF: Consider an isoi 



4> 2 = a$[ = aUjT'jdxJ). 



a $ 2 (a3>[) = 



^Ai, , , i„ 3A, 9T 1 
; ( U_ T 'l . T '2 ■ T 3 i + — : 1 

eFax's ] i ]2 *»aAs ax's 



2-Ti 3i ) ax ] i Aax j2 Aax J3 - 
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is identically null for all infinitely possible isotopic elements, as the reader can 
verify via simple but tedious calculations based on the antisymmetrization of all 
indices. An iteration of the procedure then proves the lemma at any (finite) order p. 
QED. 

In short, the existence of consistent isotopies of the Poincare' Lemma proves 
the consistency of Santilli's isosymplectic geometry and underlying isoexterior 

The mathematical relevance of Lemma 9.1 is provided by the fact that the 
abstract, realization-free axioms 

* 2 = d* 2 = 0, (9.77a) 



admit the conventional realization based on an ordinary manifold, as well as an 
infinite number of additional realizations for each given original, conventional 
form which can be readily identified via Santilli's isomanifolds. The latter 
realizations are generally inequivalent owing to the generally different isotopic 
elements or isounits. 

While the conventional Poincare Lemma characterizes the geometric 
foundations of the Galilei's relativity, Einstein's special relativity and Einstein's 
gravitation for the exterior dynamical problem, the Poincare-Santilli Lemma 
constitutes the geometric characterization of the covering isotopic relativities for 
the interior problem. 

Note that the infinite possibilities of different isotopies (9.77) are 
geometrically equivalent, but physically inequivalent, in the sense that they 
characterize corresponding integro-differential systems (1.1) with inequivalent 
solutions. 

ler some cases of exact isoclosed isoforms. Consider a 



namely, the isoclosure of a one-isoform does not imply tha 
of the vector A is null. 

Similarly, given a exact two-isoform $ 2 = 3*]. the property d$ ; 



02a 1t , , u dA i, aTl ji ift 
/ _Lt1 t2 + 1 ii_x'2 



We now pass to the identification of the isosymplectic geometry. For this 
purpose, let us review the interplay between exact symplectic two-forms and Lie- 
Santilli algebras (see Sect. 6). Recall that a conventional two-form on an even, 2n- 
fold T*M 2 (S) with covariant-geometric tensor Qj^ 

*, = iG, , dx'l A dx'2, (9.80) 



algebraic tensor Q ' 2 is given by the familiar rule 



D. , + Si , » 0, (9.83a) 
'l'2 1 2 1 1 



The above conditions are equivalent to the integrability conditions 
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0*1*2 + O^'l = 0, 



(9.84a) 




; ' 3 . v 30*3*1 
— + o'2 K — 




1.84b) 



for generalized brackets (9.81)) to be Lie-Santllll, i.e., verify the Lie algebra axioms 
in their most general possible, classical, regular realization on T*M 2 ($) 



Thus, the exact character of the two-form * 2 = d *i implies its closure d*2 
= (Poincare Lemma), which, in turn, guarantees that the underlying brackets are 
Lie-Santilli, with the canonical case being a trivial particular case (see the analytic, 
algebraic, and geometric proofs of Santilli (1982a), Sect. 4.1.5). 

Santilli has established via Lemma 9.1 that all the above results on the 
conventional exterior calculus persist under isotopies. A primary purpose of the 
isosymplectic geometry is then that of identifying the isounit of the Lie-Santilli 
algebra directly in the structure of the the two-isoform. 

DEFINITION 9.1: Under sufficient continuity and regularity conditions, "Santilli's 
exact isosymplectic manifolds" are 2n-dimensional isomanifolds TT^ ' x $' 
equipped with an exact and nowhere degenerate two-isoforms 



UTb] + [b;a] = 0, 



(9.85a) 



[[A ~B] ~C\ + [[BrcirA] + [[C,"A] ~B] 



(9.85b) 



fx) dx'l Aax*2 = 



1.86) 




-T*2 . ax*! A3xk = 
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which is such to admit the factorization 

^2 = \k* T 2\ % > °- (9 - 87) 

where T 2 is the nowhere degenerate, symmetric and real-valued isotopic element 
of T*i& 2 IxM and 



is Birkhoff's tensor (7.3), with corresponding Lie-isotopic brackets 

[A TB] = 12 \lx) Q \) . (9.89a) 

dx'l 8x'2 

1 2 = f~\ (q'1'2) = ( l^kj^r 1 ). (9.89b) 

where 1 2 = tf'is the isounit of the universal enveloping associative algebra of the 
Lie-isotopic algebra with brackets (9.89) on T*M 2 !xM "Santilli's isosymplectic 
geometry" is the geometry of the symplectic-isotopic manifolds. 

As an illustration, we shall now work-out an explicit model of 
isosymplectic-isotopic manifolds Hoc. cit. ). For physical applications it is 
sufficient to consider the canonical isosymplectic- manifold, i.e., the isomanifold 
of Definition 9.1 where Birkhoff's tensor Q is replaced by the simpler canonical 

Let us consider again the physical realization of the abstract TU 2 {x,<A) 
manifold as the cotangent bundle T*£ 2 (r,Sl) with local coordinates 

a = (al 1 ) = (r, p) = (rj, p,), p = 1, 2 2n, 1=1, 2 n, (9.90) 

where r represents the Cartesian coordinates and p the linear mom-enta. 

Then, we can introduce the canonical one-isoform on T'Ejtr.ft) of the 



particular type 
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<£*, = R^T^ ix v , (9.91a) 

R° = (p,0), (9.91b) 

T[ 'diag.lb 2 ! b 2 2n ) > 0, b k >0 (9.91c) 

Tj'j = 8'j t^j (no sum), (9.9 Id) 

Its isoexterlor derivative on T*£ 2 (r$) is given by 
$° 2 = a*"! = 

3b 2 3b 2 

= Hto„ „ b 2 b 2 .. +(R\. - R° A3a^2 



T 2 /2 = b2^ b 2 y + ^2P (R . R . °3 



Id T*£ 2 (r,ft) equipped with two-isoform (9.93) is isosymplectic 
n T 2 coincides with its isotopic element. 

Under these conditions, the generalized brackets characterized by structure 



[A ; B) = fLj^xt , 
3aW 2V 8a^2 



h - v 1 . <■ 

are indeed Lie-Santilli and exhibit the isounit 1 2 of T*£ 2 (r„ft) directly ii 
A simple example is given by 



2 = diag.tb 2 ! b 2 2n ) > 



Isosymplectic-isotopic manifolds of bot 
type. For specific examples, see Santilli (1991b). 

We close this section with a comparative analysis of the isosymplectic 
geometry of this section and the Birkhoffian-Santilli mechanics. In Sect. 7 we 
outlined the isosymplectic two-forms, Definition 7.1; however, they were not 
symplectic isoforms. In fact, the one-form on T*£|(r,5t) of this section 



! = R (i (a)T+ l 1 ,(a)ax v , 



formally coincides with those of Sect. 7 in a fixed local chart in which dx = dx. 

However, forms (9.97) are characterized in Sect. 7 by the ordinary calculus 
of differential forms. In fact, the main geometrical structure of Definition 7.1 is the 
conventional exterior derivative of an exact conventional two-form, 

<t 2 = d(*[). (9-98) 

a indeed apply to the exact two-form $2. we nave 



Since the Poincare Le 



and the isotopy of Definition 7.1 then follows. 

Santilli brought the notion of symplectic isotopy to 
form, by introducing the isodifferential calculus of is 
derivatives d, and then computed the two-isoforms 



The Poincare-Santilli Lf 



The infinite isotopies of Definition 9.1 then follows. 

The direct applicability of the isosymplectic geometry for the 
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characterization of nonlinear, nonlocal and nonhamiltonian systems (1.1) then 
follows from the isoanalytic representations of Sect. 7. 

Moreover, the isosymplectic geometry offered pragmatic means for the 
construction of a new generation of relativities. In fact, given Galilei's or Einstein's 
relativity for the description of a local, Hamiltonian, exterior dynamical system 
(Sect. 1) with canonical two-form a> and Hamiltonian H, one can construct an 
infinite number of covering, isotopic relativities for nonlinear, nonlocal and 
nonhamiltonian interior dynamical systems via the same Hamiltonian H and the 
tensorial product uxt subject to the condition of remaining a nowhere degenerate, 
exact, symplectic two-form (see Santilli (1991b) for details). 



1.10: ISOAFFINE GEOMETRY. 

I shall now review Santilli's (1988d), (1991b) affine-isotopic geometry or isoaffine 
geometry for short. The objective is that of achieving a generalization of the 
current local-differential character of the affine geometry into a nonlocal-integral 
form capable of treating systems of type (1.1), and identify the expected, 
consequential generalization of the notions of curvature, parallel transport, 
geodesic, etc. 

The literature in the conventional affine geometry is predictably vast. 
Among the' earliest references, the presentation by SchrOdinger (1950) still has 
considerable value. In this section we shall continue to follow the treatise by 
Lovelock and Rund (1975) of which Santilli preserves the notation mostly unchanged 
for clarity in the comparison of the results. 

To our best knowledge, the isotopies of the affine geometry have been 
investigated for the first time in Santilli (1988d), developed in more details in (1991b). 
Their application to the isotopies of Einstein's gravitation appeared in Santilli (1988d) 
and (1991d). 

The understanding of this and of the following sections requires a prior 
knowledge of the following notions introduced in preceding sections: isofields ft, 
isovector spaces V and Isometric spaces M, with particular reference to the 
isoeuclidean space E(r,S,ft) and the isominkowski space M(x,r|$). 

The implications of isotopies for differentiable manifolds were identified in 
the preceding section via the notion of isodifferentials 9x and related isoexterior 
calculus. 

Santilli continued his studies by identifying the implications of 
isodifferentials for the notions of connections, curvature, etc. 

Let M(x,3t) be an n-dimensional affine space (Lovelock and Rund Hoc. cit. )) 
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here referred as a differentiable manifold with local coordinates x = (x'), i = 1, 2, 
...,n, over the reals 31. We shall denote: the conventional scalars on M(x,3t) with <j>(x); 
contravariant and covariant vectors with XXx) and Xj(x), respectively; and mixed 
tensors of rank (r.s) 

_ xJlfc-Jr (x) . (10.1) 

Unless otherwise stated, all tensors considered on M(x,3t) will be assumed 
hereon to be local-differential and to verify all needed continuity conditions. 

DEFINITION 10.1: The infinite class of isotopic liftings lfi(x,A) of an affine space 
M(xM called "SantilH's isoaffine spaces", are characterized by the same local 
coordinates x and the same local-differential tensors X ,r - s) of Mtx.Si) but now 
defined with respect to the isotopic liftings of the field 

M(x,SR) KKx,sW : A =311, (10.2) 

for all infinitely possible isounits 1 in n*n dimension which are nowhere singular 
and Hermitean, but otherwise possess an arbitrary, generally nonlinear and 
nonlocal dependence on the variables x, their derivatives with respect to an 
independent parameter s of arbitrary order, and any other quantity needed for 
physical applications, such as density p. of the interior physical medium 
considered, its temperature t, its index of refraction n, etc. 

l=l(x,x,x,u.,T,n,...). (10.3) 

In this and in the next two sections we shall study isoaffine spaces for 
arbitrary isounits 1. Nevertheless, it may be recommendable to keep in mind 
Santilli's intended use of the theory, that of attempting a more general formulation 
of the interior gravitational problem, which is capable of recovering identically 
the conventional gravitational theories for the exterior problem (see Santilli (1988d, 
(1991d) for details). 

As a result, the reader should keep in mind that: 

1) The isounits 1 are intended to be different than the trivial unit 1 only in a 
well identified region of space, generally given by the interior of the minimal 
surface S° encompassing all matter of the body considered, including its boundary 
(e.g., the interior of Jupiter); 

2) The isounits 1 shall represent the nonlinear, nonlocal and nonlagrangian 16 
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forces of the interior gravitational problem, as well as the generally inhomogeneous 
and anisotropic character of interior physical media; and 

3) All possible isounitsl shall recover the trivial units I in the exterior of the 
surface S°, so as to permit the recovering in their entirety of the conventional, 
exterior gravitational theories. 

Thus, to avoid major misrepresentations of Santilli's discoveries, the reader 
should keep in mind throughout our analysis that the generalized geometries apply 
only within physical media, while recovering the conventional geometries in empty 
space by construction. 

As a matter of fact, the transition from motion in a curved empty space, to 
a curved space filled up with a physical medium is precisely representable with the 
transition from conventional to Santilli's geometries. 

As done in the preceding sections, the isounit 1 will be assumed to be 
nonsingular, real-valued and symmetric, 1T=1, 1 = 0.K ) = (I. 1 >, 1/0. 

The isotopic element T = Tlx, £,...) of the theory can then be written 

1 = r 1 , T = (T, j ) = (T\). (10.5) 

A first salient feature of the liftings MbcSti =» M(x#) is that the conventional linear 
and local transformations, i.e., the linear, right, modular, associative 
transformations on M(x,SR) 

x' = Ax, (10.6) 

must now be necessarily generalized into the Santilli's isolinear and isolocal 
transformations on Kl(x,sft), i.e., the right, modular, isoassociative transformations 
studied in Sect. 4, 

x = A*x = f ATx, (10.7) 

In turn, the lifting Ax =» A*x has a number of consequences. First, it 
permits the treatment of nonlocal-integral structures which would be otherwise 
precluded by the conventional theory of affine spaces. 

This is readily done via the embedding of all nonlocal-integral terms in the 
isotopic element of the theory. The insensitivity of the affine geometry to the 
topology of its unit then ensures the achievement of a mathematically consistent 

Secondly, isotransformations (10.7) are called isolinear and isolocal (Sect. 4) 
16 See Footnote 3 of Sect. 6. 
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in the sense that they verify all abstract linearity and locality conditions on M(x$). 
Nevertheless, they are generally nonlinear and nonlocal when written in the 
original space M(x,Si), i.e. 

x = A*x = AT(x,x,x,..)x (10.8) 

Santilli's liftings Ax A*x imply that all conventional contractions of 
indices are now lifted via the insertion of the isotopic element, i..e, 

A^xi A'jT^xk. (10.9) 

Let us also recall that the use of conventional transformations (10.6) on the 
isotopic spaces M(x,&) would violate the condition of (iso) linearity. This illustrates 
the necessity of the liftings Ax =» A*x. 

Finally, we assume the reader is familiar with the fact that all distinctions 
between conventional transformations (10.6) and their isotopic forms (10.7) cease to 
exist, by construction, at the abstract, realization-free level. Thus, by their very 
conception, isoaffine spaces are a more general realization of the mathematical 
axioms of the conventional spaces. 

This ultimate geometric equivalence ensures the mathematical consistency 
of the liftings. As a matter of fact, the equivalence can be used to verify the 
consistencies of conventional treatments, as we shall see. 

Despite this axiomatic equivalence, the differences between the affine and 
the isoaffine geometries are rather deep. 

Recall in the conventional case that, given two contravariant vectors X[ and 
x 2 on M(x,5t), their difference Ax is a contravariant vector iff the transformation is 
linear (as well as locaD.Similarly, Ax is a contravariant vector on K)(x,ft) iff the 
transformation is isolinear (as well as isolocal). The following result then holdstsee 
also Propositions 3.1). 

PROPOSITION 10.1 (Santilli (1988a), (I991bS>: For any given (sufficiently smooth) 
nonlinear and/or nonlocal transformation on M(x,SH), there always exists an isounit 
? under which the transformation becomes isolinear and/or isolocal, respectively, 
on ti(x,M, & = Similarly, for any given coordinate differences Ax of two 
contravariant vectors on Mbc,30 which does not transform contravariantly, there 
always exists an isotope ld(x,tt) of M(xM) under which Ax transforms 
isocontravariantly. 

The left and right modular isotransformations are evidently defined by 
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x*.A* = X tTA« 
A*X = ATx, 



(10.10a) 
(10.10b) 



a-1»5F= a -1 T 



A" 1 is 



It verifies the isotopic rules 
A-1.A-A.A-1 -1, 

and, when considering the isotopy in the new cc 

T = Kx, X, ...) = T(x, x,...). 



it for the left and invers 
assumed Hermiticity of th 
le Lie-Santilli theory reviewed i 



[ATB] = A*B - B*A = ATB - BTA. 

Kl(x,!ft) is then the correct isomodule for the isorepresentatior 
algebras characterized by product (10.13) (App. D). 

If the Hermiticity of T is relaxed, the right isotopic el 



(10.15a) 
(10.15b) 



" Note the direct dependence of 

Df the isotopic element T. 

18 We here want to stress for the 
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(A,B) = A<B-B>A = ATtB - BTA, (10.16) 

verifying the axioms of the covering Lie-admissible algebra (Sect. 5). In this case 
the generalized affine space is the correct isobimodule of the Lie-admissible 
algebra (App. D). 

Note that in this case Santilli has two different isounits, 

l> = t" 1 , <I = Tt _1 , (10.17) 

and two different isof ields 

SR> = 5»I> , <K = <I SR, (10.18) 

or, equivalently, one single quantity representing both the right- or left- 
modular-isotopic action depending on the assumed conjugation in the isofield. 

We shall reserve the name of Santilli's at fine-admissible spaces (or 
genoaffine 13 spaces) and the symbol <M > tx, <«>) to the emerging structure. 

Santilli's isoaffine spaces are conceived for the study of interior gravitation 
as a whole, i.e., in closed-isolated conditions. In fact, the antisymmetry of the 
Lie-Santilli product (10.14) ensures the conservation of the total energy, 

dH/dt = [HTH] = HTH - HTH » 0, (10.19) 

and similar conservation follow for the other total quantities under a generalized 
internal structure evidently represented by the isotopic element T. As a result, 
isospaces W(x,ft) are the fundamental ones of the analysis of the main text of this 

Santilli's genoaffine spaces instead imply the necessary study of gravitation 
in open-nonconservative conditions. In fact, owing to the lack of antisymmetry 
of the Lie-admissible product (10.16), we now have time-rate-of-variations of the 
energy H of the considered interior particle 

dH/dt = (H , H) ¥ 0, (10.20) 



while the remaining system is considered to be external. The affine-admissible 
spaces therefore are the fundamental ones on the still more general, Lie-admissible 
the emerging theory essentially depends on the nonhenmticity of the isotopic element T. 
19 See later on Figure 1 for the origin of this name. 
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then Santilli (1978a) introduced, apparently for the first time, the notion of genetope IT of U 
as the same vector space U, but equipped with a new product, say, a*b which violates the 
original axioms A and ve 
"induces" new axioms fi 
important genotopy is t 
App.A 

AB - BA => GENOTOPY =» ATtB - BTA, Tf * T. 

formulation, and therefore its emphasis is on total conservation laws. By contrast, the 
genotopy alters the original Lie character, and it is requested when considering the more 

We are now sufficiently equipped to begin the presentation of Santilli's (1988d), 
(I99ld) dual generalization-covering of Einstein's gravitation, called Santilli's isogravitation 
and genogravitation , according to the following main lines 

A) CLOSED INTE RIOR GRAVITATIONAL PROBLEMS, which are studied via the 
er of possible isoaff ine and isoriemannian geometries characterized by the 



mi irately pc 



ivitational rr 



represented by the infinitely possible isotopic elements T ■ Tf for each given metric g^,,. In 
this case, the emphasis is in the CONSERVATION LAWS for total quantities, the STABILITY 
of the system as a whole and of its center-of-mass trajectory, and the REVERSIBILITY of 
its center-of-mass trajectory in vacuum, all this while permitting local internal NONLOCAL 
and NONCONSERVATIVE, as well as NONHAMILTONIAN forces. 

Bl OPEN INTERIOR GRAVITATIONAL PROBLEMS, which are studied via the 
infinitely possible genoaff ine and genoriemannian geometries with genotopic elements T * 
Tt, and with different actions to the right and to the left (forward and backward in time). A 
typical case is the description of a test particle while moving within the physical medium of 
the Interior gravitational problem, such as a spaceship penetrating within Jupiter's 
atmosphere. In this case, the primary emphasis is in the representation of the 
NONCONSERVATIVE character of the test particle, the INSTABILITY of its orbit, and the 

I?) EXTERIOR GRAVITATIONAL PROBLEMS IN VACUUM, which coincides with the 
conventional Einstein's gravitation by central assumption of Santilli's theories. In fact, 
Santilli's isogravitation and genogravitation are restricted by the central condition that their 
isotopic and genotopic element T reduces to the identity when motion occurs in vacuum, 
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the isotopic formulations, while the more general genotopic formulations will be presented 
in the appendices. 

The understanding is that all isotopic formulations are a particular case of the 
genotopic ones at all levels of study, whether classical or quantum mechanical. This 
illustrates the reason why, quite appropriately, the Estonian Academy of Science (1989) of 
Tartu recently honored Santilli by including his name in a chart identifying some of the 
most famous contributors in mathematical physics from 1800 to today, because of his 
studies in Lie-admissible algebras, and with the paper (Santilli (1967)) which signals precisely 
the birth of the Lie-admissible formulations in physics. 

A final aspect should be indicated for the receptive reader. As well known, Albert 
Einstein found all the needed mathematics ready for the construction of both, his special 

available the fundamental Lie's theory, the Lorentz and Poincare' symmetries, and other 
mathematical tools. Similarly, for the construction for his theory of gravitation he found 
available the Riemannian geometry. 

By contrast, a most remarkable achievement by Ruggero Maria Santilli, a theoretical 

treatment of nonlinear, nonlocal and nonhamiltonian systems and, then, construct his 
generalized Galilean, special and general relativities. 



isotransformations (10.S 
Recall from Sect 

interconnecting rule 



not hold for the differentials dx and dx because 
of property (10.7), i.e., by central assumption of isotopy, dx * A dx. 

Following Sect. 9, Santilli therefore introduces the generalized notion of 
isodifferentials dx and dx when interconnected by the isotopic law 



Similarly, recall from Sect. 9 the isodifferential of an isoscalar $(x) on 
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M(x,Sfl) 

a<Kx) = — * ax = -^fj axJ (10.23) 



where the partial derivative is the conventional one, as well as the isodifferential 
of a contravariant isovector X = (x'to) on ttixM 

ax =— *ax, ax f = — .tI ax k , (10.24) 
ex 3xJ 

The above quantity then imply the isotrans format ion laws of the 
contravariant isovector 

X© = — * X (x), X 1 = ^TJ k X k (x), (10.25) 
3x 3xJ K 

Recall also that, while in the conventional (linear) case x' = Ax, 3x'/3x = A, we 
now have on KWx^) 



— .= A i k T lc l + A 1 ,,— fx"", (10.26)) 
3xJ k J k 3xJ 

Similarly, Santilli has the isotransformations of a contravariant isotensor 
X«orranktwoonK)foft) 

X% = — * — . X (2) (x), x' J (x) = ^T p —J^ X PQ (x), (10.27) 

with similar extension to higher orders, as well as contravariant isotensors of rank 
(O.s) and generic tensors of rank (r.s). 

The reader should also recall from Sect. 9 the identity of the above 
isoquantities with the conventional quantities. 

The following derivatives the isodifferential of a contravariant isovector- 

field 

i 3xJ ,, 
ayJ = -_T k r ax r = 
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i introduces the isocovariant (or isoabsolute) 



DXJ = axJ + Mx, X, ax), (10.29) 

under the condition that it preserves the original axioms (Lovelock and Rund 
UoccitX p. 68), i.e., 

1) 0(X J + yi ) = DXJ + Dyj, which can hold iff P> is isolinear in X r ; 

2) Dxi i S isolinear in 3x s ; and 

3) OXj transforms as a contravariant isovector. 

By again using Lovelock-Rund's symbols with a "hat' to denote isotopy, we 



dxi = axi + f h J k T h r x r T k s a) 



re the f"s were called the component of an isoaffine i 
By lifting the conventional procedure, one can readily 
he n 3 quantities f m s n to be 



s X l TP n T w _3x z = 



- (T^ax 1 - ax* 5 ) — : — x r ax 3 . 



isor of rank (1.2). 

The extra terms in conditions (10.31), therefore, do not affect the consistency of the 
isoaffine geometry, but constitute the desired generalization. 

An important particular case occurs when T is a constant, which is the case 
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when the characteristic isotopic functions representing the interior physical 
medium are subjected to a suitable average into constants (see next chapter). In this 
case the isotopy of the conventional terms persists, but the additional terms are 
null. Finally, note that all conventional notions and properties are admitted as a 
trivial particular case by the isoaffine geometry whenever T = 1. 

The extension of the above results to the Isocontravariant derivatives is 
evidently given by 

dxj = axj - r j s n T s r x r T n p a x p. (10.32) 

As a result, the isocovariant derivative of a scalar coincides with the 
isodifferential , as in the conventional case, i.e., 

0$ = DWXj) = a*. (10.33) 
The isoaffine connection is symmetric if the following property is verified 
r m S n = r n S m- (I0 ' 34) 

The following property can be easily proved (but carries important physical 
consequences). 

PROPOSITION 10.2 (Santilli (loc. citjl: The isotopic image t^k ° f a conventional, 
symmetric, affine connection r h Jj, = r k J h is not necessarily symmetry. 

The isotopic liftings of all remaining properties of covariant derivatives, as 
well as the extension to the isocovariant differential of tensors, will be left for 
brevity to the interested reader. 

It is easy to see that the isocovariant (isoabsolute) differential preserves the 
basic axioms of the conventional differential, i.e., (Lovelock and Rund ((toe. cit. ), 
p.74): 

AXIOM 1: The isocovariant differential of a constant is identically null: that of a 
scalar coincides with the isodifferential: and that of a tensor of rank (r.s) is a 
tensor of the same rank. 

AXIOM 2 The isocovariant differential of the sum of two tensors of the same rank 
AXIOMS The isocovariant differential of the product of two tensors of the same 
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rank verifies the conventional chain rule of differentiation. 

By following again the pattern of the conventional formulation, and as a 
natural generalization of the isocovariant differential, Santilli introduces the 
isocovariant derivative of a contravariant vector field xP 

def , h r 

& k= + hk TrX ' ( ' a35) 

under which the isocovariant differential can be written 



tod = xJ|- k T k h?. (10.36) 

It is an instructive exercise for the interested reader to prove that the 
isocovariant derivatives (10.35) constitute the components of a (1.1) isotensor. 

It is also easy to verify that the isocovariant derivatives preserve the axioms 
of the conventional covariant derivatives (Lovelock and Rund (/oc. cit. ), p. 77}. 

AXIOM 1: The isocovariant derivative of a constant is identically null; that of a 
scalar is equal to the conventional partial derivative; and that of an isotensor of 
rank (r. s) is an isotensor of rank (r. s+1). 

AXIOM The isocovariant derivative of the sum of two tensors of the same rank 
is the sum of the isocovariant derivatives of the individual tensors. And 
AXIOMS: The isocovariant derivative of the product of two isotensors of the same 
rank is that of the usual chain rule of partial derivatives. 

Axioms 1, 2, 3 and I', 2', 3' imply the most important result of this section, 
which can be expressed via the following 

PROPOSITION 10.3 (Santilli Hoc. cit.!): Under sufficient continuity conditions, all 
infinitely possible isotopic liftings of an affine geometry coincide with the same 
geometry at the abstract, coordinate-free level. 

In actuality, the capability of our isotopies of preserving the basic axioms is 
such that, the isotopic liftings can be used as a test of geometric consistency of a 

In fact, if a given property is not preserved under isotopy, the definition of 
the property itself is geometrically incomplete . As we shall see in the next 
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section, this is precisely the case of the historical Einstein's tensor. 

We now pass to the review of a central notion of the isoaffine geometry, the 
generalized curvature, called by Santilli isocurvature, and the generalized torsion, 
called isotorslon , which are inherent in the isoaffine geometry prior to any 
introduction of an isometric (to be done in the next section). 

For this purpose, let us study the lack of commutativity of the isocovariant 
derivatives on isoaffine spaces MnA) with respect to an arbitrary, not necessarily 
symmetric, isoconnection r h -i k . Via a simple isotopy of the corresponding equations 
(see Lovelock-Rund (7oc. cit. ), pp 82-83), and by noting that 




Santilli gets the expression 

^ . ( ar 2 ,i h ar 2 ^ 

fhtk fkfh 8x k 3xh 

+ ( p2 ffi^ _ ^ r 2 rj ^ x s _ 

- (r 2 h ' k - f ^iT," xJ f ^ - (r 2 ,^ — - r 2 ^ — ) x r , (io.38) 

DEFINITION 10.2 (Santilli (loc. cit.)): The "isocurvature tensor" of a vector field X r 
on an n-dimensional isoaffine space 0x,$) is given by the isotensor of rank (1.3) 

j 8f Vh ar i J k 

*rJ k i» r (V h - rj^r^k + 

i s ■ 31*3 s , , 

+ t 1 -1, - f i -1 , ; (10.39) 

r " 3x k rk 3x h 

while the "isotorsion tensor" is given by 



(10.40) 
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Comparison with the corresponding conventional expression (Eq.s (6.9), p. 83, 
Lovelock and Rund (loc.cit.)) is instructive to understand the modification of the 
curvature as well as of the torsion caused by Santilli's geometrization of interior 
physical media. As we shall see, this modification is the desired feature to avoid 
excessive approximations, such as the admission of the perpetual motion within a 
physical environment, which is inherent in Einstein's gravitation from its local 
Lorentz's symmetry. 

The extension of the results to a (0.2)-rank tensor is tedious but trivial, 
yielding the ex 



~ Vk T r S xj 'f s' (la42) 

X jth f k " X jMh " - R /hk V X s " Vk T r S X jls (10.43a) 
x jlfh[k - x jlfkfh = ->VhkT r Sx sl - R , r hk T '' SX js 

"Vk^k^ts- (la43b) 

Relations (10.42) and (10.43) will be referred to as the Ricci-Santilli identities. 

Santilli (loc. cit.) then passes to the study of the properties of the 
isocurvature tensor. The following first property is an easy derivation of definition 
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i some algebra, w 




(10.45) 



where, again, the reader should note the isotopies of the conventional terms, plus 
two new terms which are important physical applications indicated earlier in which 
the interior characteristic functions are averaged into constants. 

Note that, for a symmetric isoconnection, the isotorsion is null and the 
above property reduces to the familiar form 

*U + *h j ki + *k j m " * (10 - 46) 

The third property identified by Santilli also requires some tedious but 
simple algebra given by an isotopy of the conventional derivation (Lovelock and 
Rund (Joe. cit. ), pp.92-93), which results in 

PROPERTY 3: 

^p + ^Wn +R jW>^ 
+ (R/ hk T r \ p + R/ kp T r ' th + R/phT^lY, + 
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(10.47) 



called by Santim isooianchi identity , but which is now known as the Bianchi- 
Santilli identity , and which can be written in a number of equivalent forms here 
left to the interested reader (see an alternative expression in the next section). 

Again, as it was the case for property (10.45), the Bianchi-Santilli identities 
(10.47) for the case of a symmetric isoconnection reduces to 



This completes the identification of all primary properties of an 
isocurvature tensor prior to the introduction of the isometric. Other properties, 
such as the Freud identify (Freud (1939), Pauli (1981), Yilmaz (1990)), will be studied in 
the next section because they require the isometric for their proper definition. 



1.11: ISORIEMANNIAN GEOMETRY 

In this section I shall review Santilli's Riemannian-isotopic geometry, or 
isoriemannian geometry for short, which is the most general possible, nonlinear 
and nonlocal geometry with a symmetric connection. The new geometry was 
introduced, apparently for the first time, in Santilli (1988d), developed in more 
details in Santilli (1991b) and applied to the generalization of Einstein's gravitation in 
Santilli (1988d), (1991d). 

As predictable from the presentation of Fig. 1, Santilli conceived the study 
only as preparatory for the construction of the more general Riemannian- 
admissible geometry , also called genoriemannian geometry , namely, the yet 
more general, nonlinear and nonlocal geometry which can be constructed with a 
connection on a bimodular, affine-admissible spaces <M>(x, <5t>). The latter 
geometry shall be ignored in this section for brevity, and only briefly indicated in 
App. C. 

To begin, let us perform the transition from the n-dimensional isoaffine 
spaces Kl(x,&) of the preceding section, to the corresponding Santilli's isospaces 
W(x,g$) equipped with a (sufficiently smooth, real valued and nowhere singular) 
symmetric isotensorgjj of rank (0. 2) on TSUxM called by Santilli isometric , with 
a dependence on the local coordinates x, their derivatives with respect to an 
independent (invariant) parameter s of arbitrary order, as well as any additional 




jkpfk 



+ Kj'phfk " a 



(10, 
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quantity needed for specific physical applications, such as the density u of the 
interior physical medium considered, its temperature t, its possible index of 
refraction n, etc. 

g. .(x, x, x, u, t, n,...) = g..(x, x, % [i, t, n, ...). (l 1. 1) 

It is easy to see that isospaces Ivi(x,g,ft) are a direct extension to an arbitrary 
dimension n of Santilli's isoeuclidean spaces £(r,6,#) in three 
the construction of the isogalilean symmetries 0^(3.1), as well as of Santilli's 
isominkowski spaces Kl'"(x,g#) in (ai)-dimension used for the 
the isopoincare' symmetries Pg(3.I> (Santilli (1991d)). In this section 
continue our study of the general n-dimensional case, by keeping in i 
from a physical viewpoint, we are primarily interested in the isoeuclidean and 
isominkowski subcases. 

To begin, let us restrict our attention to the following isospaces. 

DEFINITION 11.1 (Santilli (loc. cit.l): The "'isotopic liftings" R(x,g,ffl of a 
conventional Riemannian space R(x,g,D) in n-dimension (see, e.g., Lovelock-Rund 
(1975)) called "Riemannian-Santilli spaces" or "Santilli's isoriemannian spaces", are 
the n-dimensional isoaffine spaces fi)(x,A) equipped with a (sufficiently smooth, 
nowhere singular, real valued and symmetric) isometric g = Tg characterizing, 
first, the isofield # via the rules 

g = g(x, x, ...) = T!x, *,...) g(x) , g e ft, g E R (1 1.2a) 

ft = 3*1, 1 = T" 1 , (11.2b) 

d "ChristoffehSanWli symbols of 



%i aim sghk, _ r i (113) 
llk ^ " S T klh 

ie "ChristoffehSanWli symbols of the second kind" 

C - * ijf V r Vn (".4) 

metric of raising and lowering the indices is 
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i'J = ryi iJ . fii.5) 

The "Wemannian-Santilli geometry", or "Santilli's isoriemannian geometry", is 
the geometry of isospaces ft(x,gfi). 

In essence, the above definition is centered on the requirement that the 
alteration (also called "mutation" in Santilli (1978b)) g(x) => T(x,x, X,...) g(x) = g(x, x, 
x,...) of the original Riemannian metric g is characterized by an isotopic element T 
which is the inverse of the isounit 1 of the theory. 

This implies that the transformation theory of the conventional Riemannian 
space must be lifted into the isotopic form of Sect. 10. In turn, this ensures that the 
isoriemannian geometry is isolinear and isolocal on R(x,g,&), although generally 
nonlinear and nonlocal when formulated on R(x,g,SR), as desired. 

In order to avoid insidious topological problems, the reader should be aware 
that both metrics g(x) and g(x,x,ii,...) can be nonlinear, but the nonlocal-integral 
terms must all be embedded in the isotopic part T of the isometric g, and cannot be 
admitted in the original Riemannian metric g(x). This implies the embedding of all 

nonlocal terms in the isounit 1 = Kx,x,x ), thus ensuring the topological 

consistency of the new geometry. 

On physical grounds, the isotopies R(x,g,SR) R(x,g,ft) imply that we have 
performed the transition from the exterior to the interior gravitational problem. 
Throughout the analysis of this volume, the reader should keep in mind that the 
isotopic elements T (or isounit 1) assume their conventional unit value I = diag. 

(1,1 1) everywhere in the exterior of the minimal surface S° encompassing all 

matter of the interior problem (Sect. 1 and Fig. I, Sect. 10), in which case R(x,g,SR) = 
R(x,g,sM. 

In this section we shall study the isoriemannian geometry per se, and 
without any boundary condition on the isotopic element. The condition to recover 
the conventional Riemannian geometry in the exterior problem will be imposed in 
Sect. 12. 

Note that each given gravitational theory can be subjected to an infinite 
number of isotopic liftings which are expected to represent the infinite number 
of possible, different, interior physical media for each given total gravitational 
mass. This is the reason for the use the plural "isotopies". 

As indicated in Definition 11.1, the introduction of a metric on an affine 
space implies the capability of raising and lowering the indices. The same property 
evidently persists under isotopy. 

Given a contravariant isovector X 1 on R(x,p), one can define its covariant 
form via the familiar rule 
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Xj = gjjXJ. (11.6) 

Similar conventional rules apply for the lowering of the indices of all other 

It is easy to see that the inverse of gy, Eq.s (11.5), is a bona-fide 
contravariant isotensor of rank (2. 0). Given a covariant isovector Xj on ft(x,g,3», its 
contravariant form is then defined by 

x'-g'JXj. (11.7) 

Rules (1 1.6) and (1 1.7) can then be used to raise or lower the indices of an arbitrary 
isotensor of rank (r. s). 

From the definition of the Christoffel-Santilli symbols of the first kind, Eq.s 
(11.3), we have 



LEMMA 11.1 (Ricci-Santilli Lemma; Santilli (I988d), (1991b, d!) : All (sufficiently 
smooth, and regular! isotopic liftings of the Riemannian geometry preserve the 
vanishing character of the covariant derivative of the isometrics. 

In different terms, the familiar property of the Riemannian geometry 

g , = (11.11) 



is a true geometric axiom because it is invariant under all infinitely possible 
isotopies. As shown by Santilli (see below), this property is not shared by all 
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(11.12) 



quantities of current use in gravitation. 

The isotransformation law of the isometric g is given by 

ax p _ _ _ j _ 

gj,(x, x,..) = T n r (x, £,..) g (x, x,.J) T Jx, x,...) — 7. 

J 3xi v rs 4 3x J 

where the isotopic elements T r n in the r.h.s. are again computed in the 
coordinate system as in Eq.s (10.32). 

By repeating the conventional procedure (see Lovelock and Rund (toe. ci 
pp. 78-70) under isotopy, Santilli obtains the following expression for 
Christoffel-Santilli symbol of the first kind 



(11.13) 



, <*«,_ ^hk 



. 3 2 x r 8x s SS ln n 3x r 3x s 3x m 
= o. tJ TP + — JPtJ T ( + 

8 JP r a x haxk s a x i a?" r 3 ax h ax* ax' 



a? ax s ax m ax r ax s ax m 
+ "ax^ "ax" 1 "ax" h ~ "a? ~d>^ ax^ ' + 

3T J r 3x r 3x s 3x s 3x r 

+ ig t p s [— r (— — + — — ) + 
iV ax 1 ax h ax k ax n ax k 

dT* T 3x r 3x s 3x s 3x r 3T* 3x r 3x s 3x s 3x r 

+ "a7 h ~ax^~dx l+ ^"sx 1 "ax* 

a number of alternative formulations and simplifications, e.g., for diagonal 
pic elements T, which are left to the interested reader for brevity. 
The contravariant isometric g'i evidently verif ie 



g>j(x, x,...) = TLtx", X,...) gPlx, *,..) T^K, X,..) . (1 1. 14) 

aw v 4 ass 

In order to proceed with our review, we need the following 



:n an isoriemannian space RU.gA) 
en by 



and can be rewritten 

, JP( ag ph + - *SL- 

ft lhk =1 2 (_ ^7 x l 3 x h 3xl 8x h 8 xJ 3x K 3xJ 

the "Ricci-Santilli tensor" is given by 

the "Einstein-Santilli tensor" is given by 

0.1 = ft.j - iS.lfU 
and tne ''completed Hnsteto-SnMm tensor" is g/ven by 
g.J = ft.' -4 5,% - iS^; 
where /? is the "isocurvature isoscalar" 
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We are now equipped to review Santilli (loc. cit. ) isotopies of the variou 
properties of the Riemannian geometry as available in various textbooks o: 
gravitation. From definition (11.16) we readily obtain 



PROPERTY U Antisymmetry of the last two indeces of the isocurvature 

ft l j hk " " ftlW (H.22) 

The specialization of properties (10.45) to the case at hand easily implies the 
following 

PROPERTY 2: Vanishing of the totally antisymmetric part of the isocurvature 

<Vhk + Vlcl + R klh " (11 - 23) 

or, equivalently, 

ft lmhk + "Wl + ^cmlti = a {1L24) 
The use of property (1 1.22) and Lemma 10.1 then yields 
PROPERTY 3: Antisymmetry in the first two indices of the isocurvature tensor 

ft jlhk = ft ljhk' (1L25) 
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V = V (1L26) 

Lemma, after tedious 

he following 
PROPERTY 3: Bianchi-Santilli identity 

*,Wp + ft i J phr k + <pfh ■ Cp- (11 - 27) 

C" ^I^V^iV* 

^'A'^sTp^h-^slh^p)- 

+ ^HW-V.r k , + ^ 1 p ( V.t k -V.rh ,+ 

^V k 'o p r Uh -o h r rfp ). (H.2S) 

ViTp -1 -^ 18 !^ (1L29) 

For isotopic liftings independent from the local coordinates (but dependent 
on the velocities and other variables, as it is generally the case, or for the 
characteristic functions of the interior physical medium averaged into constants, 
isodifferential property (1 1.27) assumes the simpler form 

ft . j h k tp + %hf k + ft . J kp |h=°- (1L30) 
The Bianchi-Santilli identity can also be equivalently written in the general 



J. V. Kadeisvili 



-143- 



Santilli's Isotopies 



ljhkp 

the reduced form for the 



K ljhkfp + "ljphtk K ljkp|h " a UL ^' 

"We now consider the isotopic liftings of Freud identity which was 
originally identified by Freud (1949), first reviewed by Pauli (1958), and then 
forgatten for a long time. The identity was "rediscovered" by Yilmaz (1990), Carmeli 
et a/. (1990), and finally studied in detail by Rund (1991). Santilli (1991b,d) followed 
Rund's treatment, and reached the following property we shall call 

PROPERTY & Freud-Santilli identity 

0' k j + fr k j = — , (11.33) 

v ,kl. . iA^grsfsyZ^ _ 8 I. fa^, + 

+ (S'j g kr - S k j g lr ) f 2 r S s + § lr f 2 j k r - ^ ^j'r >• (1 '- 34a) 

V^r£ ( Mj-^jO). ("-34b) 

G = g* ( f Z j P s - f 2 j P k ^p ^q's > • (1 L34c) 

G' k j = #6^ A* = Vg. (ll.34d) 

A major result of Rund's (loc. cit.) analytis is that the conventional Freud 
identity holds for all symmetric and nonsingular metric on a conventional 
Riemannian space of dimension higher than one. The same property evidently 
persist unde Sanbtilli's isotopies. Thus, Property 5 is automatically satisfied for all 
symmetric and nonsingular metrics on isoriemannian spaces of dimension higher 



We are now in a position to identify the most salient consequences of 
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Santilli's isoriemannian geometry. First, it is an instructive exercise for the reader 
interested in acquiring a technical knowledge of the isotopies of the Riemannian 
geometry to prove the following important property. 

LEMMA 11..2 (Santilli (toe. tit.)): Einstein's tensor 

G 1 , = R 1 , -i8U (11.35) 



w of its covariant divergence 
Gl j I i = Rt J I i " * Sl j R I i = °- (1L36) 

m tensor (11.18) violates property (11.36), 

G'jtj = ft'jf, - as'jftj.. * 0, (11.37) 

Einstein's tensor does not possess an automatically complete structure, 
and the contracted Bianchi identity does not constitute an axiom of the 
Riemannian geometry. 

:e has rather deep meaning for the now 
Id equations in vacuum (see 

The following important additional property can also be proved via tedious 
.t simple calculations from isodifferential property (1 1.27). 

rence, i.e., 

S ']fj = (ftI j- isi j R - isi j S, ti =a (1L38) 
-eon referred to as the "completed and contracted Bianchi-Santilli identity". 

By reinspceting the above findings, we can say that Einstein's tensor G'j is 
t "axiomatically complete" because it does not possess properties that are 
variant under all infinitely possible isotopies. However, if Einstein's tensor is 
impleted" by adding a suitable tensor with null covariant divergence, then it is 
ic form invariant under isotopy. 
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It is interesting to note that the Freud identity is a true geometric axiom of 
the Riemannian geometry in the sense that it persists under isotopies, while the 
contracted Bianchi identity is not an axiom of the Riemannian geometry, evidently 
because not preserved by isotopies. 

By following again Santilli (1991b), let us first identify the implications of the 
above findings for the conventional theory of gravitatioa and then study their 
isotopies. For this purpose, we introduce the following 

DEFINITION 11.3 (loc. cit.h The "completed Einstein's tensor" on R(x,g,SR) is given 
by the expression 

s'j = r'j - is'jR - is'j.e, (11.39) 

where r'j is the conventional Ricci tensor, R is the conventional curvature scalar 
and 6 is given by the isotopic quantity 9, Eq. (11..21), forT = I, i.e., 

= V.VA*-^' 11 ). <U.40> 

But, the cijvariant derivatives of the 6-quantity are identically null (from the 
conventional Ricci Lemma). We therefore have the following 

COROLLARY 11..2.1 (loc. cit.h Einstein's tensor can be axiomatically completed by 
substracting the term tS 'j 6 with null covariant derivatives as per Definiton 11.3, 
while preserving the null value of the covariant divergence, i.e., 

®'jti'T-r (R 'j " * 8 'j R ~ * S 'j *| i = <R 'j ~ i8 'j R) |i =C ' (U ' 4 " 
which is called the "completed and contracted Bianchi identity". 

The axiomatic structure which can be subjected to a consistent lifting is 
therefore the generalized tensor (1 1.39), and not Einstein's tensor. 

It should be recalled that Santilli's "completed Einstein's tensor" has no 
relationship to the "modified Einstein's tensor" with the cosmological constant A, 
i.e., the familiar form (see, e.g., Pauli (1958)) 
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G'j = R'j - iS'jR + S'jA. (11.42) 

for numerous reasons. First, A is a constant in quantity (1 1.42), while e is a scalar 
function in Eq.s (11.39). Secondly, tensor (11.42) leads to a static universe, as well 
known, while this is not the case for Santilli's completion of Einstein's tensor, as we 
shall see. Third, the modified tensor (11.42) also does not possess sufficient 
generality to constitute a geometric axiom invariant under isotopies. 

At this point, it is important to identify the implications for the gravitational 
equations prior to the addition of gravitational sources (to be done shortly in this 
section). 

A repetition of the analysis by Lovelock and Rund ((/oc. cit. ), p. 313 and the 
Theorem of p. 321) for the completed Einstein's tensor leads to the following 

THEOREM 11.1 (Santilli Hoc. citj): In a (conventional) four-dimensional Riemannian 
space R(x,g,Sl) the most general possible, axiomatically complete Euler-Lagrange 
equations 

E'i = 0, (1143) 

verifying the properties 

E'J = E ji , Eij |j = °' <1L44a) 

E« = E'Jfey, gil _ k , g. . kl ), g,j , k = 8g. . / 3x k , etc. (1 1.44b) 

(where the latter property also expresses the lack of source), are characterized by 
the variational principle 

8A = s/Ugy.gy^.gy^dx = 

= sJVMR + e) -2A] = 0, A* = -/g (11.45) 

E f i = A* ( X [RU - ig*j ( R + 8)1 +A g'J 1 = 0, (1 1.46) 

where R is the curvature scalar and 6 is quantity (11.40). 

The reader will recognize in the above theorem the cosmological constant A, 
as is well as its differentiations from our 6-quantity. The reader will also see the 
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difference of the gravitational equations (11.50) with the corresponding Einsteinian 

The isotopies of the above property can be readily done, via the methods 
illustrated earlier, thus reaching the following 

THEOREM 11.2: In a four-dimensional isoriemannian space R(x,gM the most 
general possible Euler-Lagrange equations 

e'J - 0, (11.47) 

verifying the properties 

E ij = E J1 , E 1J j.. = 0, (11.48a) 

£ IJ = e ij (g ij ,g. jk ,g.. k ), g ijk = 3g../3x k , etc. (11.48b) 

= e/A^Xlft + 6) - 2A] = 0, A* = (g)* (11.49) 

and read 

E lj = A* ( X [ft'j - i g' J (ft + 6 )] + A g'J ), (1 1.50) 

liar (11..20) andhis the isotopic isoscalar (U..21). 

w of the conventional and isotopic Riemannian 
geometry without sources. 

The most general possible formulation of gravitation on an isoriemannian 
manifold with sources, possesses the following structure. 
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verifying the properties: l) symmetric condition on the Euler-Lagrange te 
Bianchi-SantilH identity 



and 31 the Freud-Santilli identity 

0*. + 6*. - - 



ij U 

■■ a/ [ \ ( ft + &) + 2A +p(T + t)]dx = 



tants, 1 is the isotopic generalization of Yilmaz (1979) 

T = T + XS/p, (11-56) 
tse A =p = 7 and A = 0, the Euler-Lagrange equations 



fi ij = ft lj - ig' j R = t' J (11.58) 

Throughout the analysis of these sections we have often considered interior 
trajectories of "nonlagrangian" type. It is important to understand that this term is 
referred to the lack of analytic representations in terms of a first-order 
Lagrangian, i.e., a Lagrangian L depending at most on the first order derivatives of 
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the variables, L = lis, x, it). In this case the Euler-Lagrange equations are of second- 

The theory of Lagrangians of order higher than the first (with Euler- 
Lagrange equations of order higher than the second), even though quite intriguing, 
implies a rather deep revision of the analytic mechanics, e.g., for the construction 
of the corresponding "Hamiltonian". 

A first way to understand the nonlagrangian character of Santilli's 
isoriemannian geometry, is by recalling that the "Lagrangian" equivalent of the 
Birkhoffian mechanics is precisely of the second order (Santilli (1982a)). 

The generally nonlagrangian character of the geometry under consideration 
is then made clear by the following 

COROLLARY 11.5.1 (loc. cit): The Lagrangians of Theorem 11.5 are first-order in 
the metric tensor, L = L(g^ k , g„ k J, but generally of the second- or higher- 
order in the coordinate derivatives, L = Lis, *, X,...). 

Euler-Lagrange equations of order higher than the second are avoided in the 
isoriemannian geometry because all derivative terms are embedded in the 
isometric of the theory, while the Euler-Lagrange equations are computed precisely 
with respect to such isometric, and not with respect to the local variables and their 
derivatives, as in the conventional case. 

The analysis of this section is completed in the next section with the notions 
of isoparallel transport and isogeodesics. 

We close this section with a few complementary aspects. As well known, a 
most important system of local coordinates is that introduced by Riemannian (1868) 
with the name of "normal coordinates", say, 



under which the Riemannian space R(x,g,5t) is locally flat. In different terms, the 
normal coordinates are such that, in the neighborhood of the point P° = (y), all 
coefficients of the connection r 2 p ^ a are identically null, 

r 2 r ' s (y°) =0. (11.61) 

Moreover, it has been proved in the literature that a system of normal 
coordinates always exists for all affine spaces with a symmetric connection. We 
can therefore introduce the following 

DEFINITION 1 1.4 (Santilli (loc. cit.)): The "isonormal coordinates" of an 
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isoriemannlan n-dimensional space &ix,gffl art 
the neighborhood of a point y° ', all isoconnection coefficients are identically null 



gravitational theories, because they allow the identification of the local Lorentz 

In the transition to an isotopic formulation of the Riemannian geometry, we 
encounter another difference with fundamental physical implications. 



PROOF: Suppose that the transformations x y°(x) are such to eliminate the 
space-dependence of the transformed isoconnection coefficients. Then, Eq.s (11.86) 
hold, but the local metric remains generally dependent on the derivatives y, y, and 
other quantities, thus being of isominkowskian type. The lack of isocurvature 
follows from the lack of local dependence on the coordinates. Q.E.D. 

Stated differently, in the conventional case, the connection coefficient can 
only depend on the local coordinates, r 2 r ' s = r 2 r yx). The 
recovering of the Euclidean metric 8 or of the Minkowskian metric n under local 
then follows. 

e isotopic case, the isoconnection coefficients depend on the local 

x as well as all possible (or otherwise needed) derivatives and other 

quantities, r 2 r > s = r 2 r yx, x, x, u, t, n,...). Their transformation under normal 
ates then eliminates the coordinate dependence of the metric, but generally 
tie dependence on the remaining variables, and we shall write 

ii 3y' r kl , 8 V J 

g = T (x,x,x,..)g (x,x,x,...) r (xx,x,..) — = 



= g*J (y, y,...). (H-63) 
y, coordinate transformations of an isoriemannlan manifold 
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admitting the Minkowskian metric may indeed exist, but they are generally 
nonlinear and nonlocal. In fact, for the case in which the Riemannian geometry 
generalizes the Euclidean setting with metric 8 = diag. (l,l,...,l), transformation (4.88) 
via rule (4.87) would imply 

x 1 gjx, x, X,..) xi = w r S rs w s , (11.65) 

with similar results for the case of the Minkowski metric (see Chapter V of Santilli 
(199Id)). Needless to say, the latter coordinates are considerably more difficult to 
identify than the isonormal coordinates, although their existence is not excluded 

The central point remains that, in the isotopic case, reduction (1 1.65) is not 
necessarily implied by the geometric conditions (11.62). The local isotopic metric 
(1 1.63) then persists as the geometrically natural case. 

As now familiar, we have initially considered a conventional gravitational 
theory on R(x,g,3t) which, as well known, has null torsion, and have reached an 
infinite family of isotopies all of which also have a null isotorsion on R(x,g,ft). In 
fact, the original symmetric connection r 2 h s k has been lifted into an infinite 
family of isoconnections which are also symmetric 

\\ - r 2 h \ " r 2 k S h ■ o - y k = fV k - r\\ - o. (1..66) 

However, the null value of torsion occurs at the level of Santilli'a 
geometrical isospaces R(x,g,ft) which are not the physical space of the 
experimenter, the latter remaining the conventional space-time in vacuum (see 
Chapter IV for details of Santilli (1991d)). 

The physical issue whether or not the isotopies of Einstein's gravitation have 
a non-null torsion must therefore be inspected in the physical space and not in the 
geometrical isospace. 

This can be easily done, e.g., by rewriting the isocovariant derivative of an 
isovector on R(x,g,$) as a conventional covariant derivative in the ordinary space 
R(x,g,SH), i.e., 
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= X*. =-— + rVvX', (11.67a) 
l k to?- 

T\\ = r 2 h ' k T h r . (11.67b) 

It is then evident that, starting with a symmetric isoconnection r h ' k on 
R(x,g,ft), the corresponding connection r r ' k on R(x,g,5l) is no longer necessarily 
symmetric, and we have the following 

LEMMA 11.7: The isotopic liftings r 2 h ' k =» f \\ of a symmetric connection 
r 2 h \ on a Riemannian space R(x,g,SR) into an infinite family of isotopic 
connections r 2 h ' k on isoriemannian spaces R(x,g#) of the same dimension, imply 
that the isospace always possesses a null isotorsion, but, when the isotopies are 
projected into the original space, a non-null torsion generally occurs. 

The above property was first reached by Gasperini (1984a, b, c) via the 
isotopy of Einstein's gravitation in the language of conventional differential forms 
on a conventional Riemannian space. The geometrization of the property into a 
symmetric isotorsion on an isoriemannian space was achieved by Santilli (1988d), 
(1991b). 

At this point the advances in torsion made by Rapoport-Campodonico ((1991) 
and quoted papers) become applicable to Santilli's interior gravitation. We regret 
the inability to review these studies and reformulate them in terms of Santilli's null 

Let us recall that any nonlinear and nonlocal theory can always be 
identically written in an isolinear and isolocal form (Sect. 3). By reversing the proof 
of Lemma 1 1.7, it is then easy to prove the following 

COROLLARY 11.7.1: Under sufficient continuity and regularity conditions, any 
gravitational theory on a conventional affine space R(x,X) with non-null torsion, 
can always be written in an identical form on a suitable isoaffine space R(x,!») of 
the same dimension with an identically null isotorsion. 

Let us recall that the reasons which renders Einstein's exterior gravitation so 
effective for the characterization of the stability of the planetary orbits and other 
exterior features are exactly due to the null value of its torsion. The same reasons 
are then at the origin for the inability of the theory to represent the instability of 
the interior orbits (see Fig. 1 of Sect. 10). 

In turn, these results necessarily lead Santilli to two different, but 
compatible theories- one for the exterior gravitational problem with null torsion, 
and one for the interior gravitational problem with null isotorsion but non-null 
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torsion , as outlined in the next section. 



1.12. ISOGENERAL RELATIVITY 

The final, and perhaps most significant, geometric discoveries which permitted 
Santilli (1988d), (1991b, d) the achievement of a geometrically consistent 
generalization of Einstein's gravitation for the interior problem, consisted of the 
isotopies of conventional parallel transport and geodesic , which he called 
isoparallel transport and isogeodesic . 

Since the times of Galileo Galilei and his experiments at the Pisa tower (1609), 
we know that the free fall of a body in Earth's gravitational field is geodesic only 
in the absence of resistive forces due to our atmosphere. It is therefore well know 
-that the trajectory of a test particle within a physical medium is not geodesic, 
owing to the deviations caused by the forces between the body and the medium, as 
illustrated, say, by a satellite of irregular shape during re-entry in Earth's 
atmosphere. Moreover, it is also well known since Lagrange's and Hamilton's times 
(Sect. 1) that the forces between the body and the medium are of nonlinear, 
nonlocal-integral and nonlagrangian-nonhamiltonian type, that is, of a type outside 
the representational capabilities of the conventional, local-differential, Riemannian 
geometry. A fully similar situation occurs for parallel transport. 
4 Thus, not only the conventional notions of geodesic and parallel transport, 
' l!>ut the Riemannian geometry itself is inapplicable to the motion of an extended 
test particle within a physical medium. 

After the the identification of a nonlocal-nonlagrangian generalization of 
the Riemannian geometry reviewed in the preceding section, Santilli's was in a 
position to achieve the generalization of parallel transport and geodesic for motion 
of extended particles within physical media, most remarkably, in such a way to 
preserve the original geometric axioms of the conventional quantities (see later on 
Fig. 2 in this section). 

Santilli's isoparallel transport and isogeodesic are crucial for a true 
understanding of his isotopic relativities for the interior problem. In fact, the new 
relativities are based on the preservation of the axioms of the conventional ones. An 
understanding of the relativity laws in the transition from motion in vacuum to 
motion within physical media therefore requires the prior understanding of 
Santilli's preservation of the axiomatic structure of geodesic motion and the 
generalization instead of the underlying carrier space. 

Finally Santilli's isoparallel transport and isogeodesic are a prerequisite of 
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another crucial aspect of the isotopic relativities, their reconstruction of exact 
space-time symmetries, such as the rotational symmetry 0(3), the Galilei symmetry 
G(3.I) and the Poincare symmetry P(3.1), when believed to be conventionally broken. 

A typical example is Santilli's reconstruction of the exact rotational 
symmetry 0(3) for all infinitely possible deformations of the sphere . In fact, the 
understanding on how the rotational symmetry can be exact, say, for the ellipsoids 
Xjb[ 2 Xj + x 2 b 2 2 x 2 + x 3 b 3 2 x 3 = inv. requires the prior knowledge that the geodesic 
character of the 0(3) orbits on a sphere is preserved in the transition to the 
corresponding orbits on a hyperboloid, provided that one performs the transition 
from the conventional Euclidean space E(r,8,SR) to Santilli's isospace E(r,S,#t). 

These are the reasons why we have presented in this volume the geometrical 
foundations of Santilli's isogravitation as a necessary condition for the true 
understanding of his simpler isospecial and isogalilean relativities. 

To begin our review, let R(x,g,3t) be a conventional n-dimensional 
Riemannian space. Under sufficient smoothness and regularity conditions hereon 
assumed, a vector field X 1 on R(x,g,SR) is said to be parallel along a curve C if it 
satisfies the differential equation along C (see Lovelock and Rund Hoc. cit.)) 



ax' 



= 0, (12.1) 
ecalling the notions of 



DEFINITION 12.1 (Santilli (19880), (1991b, d)h An isovec 
dimensional isoriemannian space R(x,g,&) is said to be "is 
on R(x,gM iff it verified the isotopic equations along C 



DX* = X i j. r T r s (x,x,..)ax s = 
f + r 2 r ' s T r t (x, x,..) X 1 ] T fx, x,..) ] axP = i 



he Ts are the isotopic elements. 

The identity of axioms (12.1) and (12.2] at the abstract level is evident, again, 
because of the loss of all distinction between the right, modula "— 
product, say Xx, and its isotopic generalization X*x = XTx. 

To understand the physical differences between the above tv 
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let us introduce an independent (invariant) parameter s, such that the isovector 
field x = 9x/as is tangent to C, and let X' = X f (s). Consider the curve C at a point 
P(l) for s = s, and let X'(l) be the corresponding value of the isovector field X 1 at 
P(l). 

Consider now the transition from P(l) to P(2), i.e., from Sj to Sj + 9s. The 
corresponding transported value of the isovector field X'(2) = X'(l) + is said to 
occur under an isoparallel displacement on ft(x,g,ft) in accordance with Definition 
12.1, iff 

ax 1 = — T^ax^-f 2 ' T r n X P T S 3x1. (12.3) 
Sx r s rs p q 

The iteration of the process up to a finite displacement is equivalent to the 
solution of the differential equation 

ax 1 _ ax 1 r ax s 2 1 r n s ^ q 

T, =-r r ,T n X f T„ , (12.4) 

3s 3x r as v 4 as 

By integrating the above expression in the finite interval faj, s 2 ), one reaches the 
following 

* LEMMA 12.1 (SantiUi Hoc. cit.)h The isoparallel transport of an isovector field X'(s) 
on an n-dimensional isoriemannian manifold (t(x,g,M from the point Sj to a point 
s 2 on a curve C verifies the isotopic laws 

X*(2) = x'(l) - / ¥ ' (x, *,..) TJx, x,..) X P (x) TJx, x,..) x M 3s 

1 rs P 4 (12.5) 



i , C 2 • f 23X 1 p axl 
X(2)-X'(I)=J ax' = J T P n Ss. (12.6) 

' J i axP q as 

The physical implications are pointed, out by the fact that the isotransported 
isovector does not start at the value x'(l), but at the modified value x'(I) 
characterized by Eq.s (12.6). Additional evident modifications are characterized by 
the isotopic connection t^r's and the two isotopic elements T of the r.h.s. of Eq.s 
(12.5). 

These departures from the conventional definition can be better understood 
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in a flat isospace via the following evident 

COROLLARY l2.i.l(loc. cit): In a flat isospace, such as the isominkowski space 
til(x,fiM in (3.1)-space-time dimensions, or the isoeuclidean space &r,$,<fl) in 3- 
dimensional space, the conventional notion of parallelism no longer holds, in favor 
of the following flat isoparallelism 

r 2 ^ = 0, (12.7a) 

t(2)-l\l)=J ax 1 = J 2— T P a — ds. (12.7b) 
I 1 3xP H ds 

Consider, as an illustration, a straight line C in conventional Euclidean space 
SR t xE(r,S,5t), with only two space-components. Then a vector K(l) at s ■= t l is 
transported in a parallel way to R(2) at s = t 2 by keeping unchanged the 
characteristic angles with the reference axis, i.e., 

, , 3R k (r) , 8R k (r) „ 

R*(2) - R k (l) = J 2 ( -dx 1 + -dx 2 . (12.8) 

1 3x ! 3x 2 

Under isotopy, the situation is no longer that trivial. In fact, assume the 
simple diagonal isotopy 

T = diag. (b| 2 (f), D2 2 (f)) > 0. (12.9) 

Then Eq.s (12.8) are lifted into the form 

R k (2) - ft (1) = / ( ( — b[ 2 (ri Br 1 + ^- b 2 2 (r) 3r 2 (12.10) 

In figurative terms, a given straight and rigid arrow in 3-space is, first, 
twisted under isotopy, and then transported in an isoparallel way, that is, in such a 
way that the isotopic (rather than the conventional) characteristic angles with the 
reference axis are preserved (see also the example of isorotation (Santilli (1991d), 
Chapter III in particular). 

It appears that this is exactly the physical behavior of parallel transport 
within physical media. In fact, one can imagine the rigid arrow as representing a 
rocket under parallel transport along a straight line toward the center of Earth. 
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During the motion in the empty space of exterior dynamics, the orientation of the 
rocket in space remains evidently the same (conventional parallel transport in flat 
Euclidean space). However, the moment the rocket penetrates Earth's atmosphere, 
its orientation in space is evidently changed depending on the local conditions 
(shape of rocket, its density, etc.), even though we can still assume that the center 
of mass of the rocket keeps moving in a straight line. These are exactly the physical 
conditions represented by Santilli's isoparallel transport in flat isospaces, Eq.s 



The irreducibility of the notion of isoparallel transport to the conventional 
notion can be illustrated even in the case of null curvature. In fact, consider for 
simplicity me isominkowski-space M(x,f|,ft) with local coordinates x = k^), u. = I, 
2, 3, 4, and constant diagonal isotopy 

r\ - TT|, T = diag. (b, 2 , b, 2 , b 3 2 , b 4 2 ) > 0. (12.11) 
and introduce the redefinitions x^ = b^ 2 )^ (no sum), XrKxCc)) = XWx). 
Then Eq.s (127b) become 



.., namely, the isotopy persists even under the simplest possible constant isotopy 
(12.11), thus confirming the achievement of a novel geometrical notion. 

By submitting the conventional treatment (Sect. 3.7 of Lovelock and Rund 
, (toe. cit. )) to isotopies, Santilli then identified the integrability conditions for the 
" existence of isoparallelism. By performing partial derivatives of Eq.s (12.7) with 
respect to x l and then interchanging symbols, he obtains 



(12.10). 




(12.12) 




6x s 3xt 3x* 





(1213) 



from which 



: following property holds. 



LEMMA 12.2 (Santilli Hoc. cit.)): Necessary and sufficient conditions for the 
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existence of an isoparallel transport of an isovector X or 
:e R(x,g,ft) are that all the following equa, 



*lhlc T s xS = . 
ensor (Sect. Ill 1, I.e. 



oi **** s 



The re-emergence of th 
conditions of isoparallel transport, can then be 
Santilli's achievement of a novel mathematical notion. 

We now pass to the review of Santilli's isogeodesics. Let s be an invariant 
parameter and consider the tangent x' = dx'/ds of the curve C on an n-dimensional 
isoriemannian space R(x,g,ft). Its absolute isodifferential is given by 

Dx f = a* 1 + rVgTpxVqaxa (12.16) 

In accordance with Definition 12.1, DX 1 remains isoparallel along C iff 



e introduce the following 
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(12.18) 



By recalling that ds = ds, it is easy to see that the isogeodesics of flat 
isospaces remain the straight line (i.e., linear functions of s), while those of curved 

It is a simple but instructive exercise to prove the following 

LEMMA 12..3 lloc. cit.h The isogeodesics of an n-dimensional isoriemannian 
manifold R(x,g,M are the curves verifying the variational principle 



As indicated earlier, the notions of isoparallel transport and isogeodesic have 
,a truly fundamental role in Santilli's geometrization of physical media. Additional 
comments are presented in Figure 2 below. 

We are now finally in a position to briefly outline Santilli's isotopic 
generalizations of Einstein's relativity, which he submitted under the name of 
isogravitation (Santilli ((1988d), (1991b)), for the interior gravitational problem, i.e., 
the description of gravitation in the interior of the minimal surface S° 
^encompassing all matter of the celestial body considered. The corresponding 
coverings of Einstein's special relativity and of the Galilei's relativity are evidently 
'^particular cases for null isocurvature. 

The generalization was first studied by Gasperini (1984a, b, c) who 
constructed the first gravitational theory with a local Lorentz-isotopic structure 
following Santilli (1978a), (1982a), (1983a). Gasperini, however, formulated his studies 
everywhere in space-time, thus reaching rather severe restrictions on the 
admissible theories from existing gravitational experiments. Also, Gasperini 
formulated his gravitational theory in a conventional Riemannian space. 

The isogravitation outlined below, first of all, restrict the isotopies to the 
interior problem only, by therefore eliminating any restriction from exterior 
experiments on the magnitude of the interior isotopy. Secondly, Gasperini's studies 
themselves have been generalized by Santilli by formulating them in his 
isoriemannian spaces. In this way, Santilli regains the geodesic and torsionless 
character of Einstein's gravitation, but at a higher geometric level. 

The physical motivations for the need of a suitable generalization of 
Einstein's gravitation for the interior problem are beyond any credible doubt. The 
general relativity was specifically conceived (see, Einstein (1916)) for the exterior 
problem, e.g, for the decription of the planetary motion in our Solar system, which 




(12.19) 
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achievement of a geodesic characterization of the motion of free objects within physical 
media in such a way to preserve the original axioms of the free motion in vacuum. 

The fundamental tool in this achievement is provided by the isospaces. In fact, 
Santilli represents the transition from motion in vacuum to motion within a physical 
medium via the transition from conventional Euclidean, Minkowskian or Riemannian 
space to his corresponding isoeuclidean, isominkowskian and isoriemannian spaces, 
respectively. By recalling that the conventional spaces provide a geometrizatlon of the 
vacuum (empty space), one can then see that Santilli's isospaces provide a geometrizatlon 
of physical media. 

Consider, as an example, the conventional Euclidean space E(r,8,S) of Galilei's boosts. 
In this case the metric 8 = dlag. (1, 1, 1) represents the homogeneity and isotropy of empty 
space. Consider now Santilli's treatment. Then his isoeuclidean space E(r,S,&) provides a 

the inhomogeneity of the medium (e.g., due to its variation of density with height) as well 
as its anisotropy (e.g., because of a possible angular momentum of the medium which 
evidently creates a privileged direction in the medium itself). 

; In particular, the scripture 8 = T8 stands to indicate that the underlying space, 

represented by 8, remains perfectly homogeneous and isotropic in Santilli's theories, while 
the isotopic element T represents the mutation of its geometrical characteristics caused by 
a physical medium. Since T is nonsingular and Hermitean, it can always be diagonalized to a 



', where the B's, called characteristics B-quantities of the medium , are generally nonlinear 
and nonlocal functions on all variables, B k = Bj.(t, r, p, p, ...). They represent precisely the 
interactions between the test body and the medium (see the isoanalytic representations of 
Sect. 7). 

The above explicit functional form of the characteristic B-quantities is needed for 
the local behavior of a test particle within the medium consider. For the case of a global 
behavior, such as for the propagation of light throughout our entire atmosphere, the B- 
quantities can be averaged to constants, < | B k | > - b R = const, (see Santilli (1988a), (1991d) 
for details and applications). 

Consider now Santilli's isoboosts on E(r,8,ft) (see Sect. 15 for their derivation) 




r' k = r k + t° v° S k ~\r, p,...), 



P'k = Pk + mv ° \'\T,p,..h 



where the B's are certain functions of the B's given in Theorem 15.1. 
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isotopic groups 

ttvWI = f(v° + v°') (g) 

In conclusions, SanWH's has achieved a generalization of the algebraic, analytic and 
geometric structures of Galilei's, Einstein's special and Einstein's general relativities for the 
most general known physical conditions motion of extended-deformable particles within 
physical media experiencing conventional, action-at-a-tiistance, potential forces, as well as 
contact, short range, nonlinear, nonlocal and nonlagrangian-nonhamiltonian forces due to 
the medium itself . 

and Santilli's relativities cease to exist at the abstract, realization-free level by conception . 

In the transition to the interior problem, the physical conditions are 
fundamentally different, to such an extent to render inapplicable the Riemannian 
geometry itself, let alone Einstein's conception of gravitation. 

In fact, as recalled in Sect. 1, according to incontrovertible evidence, the 
core of of a star undergoing gravitational collapse is composed of the wavepackets 
of particles in conditions of total mutual immersion, and their compression in very 
large numbers in a small region of space. This results in nonlinear, nonlocal, and 
.nonlagrangian-nonhamiltonian internal interactions of type (I. I) which simply 
require geometries structurally more general than the Riemannian one. 

The reader who is familiar with the isotopic geometries can now see that the 
jsotopic liftings of Einstein's gravitation permit the transition precisely from the 
exterior problem for a given gravitational mass, to the infinite possibilities of 
interior gravitational conditions for each given total mass, evidently caused by the 
intinitely possible interior media. 

Let us begin by recalling the three basic representation spaces used in the 
conventional approach to gravity: 

1) The carrier space of Galilean exterior mechanics, the Kronecker product 
of Euclidean spaces for conservative trajectories 

3) t xE(r,8,!ft) : 8 = diag. (I, 1, 1), (12.20a) 

r = (r>), r 2 = r l Sr = r^rJ = r, 2 + r 2 2 + r 3 2 , (12.20b) 

i = i, 2,3 (=x,y,z) 

over the reals 3R; 

2) The carrier space of relativistic exterior mechanics, the familiar 
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Minkowski space for exterior trajectories 

M(x,n,!R) : T| = diag. (I, 1, 1, -1), (12.21a) 
x-WHr.x 4 ), x 4 = c t, reE(r,S,M) 

x 2 = xV = xM- x" = x, 2 + x 2 2 + x 3 2 - x 4 2 = R 2 ; (12.21b) 



where c represents hereon the speed of light in vacuum; and 
3) The carrier space of Einstein's exterior gravitation, tl 
space-time with a sym-metric < 



•,x 4 ); x 2 = xtg(x)x = x^X = R 2 . 
- i( + Sg pv _ ) 



(12.22a) 
(12.22b) 

(1 2.22c) 



t P v = r 2 P v - r 2 /* = 0. (12.22d) 

As well known, the largest groups of linear and local-differential isometries 
of space (12.20) is the Galilei symmetry G g (3. 1). The largest group of linear and 
local isometries of the Minkowski space (12.21) is the Poincare symmetry Pr|(3.1). 
The largest group of isometries of the Riemannian space (12.22) is known only 
locally, i.e., in the neighborhood of a point and it is given also by PJ3.1). The global 
symmetry of spaces (12.22) was identified, apparently for the first time, by Santilli 
((1988d), (1991b, d)). 

The first contribution by Santilli's isotopic ft 

conventional gravitational theories, and can be formulated a: 

THEOREM 12.1 (Santilli Hoc. cit.)h The largest possible nonlinear but local- 
differential group of isometries of the conventional Riemannian spaces (12.22) with 
metric g(x) are Santilli's isopoincare symmetries Pgl3.1) with isounits 1 = T g = T. 
For the case of Einsteinian theories of gravity, T > and all isosymmetries P g (3.1) 
are locally isomorphic to the conventional Poincare symmetry P^ (3.1) (see Sect. 13 
for details). 
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Note that the above theorem is not purely formal, but permits the 
computation of the explicit symmetry transformations in their finite form from 
the sole knowledge of each given metric g(x), say, the Schwarzschild's metric. 

Also, recall the conventional nonrelativistic limit 



say that the Poincare-isotopic symmetries P_(3.l) admit a 
into a symmetry 5g(3.1) which are also locally isomorphic to 
the Galilei symmetry G 8 (3.1) whenever 8* > (as it is the case for Einsteinian 
gravitational theories), 

Pg&l)^ ^ o =»Gg(3.I) »Gg(.3.l). (12.24) 

Finally, recall that P g (3.1) admit the conventional symmetry P-^3.1) as a local 
relativistic symmetry, and G§(3.1) as a local nonrelativistic symmetry (see Appendix 
A of Santilli (1988c)). 

This essentially si 
global symmetries of Einstein's 

Santilli's objective was then to reach an infinite class of symmetry- 
preserving isotopies of Einstein's gravitation for the interior dynamical problem, 
and interpret the isotopies, as now familiar, as representing the transition from 
ti motion in vacuum to motion within a physical medium. 

Note that the axiom-preserving isotopies cannot be introduced for 
Einstein's gravitation because of the technical difficulties caused by the lack of 
axiomatic completeness of Einstein's tensor discussed in Sect. 1 1, although they can 
be submitted for geometrically complete theories (see below). 

To identify the structure of the isotopies of Einstein's gravitation, let us 
review the three basic isospaces of the analysis: 

D Santilli's carrier space of the nonrelativistic 20 interior mechanics, the 
(flat) isoeuclidean spaces for nonlinear, nonlocal and nonlagrangian trajectories 

^xEfxAft) : 8 = 8(r, t, r,...) = T & (r, f, r,...) 8 = (8 (j ) = (8..), (I2.25a) 

' m Santilli generally avoids the term "Newtonian" for the interior dynamical problem, and 
uses instead terms such as "nonrelativistic", "isogalilean" or "isonewtonian", because of the 

"Newtonian" on strict grounds. It should be indicated that acceleration-dependent forces 
possess rather intriguing and mostly unexplored implications (see, e.g., Assis (1990), Graneau 
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r 2 = r l Sr = r'S (r,r,r,J (12.25b) 
ij 

A = Slg, l g = T g -'. Sftt = 3l t l t ; l g >a l t >0; (12.25d) 

) Santilli's carrier space of relativistic interior mechanics, the (flat) 
■es for the relativistic description of nonlinear, nonlocal, 
nonlagrangian and nonlorentzian trajectories 

Jd'txAsSa f, = f|(x,x,...) = T^x, *,...)* = (t^„) = (O, (12.26a) 

x 2 = x* rfc, x, x,..) x = J 1 f|(x, x, X,..) x v = R 2 , (12.26b) 

ft = Ml., 1. =T. _1 >0, x, r, e M(x,n,5ft), ReS. (12.26c) 
Tl ti ri 

Also called by Santilli isomlnkowski space of class , 
Finally, we introduce 

3') Santilli's carrier space of gravitational interior theories, the 
isoriemannian spaces in (3.1)-dimension with a symmetric isoconnection and a null 
isotorsion in the geometrical space, but a non-null torsion in the physical space of 
the observer 

R(c,p):g = g(x,x,.J =T g (x,x,..T)g(x) 

- = v - fyw (12 - 27a) 

x 2 = xtgtx.x.Jx = x> 1 g(x,x,...)x V = R 2 , (12.27b) 

f. ^ + _^__^, (12.27C) 

WV 3x^ 3xV 3xP 

~ t9 v = " ^/p. = °' (l2 - 27d) 

T P =T a r 2P _ T " r2 P n . (I2.27e) 
V v V a v 'v a (i 

As proved in Santilli (1988a), the largest possible nonlinear and nonlocal- 
integral groups of isometries of the isoeuclidean space (12.25) are given by the 
Galilei-isotopic symmetries 0^(3.1). The largest possible nonlinear and nonlocal 
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groups of isometries of the isominkowski spaces (1226) are given by the Poincare- 
isotopic symmetries P (3.1). The same methods then lead to the following 

THEOREM 12.2 (Santilli (19880), (1991b, d»: The largest possible nonlinear and 
nonlocal groups of isometries of the isoriemannian spaces are Santilli's isopoincare 
symmetries (3.1) for isometrics g = Tg with (nowhere singular and Hermitean) 
isounits 1 = T~\ which result to be locally isomorphic to the conventional 
Poincare symmetry P (3.1) for all infinitely possible, positive-definite isotopie 
elements Tg. 

Therefore, the fundamental space-time symmetry of Einstein's gravitation is 
not lost in the transition to interior gravitational problems, but merely realized in 
the most general known, nonlinear and nonlocal, isotopie form (see Fig. 3 below and 
Sect. 13 for more details). 

In particular, in Appendix IV.A of Santilli (1991d) it is shown that, in full 
analogy with property (12.23), 




(12.28) 



Similarly, the global symmetry Pg(3.1) admits, locally, the relativistic 
isosymmetry Pd3.l) and the nonrelativistic isosymmetry 0|(3.1). In this way, every 
major aspect of the conventional theory has been shown to admit an infinite 
number of corresponding isotopie liftings. 

More particularly, isotopie spaces (12.25), (12.26) and (12.27) provide an infinite 
number of coverings of the corresponding conventional spaces (12.20), (12.21) and 
(12.22), respectively; similarly, isosymmetries P|(3.1), Pf|(3.1) and Gg(3.1) provide an 
infinite number of coverings of the corresponding conventional symmetries Pg(3.1), 
P^&UandQgt&l). 

We are now sufficiently equipped to present the infinite number of isotopie 
liftings of Einstein's gravitation for the Interior gravitational problem, called 
Einstein-isotopic gravitation, or isogravitation for short, which can be introduced 
via the following generalized equations on isoriemannian space ft(x,g$) in standard 
units (Santilli (1988d), (1991b), (1991d) 

8A = sj d 4 x A*(ft - 8ttM) = 

= 8 J d 4 x A*( JMV f\ vpo - Sirg^ iCy = 0, (12.29a) 

g = T g g, T g > 0, (12.29b) 
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T = I = diag. (1,1,1,1), (12.29c) 




I) Eq. (I2.29a) represents the isotopic action on A(x,g,ft) (Theorem 1 1.5), with ft 
being the isocurvature isoscalar and Kl the Isoscalar of the conventional matter 
tensor computed and contracted on ft(x,g,£). This first condition ensures the 
achievement of a generalized theory of the interior gravitational problem, with 
particular reference to the admission of nonlinear, nonlocal, nonlagrangian and 
non-Newtonian internal trajectories, as well as a direct representation of the 
inhomogeneity and anisotropy of the interior physical media, as evidently 
permitted by the isotopic element T g . 

II) Condition (12.29b), is imposed to preserve the topological structure of the 
exterior treatment g = T^n, T^ > 0, also in the interior problem with g = T g g, T > 
0, thus allowing the fundamental preservation of the Poincare' symmetry as the 
universal symmetry for local and global, interior and exterior conditions. 

III) Condition (I2.29c) implies that the isotopic element T g acquires the 
trivial unit value I = diag. (1,1,1,1) everywhere in the exterior problem, by therefore 
guaranteeing that the isogravitation recover the conventional Einstein's gravitation 
identically everywhere in the exterior problem. 

An inspection of the various metrics then implies that in the transition 
from the exterior to the interior problem there is the transition from a local- 
differential dynamics with (variationally) selfadjoint interactions describing 
motion in the homogeneous and isotropic vacuum, to a nonlocal-integral 
dynamics with selfadjoint and nonselfadjoint interactions describing motion 
within generally inhomogeneous and anisotropic interior physical media. 

In different terms, Einstein's exterior gravitation represents the trajectories 
of dimensionless test particles in vacuum which, as such, can only have a local- 
differential geometry with action-at-a-distance dynamics on stable orbits, as well 

In the transition to our interior problem, we have instead the representation 
of extended (and therefore deformable) test bodies moving within resistive media 
which, as such, demand a nonlocal-integral geometry and nonlagrangian dynamics. 

The direct representation of interior physical media is evidently ensured by 
the isometrics g(x, x, X, u., t, n, ...) which can represent physical notions and events 
essentially beyond the representational capabilities of Einstein's gravitations, such 

a) the variation of the density u, of the interior medium with the distance 
from the center (inhomogeneity); 

b) a preferred direction in the interior medium caused by the intrinsic 
angular momentum of the body (anisotropy); 
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c) the local variation of the index of refraction n, 

d) the local dependence of the speed of light c = c b 4 (x,x,p.,f„...) on the 
physical conditions at end (when the medium is transparent); 

e) the maximal causal speed which becomes a local quantity dependent on 
the physical conditions at the point considered; 

and numerous additional features typical of interior dynamics that are suitable for 
direct experimental verification (see next section). 

The reader should keep in mind the following chains of isotopies for the 
exterior and interior problem, respectively, 

I(X8 =* t| = T (l t ><8) => g = Tn , (I2.30a) 

l ( xS =» fj = T Cl t xa) =* g = Tf| , (12.30a) 

which are important to understand Santilli's interpretation of the corresponding 
chains of relativities as one being the isotopes of the others (see Fig. 3 below). 

By recalling that the Lie-isotopic liftings of Lie's symmetries preserve, by 
construction, the original generators (and parameters), the physical implications of 
the above results is expressed by the following property directly originating from 
the Lie-isotopic theory. 

THEOREM 12.3 (Santilli (loc. cit.l): All global and local, conventional and isotopic 
Poincare symmetries of isogravitation (12.29) admit as generators the same, 
conventional, total conserved quantities 

Pf'/k^A (12.31a) 

.It 1 " = JWM v0 - x^Ml^x. (12.31b) 

Note that in conventional presentations of Einstein's gravitation, the above 
total conservation laws are deduced via rather complex methods, while in Santilli's 
approach the same conservation laws are directly derived from the global Poincare 
symmetry. 

Moreover, the conventional total conservation laws (5.14) occur under a 
generalized interior dynamics as expressed in the following property (see Santilli 
(1988d) for details). 

COROLLARY 12.3.1 Hoc. cit): Isogravitation (12.29) characterizes the gravitational 
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extension of closed-Isolated systems with selfadpint and nonselfadpint internal 
forces without subsidiary constraints, for which the total, conventional, 
conservation laws are ensured by Santilli's global isopoincare symmetry. 

Next, we review the isotopic form of the principle of equivalence. For this 
purpose, recall the isonormal coordinates of Sect. II, under which we have the 
reduction of the isometric g(x, x, x,...) to the tangent isometric f|(x, x,...) of the flat 
isominkowski spaces M'(x,f|$).. 

The following formulation is then rather natural. 

PRINCIPLE OF 1SOEQUIVALENCE: Gravitational effects in the absence of the 
source tensor on Santilli's isoriemannian spaces R(x,g,&) can be locally made 
to disappear by transforming the isometric g into that fj of the tangent isopoincare 
space, or in the neighborhood of an isonormal point y° at which 

r 2 p ^ a (y°) = 0. (12.32) 

The first formulation of the above principle was reached by Gasperini (1984a, 
b, c), but expressed in a conventional Riemannian space, with consequential lack of 
nonlocal internal interactions. The full formulation of the principle (and its name) 
is due to Santilli (1988d), (1991b, d). 

The primary novelty of the isoequivalence over the conventional 
equivalence in vacuum is that, in the latter case the test particle can be made 
locally free, while in the former case the test particle remains under the action of 
the contact nonpotential interactions in the neighborhood of the point considered. 

This leads to "Santilli's (1988c), (mid) No No-Interaction Theorem", which 
essentially establishes that, while a classical relativistic system of particles moving 
in vacuum which is invariant under the Poincare symmetry cannot admit 
interactions (conventional "No-Interaction Theorem"), the corresponding 
relativistic systems in interior conditions which is invariant under the isopoincare 
symmetry cannot be reduced to a free form. 

The isogeodesic character of Santilli's interior trajectories has been discussed 
in Fig. 2. 

In conclusion, it appears that Santilli's isogravitation (12.29) is capable of: 

1) Admitting a novel, global, isopoincare symmetry P„(3.l) for the 
characterization of the conventional Einstein's gravitation, via the embedding of the 
curvature in the isounit of the theory; 

2) Directly representing the conventional total conservation laws (I2.29c) via 
the generators of the global Poincare-isotopic symmetry; 

3) Not being detectable from the outside, because of the conventional 
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character of the total conservation laws, as inherent in all closed nonselfadjoint 
systems; 

4) Recovering Einstein's gravitation identically in the exterior problem; 

5) Verifying all exterior experiments verified by Einstein's gravitation; 

6) Preserving the geometries underlying Einstein's gravitation in the 
transition to the interior problem, including the affine geometry and the 
Riemannian geometry, although realized in their most general possible form; 

7) Representing the most general possible linear or nonlinear, local or 
nonlocal, Lagrangian or nonlagrangian, Newtonian or non-Newtonian interior 
trajectories; 

8) Preserving the geodesic character, in the transition from the exterior to 
the interior problem. 

9) Predicting a new series of local and global interior phenomena which can 
be subjected to direct experimental verification, such as the apparent isotopic 
deviations from the Einsteinian Doppler's redshift for light propagating within 
inhomogeneous and anisotropic transparent media (see Sect. 13), and other interior 

Unfortunately, Einstein's exterior gravitation is afflicted by rather serious 
problematic aspects of numerous and diversified nature, including: 

A) Problems of geometric consistency caused by the incompleteness of 
Einstein's tensor (Lemma (11.2), the lack of invariance of the contracted Bianchi 

, identity under isotopies, and others; 

B) An apparent incompatibility of the sourceless character of Einstein's field 
equations in vacuum, 

G^O, (12.33) 

with Maxwell's electro-dynamics and the electromagnetic origin of matter, the 
latter implying the necessary existence of a first-order source l* 11 "^ of 
electromagnetic nature in the exterior of gravitational masses with null total 
charge and electromagnetic phenomenology with modified exterior field equations 
in vacuum (Santilli (1974) 

G^„ = STrT**"^ (12.34) 

C) Numerous theoretical and experimental problems caused by the lack of 
stress-energy tensor t stress [iv pointed out by Yilmaz (1958), (1971), (1977), (1979), (1980), 
(1982), (1989), (1990a, b)) with modified field equations in vacuum 
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(12.35) 



[ combined form 



V = 8lT(Teh V + 




(12.36) 



as well as other problematic aspects which have remained unresolved because of 
lack of consideration by independent experts in the field. 

Regrettably, we cannot review the above aspects to avoid a prohibitive 
length of this manuscript. At any rate, it is an easy prediction that these aspects 
will remain fundamentally unresolved until confronted by other experts in 
gravitation and proved to be either correct or erroneous. 

This unfortunate condition of the sector essentially leaves the exterior 
gravitational problem in a state of "suspended animation", without any possibility to 
reach a true scientific conclusion at this time either in favor of Einstein's exterior 
equations (12.33) or in favor of its generalization (12.36). 

The point to be stressed here is that the problematic aspects of Einstein's 
exterior gravitation do not affect Santilli's interior isogravitation (12.29), first of all, 
because it is a theory for the interior gravitational problem and, as such, 
necessarily admitting of a number of sources and secondly, because of the degrees 
of freedom offered by its isotopic structure. 

Santilli (1974), (I988d), (1991d) complete his gravitational studies with the 
identification of the most general possible isogravitational theory, with an 
axiomatically correct structure invariant under isotopies (that based on the 
"completed Einstein-Santilli tensor" of Sect. II). 

In particular, Santilli called the emerging model a "theory on the origin of 
the gravitational field" because it eliminates the now vexing problem of 
"unification" of the gravitational and electromagnetic field, by replacing it with 
their "identification" , except for corrections due to the short range, weak and 
strong interactions. 

In particular, the study offer the possibility of identifying a conceivable 
physical origin of Yilmaz's stress-energy tensor T stress ^ v as being an exterior 
manifestation of the short range, weak and strong interactions in the structure of 

These rather basic additional results by Santilli can be readily seen by 
considering the case of the tt° particle. Recall that any field is an origin of the 
gravitational field, then, the gravitational mass of the tt" is well established by 
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quantum electrcxlynamics to be of primary electromagnetic structure. 

Specifically Santilli (1974) proved that, even though the total charge and 
electromagnetic phenomenology of the tt° is null, the particle possesses in its 
exterior a first-order source T eXm ^ v originating from the electromagnetic fields of 
its charged constituents, which is of such high value, to be of the order of 
magnitude of the conventional Einsteinian mass source 

M Einstein^ „ T elm^ (l2 37) 

But the short range (s.r.), weak and strong interactions in the interior of the 
ir° also are a (quantitatively smaller) source of its gravitational field. This yields 
Santilli's hypothesis on the origin of the gravitational field 

M Einstein^ = ^lm^ + ^ (l238) 

where the "hat" indicates that the quantities are of the interior problem. 

In the transition from the interior to the exterior problem Santilli then gets 
from hypothesis (12.38) 

(T elm „„ + V*,.,), = T elm ln , + t stress . w . (12.39) 
uv uv | r>s = uv \iv 

In fact, the electromagnetic tensor is traceless and, as such, it cannot be confused 
with Yilmaz's stress-energy tensor. On the contrary, the short range interactions 
characterize a tensor possessing all the geometric characteristics of a stress-energy 
tensor, including its lack of traceless character. 

By keeping in mind all the various properties and definitions of Sect. 1 1 here 
not repeated for brevity, the above results can be expressed by the following 

THEOREM 12.4 (ORIGIN OF THE GRAVITATIONAL FIELD; Santilli (1974), (1988d), 
(19316): The most general possible formulation of isogravitation on isoriemannlan 
spaces Rbc,g,fl) can be expressed via the following variational principle 

8A = fi/d 4 x[ft -8Tr(T elm +\ sr )} 
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SANTILU'S GEOMETRIC UNIFICATION OF 
EXTERIOR AND INTERIOR RELATIVITIES 



EXTERIOR DYNAMICAL PROBLEM 




FIGURE 3: A schematic view of Santilli's (1988d), (1991b, d) final geometric 
unification of Galilei's, Einstein's special and Einstein's general relativities for the 
exterior problem, as well as their isotopic generalizations for the interior problem, 
into one, ultimate, abstract symmetry, the isopoincare symmetry P[3. 1 ], which is 
realized in isogravitation (12.29) or (12.40) in the following variety of ways of 
increasing complexity and methodological needs: 

A) As the linear and local, conventional symmetry P^O.l) of the tangent, 
exterior gravitational problem in normal coordinates; 

B) As the global, nonlinear but local isotopic symmetry P g (3.1) of conventional 
Einstein's exterior gravitation; 



-175- 



Santilli's Isotopies 




J. V. KadeisviU 



-176- 



Sanlilli's Isotopies 



whose exterior limit in vacuum for the case of an astrophysical body with 
null total electromagnetic phenomenology is given by Eq.s (12.36). 

Isogravitation (12.40) evidently preserves all the properties of the simpler 
form (12.29), including properties 1-9 indicated earlier, with particular reference to 
the preservation of the global and local, interior and exterior, exact isopoincare 
symmetry (Fig. 3). 

The most important mathematical advancement of the former over the 
latter is the achievement of a geometrically and axiomatically consistent theory. In 
fact, isogravitation (12.29) was formulated under the specific assumption of 
ignoring the incomplete geometric character of Einstein's tensor, and other 
problematic aspects. 



NOTE ADDED IN 1997 

Recently Santilli (Foundations of Physics, 27, 261, 1997) proved a theorem according 
to which all geometries with non-null curvatures do not possess units of space and 
time which are invariant under the symmetries of their line elements. As a result, 
curvature does not appear to allow physically un-ambiguous measurements 
because, e.g., one cannot conduct a meaningful measure of length with a stationary 
meter varying in time. 

In the same memoir Santilli also proposed a geometry preserving all possible 
Riemannian and isoriemannian metrics, yet possessing invariant units. It is given by 
re-expressing the isoriemannian geometry with isometric g = Tg, not with respect 
to the isounitl tot = T" 1 , but rather with respect to the isounit l tot = T tot _1 where 
T tot is the 4x4 matrix in the factorization of of g into the Minkowskian metric T|, g 
= Tg = T tot T|, in which case the isogeometry is isof lat, i.e., flat in isospace. He then 
proved that, while 1 = T -1 is not invariant as in ordinary geometries, the total 
isounit l tot = Ttot" 1 is indeed invariant, as established by the Poincare-Santilli 
isosymmetry studied later on. 

As a result of the latter advances, Santilli reformulated the entire 
isoriemannian geometry into its isominkowskian form in which the generalized 
metrics are the same, but the unit is 1 tot . In this latter formulation, the entire 
formalism of this section remains unchanged and only the isounit is changed from 
l=T-lto1 tot = T to fl. 
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1.13: ISOSPECIAL RELATIVITY 

We now pass to a review of Santilli's isospecial relativities for classical relativistic 
interior dynamical problems which, according to our approach (see Fig. 1 of Sect. 
10), will be here presented as a particularization of Santilli's isogeneral relativities 
on flat isominkowski spaces, because of the prior need of Santilli's isogeometries 
for their true understanding. 

The isospecial relativities were first proposed in Santilli (1983a) under the 
name of Lorentz-isotopic relativities , and followed the construction in the same 
paper of the infinite family of Lorentz-isotopic symmetries 0(3.1) on Minkowski- 
isotopic spaces, now known as Santilli's isolorentzian symmetries . The isospecial 
relativities were then subjected to a second detailed analysis in Santilli (1988d), and 
received their final comprehensive presentation in Santilli (1991c, d). 

It should be stressed that the brief review of this section is grossly 
insufficient to acquire a technical knowledge of these new relativities, as the reader 
will soon see, and the study of monographs Santilli (1991c, d) is recommended. 

Remarkably, Santilli conducted alone the construction of the isotopic 
^ generalizations of Einstein's special relativity. In fact, despite the appearance of the 
.nontrivial content of the paper (Santilli (1983a)), this author is aware of no additional 
' contribution in the topic by other authors. A few independent contributions did 
'. appear in the literature, but on the applications of the new relativities, such as the 
"' paper by Aringazin (1989) on the "direct universality" (see Sect. 1) of the isospecial 
relativities; a paper by Mignani (1992) on the application to quasars of the prediction 
of the new relativities of the redshift of light propagating within inhomogeneous 
and anisotropic transparent media; and a few others. 

A first independent review of Santilli's isospecial relativities and their 
applications has recently appeared authored by Aringazin et al. (1991). This review 
has been particularly useful for the preparation of this manuscript, and it is 
recommended as a useful complement of both, this book and Santilli's volumes 
(1991c, d). 

In fact, the primary emphasis of this volume is in Santilli's novel 
mathematical structures, while the emphasis of Aringazin et al. (1991) is primarily on 
their physical applications. Also, this volume, as well as both volumes Santilli (1991c, 
d) are strictly classical in their content, while the review by Aringazin et al. (1991) 
presents a number of applications of Santilli's relativities in particle physics. 

In this section we shall restrict our review to the classical realization of the 
isolorentzian symmetries, and defer their operator-matrix counterpart (Santilli 
(1983a), (1989c)) to some possible future volume. 
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Moreover, we are primarily interested in the most general possible nonlinear, 
nonlocal and nonhamiltonian realizations of the isolorentz symmetries on 
isocurved spaces, and then in their specialization to the flat isospaces. 

Stated more explicitly, this section has been written along Santilli's 
conception as a necessary complement of the gravitational analysis of the 
preceding section. In fact, it provides, first, the global symmetries of exterior and 
interior gravitational theories and, secondly, the relativities that are applicable in 
the tangent planes of the interior gravitation. 

In fact, we shall first review Santilli's construction of the isolorentz 
symmetries in their form directly applicable to gravitational theories, and then 
specialize them to the isotopies of the special relativity. The same approach will be 
followed for the subsequent review of Santilli's isopoincare symmetries Pi3.\). 

To begin, let us recall that Santilli (1991d) classified isominkowski spaces into 
the following classes: 

CLASS I: M [ (x,f|$), f| = Tn, T) = diag. (l. 1. l.-l), when the isospace is flat and 

T>0. 

CLASS II: M"(x,fj,ft), f| = Tn, which are also flat isospaces, but the positive- 
definiteness of the isotopic element T is relaxed. 

CLASS III: M I[I (x,fVM, f| = Tn, which are curved isospaces and, as such, they 
coincide with the isoriemannian spaces of the preceding section. 

DEFINITION 13.1 (Santilli (loc. cit.»: The abstract, "Santilli's isolorentz symmetries" , 
a/so called "Lorentz-Santilli symmetries", are defined on Minkowski-isotopic 
spaces of Class III 

M ,,I 2 (x,f|,*) = M(x,g,sM: x = (xW = (r,x4), ree^r.G,*), x 4 = c Q t 



X* = x^x" = xlg, ,x' + x2g 22X 2 + x 3g 33X 3 + (lilt) 

g = T 2 n = Diag. (g ir g 22 , g 33 , g 44 ), (I3.1c) 

ri = diag. (I, 1, 1, -1), T 2 = diag. (g, [, g 22 , g 33 , -g 44 ), (I3.1d) 

1^= g uu (x, x, u, t, n,...) *0 and real-valued, (13.1e) 

£ = SRl 2 , 1 2 = T 2 "l, (5.1.f) 

x' = A*x = A T 2 (x,x,..J x, T 2 = fixed, (13.2) 
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under the conditions that they form a simple six-dimensional Lie-Santilli group 
0(3.1) with isotopic laws 

i(wM(w1 = A(w>A(w) = A(w+w'), W6»; (13.3a) 

A(0) = A(w)*A(-w) = 1 2 = T~K Ti3.3b) 

and leave invariant isoseparation (13.1b). 

The above transformations are called "abstract" because the space in which 
they act is not physically defined. In fact, the individual elements g^ can be either 
positive or negative, thus characterizing either compact or noncompact groups. 
Santilli conceived the above definition to study the global symmetries of gravity, as 
well as to be effective for the classification of all possible isotopes 0(3.1). 

The (necessary and sufficient) conditions for isotransformations (13.2) to 
leave invariant isoseparation (13. Ib) are given by 

M g A = A g At = g-I , (13.4) 

or, equivalently, 

2 A 1 T 2 Tl A = A T 2 n A 1 = 1 2 n, (13.5) 

To obtain the conditions in a more explicit form, suppose that the original 
Lorentz transformations x" = Ax are realized with the familiar expressions xP- = A^ a 
x a , e.g., as in Schweber (1962). Then, the isotopic element and isounit can be written 

T 2 = <T 2 a p ) = (T23 a ), (13*) 




(I3.6b) 



Lifting (13.2) can be written 

^ = A H J* £ (13 7) 

and conditions (13.4) can be written exDlicitlv 
Without proof we quote the following 
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= x- Hg^x' " = / s^v x" = x2, (13.9) 

>re explicitly, 

x' ^ g^xlx-.p',..), p(x-, p',.J] x' v - x a g ap (x,p,.J xP. (13.10) 
isingular, Hermitean, sufficiently smooth and dial 
g = T 2 Ti, ti eM(x,ri,S), 



the isounits I2 are tne inverse of the isotopic 
•ments T2 ■ All the infinitely possible isosymmetries 0(3.1) admit the connected 
nisimple subgroups 

SO(3.l): det.(£g) = +1, (13.12) 
is well as the discrete invariant subgroups 

$(3.1): Det.(Ag) = -l, (13.13) 



product 

[ATB] = — $w — - — 



le (ordered set of) generators of 0(3. 1) 
J - cy = 0^) = (J x , L x ), 
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V = V fV" x v IV' J i = e iji J ]T h = J x* 

k=l,2 6, u,v = 1,2,3,4, X= 1.2,3, 

3) the isocommutation rules of the Lie-isotopic algebra 0(3.1) of 0(3.1) 
brackets (13.14) 

V r V - Ka V V J pv " 8 J a, + «^ 
4) w/'f/i /oca/ Isocasimir invariants 



5) the Ue-Ssntilli group for the connected component 

S0G.1): a'=A(u)«x = 

^ne | V^ il( V^ 9 l ) l1 2 !fa = ,,u)x, (,,18) 
K If 8 
6j f/ie invariant discrete subgroup $(3. 1) characterized by the isoinversions 

$(3.1): P*x = Px = (-r,x 4 ), (I3.19a) 

t*x - Tx =(r,-x 4), (PT)x = (-r, -x-»), (13.19b) 

vrfrere P and T are f/ie ordinary inversions, and 

7) isosymmetries 0(3.1) admit as maximal compact forms the orthogonal group in 
four dimension 0(4) as well as all its infinitely possible isotopies. 

It is evident that the proof of this theorem requires a detailed knowledge of 
the relativistic formulation of all background mathematical tools, such as: fields, 
isospaces, isotransformation theory, Lie-Santilli theory, Birkhoff-Santilli 
mechanics, isosymmetries and the isosymplectic geometry 21 which we cannot 
possibly review here. 

The following comments are now in order: 

1) While the Minkowski space M(x,r|,5t) with trivial unit I is unique, there 
exist infinitely many possible isospaces M In (x,g,ft) with isounits 1 2 = T,, because 
21 Particularly important is the knowledge of Santilli's relativistic isosymplectic geometry , 
isotopic. SeeSantilli (1991d). 7 g y 
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they represent the infinitely many possible, interior, inhomogeneous and 
anisotropic physical media; 

2) While the Lorentz symmetry 0(3.1) is unique, there exist infinitely many 
possible isolorentzian symmetries 0(3,1) characterized by the infinitely many 
possible isounitsl 2 , which all possess the same dimension and simplicity of 0(3.1); 

value of a Lagrangian, the invariance under Santilli's isolorentz symmetries cannot 
identify the isometrics, which must be computed from the given local physical 
conditions of the interior medium at hand; 

4) While the Lorentz transformations are unique, there exist an infinite 
number of different isolorentzian transformations (see below for examples), 
characterized by the Lie-Santilli group (13.18); 

5) Each of the infinitely possible isoloretzian transformations can be 
computed in an explicit finite form via expansion (13.18), whose convergence is 
assured by the assumed topological conditions (and essentially reduces to that of 
the conventional expansions), with the understanding that the explicit computation 
of the infinite series is not expected to be necessarily simple 22 ; 

6) Each of the infinitely many isolorentzian transformations can be 
computed via the sole knowledge of the old parameters and generators and of the 
new metric (or, equivalently, of the new unit); 

7) The isolorentzian transformations are formally isolinear and isolocal on 
M m (x,g,!ft), but generally nonlinear and nonlocal in M(x,n,3t); 

8) The lifting of the conventional symmetry 0(3.1) into the isotopes 0(3.1) 
implies the generalization of the structure constants of the conventional 
formulation of Lie's theory into Santilli's structure functions (Sect. 6), 

9) Except for the the needed topological restrictions, the isolorentzian 
symmetries 0(3.1) leave completely unaffected the functional dependence, of the 

10) The classical realization of the isolorentzian symmetries can indeed 
admit nonlocal (integral) forms, provided that they are all embedded in the isounit 
12, as permitted by the underlying isosymplectic geometry; 

12) The isometrics g of isosymmetries 0(3.1) can be, as particular cases, 
conventional Riemannian metrics. Therefore, Theorem 13.1 provides methods for 
the explicit construction of the (generally nonlinear but local) symmetries of 
conventional gravitational metrics such as the Schwarzschild's metric. Thus 
Theorem 13.1 is indeed formulated in such a way to be directly applicable to 
gravitation, as studied in the preceding section. 

Santilli (toe. cit. ) then studies the conditions for the local isomorphism 
22 See the example of convergence to transcendental functions in the original proposal 
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0(3.1) - 0(3.1). Note that, even though isocommutation rules (13.18) appear to 
coincide with the conventional commutation rules of 0(3.1) (see, e.g., Eq. (30), p. 41 
of Schweber (1962)), they are generally different, e.g., because the topology of the 
isometric g u „ is different than that of the Minkowski metric r\. 

THEOREM 13.2 (Santilli Hoc. citJh All abstract isolorentzian symmetries 0(3.1) on 
isospaces M m (x,gM) with invariant separation (13.1b) are locally isomorphic to the 
conventional Lorentz symmetry 0(3.1) under the sole condition that the isometrics 
g = T 2 T) possess the same topological properties of the Minkowski metric t], e.g., 
whenever the isotopic elements T 2 or the isounits 1 2 = T 2 _1 are positive- 
definite; otherwise, depending on the topology of the isounits, the Lorentz-isotopic 
symmetries 0(3.1) are locally Isomorphic to any other simple six-dimensional 
group of Cartan's classification, such as 0(4) or 0(2.2). 

Note that the positive definiteness of the isotopic element T2 holds in a 
number of conventional gravitational models. 

COROLLARY 13.2.1: Einstein's gravitation or any other gravitational theory (not 
necessarily Riemannian) with metric g = Tn, T > 0, admits the conventional 
Lorentz symmetry as a global isotopic symmetry. 

Santilli then studies the explicit form of the abstract isolorentz 
' transformations. The general form of the transformations for the case of the 0(3) 
subgroups was computed in Santilli (1985b) (1988a), and it will be reviewed in Sect. 
'l5. 

We shall therefore restrict our attention only to Santilli's abstract isolorentz 
boosts in the (x^, x 4 )-plane with parameter w and generator J34. Their most 
general possible form computed from the Lie-Santilli group (13.18) for isometrics 
(13.1c) is given by 

r = A(w)»x = §-(w)x = (13.20) 
10 

10 

COSfwggg'g^ -d^/gg/sMwgjjig^i) 
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Note that the elements of the isometric are completely unrestricted in their 
functional dependence in the above derivation. Note also that Santilli's abstract 
isolorentz transformations admit as a particular case the conventional rotations in 
four dimensions, trivially, for = + 1 ( or = -1), u. = 1, 2, 3, 4. 

Note also that, according to the above results, the conventional rotations in 
four-dimensions can also be interpreted as isolorentzian transformations in an 
isospace of Class III with isometric g = diag (1, 1, 1, 1). 

This completes our brief review of the abstract Lorentz-isotopic 
transformations as needed for the global symmetries of exterior and interior 
gravitational theories. 

We now pass to the review of the particular subclass of isolorentz 
transformations that are physically relevant, those for the isotopies of the special 
relativity. 

DEFINITION 13.2 (loc. cit.h Santilli's abstract 0(3.1) \sosymmetries (or 
isotransformations) are called "general isolorentzian symmetries" when they are 
defined in the most general possible isospaces of Class I of the diagonal form 

^ 2 (x,f|,ffl = (a'(x,g,W: x 2 = x%„x" 

= x'fi^x 1 + xVx 2 + x 3 D 3 2 x3 - x 4 6 4 V, (l3 - 21a) 

g = T 2 'T), n = diag. (I, 1, 1,-1), (13.21b) 

T 2 = diag. (6, 2 , 6 2 2 , b 3 2 , 6 4 2 ) > 0, (13.21c) 

6,, = yx,x,p.,T,n,.J > 0, (13.2Id) 

1 2 = Tf 1 > 0; (13.21e) 

and they are called "restricted" when defined on the MinkowskHsotopic spaces of 
Class I with constant diagonal isometric 

Kl ! 2 (x,f|,Sft) - lO I (x,fi,sW: x 2 = xR^x", (13.22a) 

fl = T 2 T| = diag. (bj 2 , b 2 2 , b 3 2 , -b 4 2 ), (13.22b) 



T 2 = diag. (b! 2 , b 2 2 , b 3 3 , b 4 2 ) > 0, 



(13.22c) 
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= constants > 0, (I3.22d) 

Similar definitions hold for the general and restricted isolorentz transformations 
on Minkowski-isotopic spaces of Class II. 

The reader should therefore keep in mind the notation and terminology 
adopted by Santilli: whenever using generic elements g^ we are referring to the 
"abstract" Lorentz-isotopic transformations; whenever using the elements 6^ we 
are referring to the "general" isolorentz transformations; and, finally, whenever 
using the elements b 2 we are referring to the "restricted" isolorentz 
transformations. K The 
most important distinction between the general and restricted isotransformations is 
that the former are nonlinear and nonlocal, while the latter are always linear and 
local. In fact, the isotransformations x" = A*x = AT x become manifestly linear and 
local for T - constant. 

Since we now deal with a physically identified space, we can assume for 
parameter w its conventional physical meaning given by a speed v along the third 
axis, w = v. By recomputing again infinite series (13.18) for isometric (I3.22b), the 
general isolorentz transformations on ^'(x,g,ft) can be written (Santilli (1983a)) 

X- = A(v)«x = §-(v)x = (13.23) 

10 o 

1 o 

cosn^fi^ -(64/63) sinh (v 6 3 6„) 

-(6^64) sinh (v 63 64) cosh (v 6364) 

But the functional dependence of the 6-quantities is unrestricted in the 
above derivation. We have therefore the following 

LEMMA 13.1 (loc. cit.!: The general isolorentzian trans-formations in isospaces M 
Hx,g$.) are given, in their broadest possible form along the third axis, by 

* l = x 1 , (13.24a) 




(13.24b) 
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6 4 

jC 3 = x 3 cosh (v 6 3 6 4 ) - x 4 sinh (v 63 b 4 ), (13.24c) 

63 ^ 

x' 4 = - x 4 sinh (v 63 6 4 ) + x 4 cosh (v 63 6 4 ). (I3.24d) 

64 

The proof that the isotransformations (13.24) are indeed a particular case of 
broader isotransformations (13.21), is an instructive exercise for the interested 
reader, because it implies delicate topological aspects in the transition from 
compact to noncompact settings. 

The local isomorphism between isotransformations (13.24) and the 
conventional Lorentz transformations is evident, owing to the positive-definiteness 
of the b-quantities. In fact, we have the following property. 

THEOREM 13.3 (loc. cit} All infinitely possible, general, isolorentzian symmetries 
0(3.1) on isominkowski spaces of Class I, Eq.s (13.2), are locally isomorphic to the 
conventional Lorentz symmetry 0(3. 1). 

We now pass to the review of Santilli's restricted isolorentzian 
transformations (Definition 13.2). It is easy to see that when the b-quantities of 
isotransformations (13.24) are constants, we have the following 



COROLLARY 13.3.1 (loc. cit.) : All infinitely possible restricted isolorentzian 
transformations in the (3-4)-plane of Minkowski-isotopic spaces of Class I with 
constant diagonal isometrics can be written in the form 23 



(13.25c) 
(13.25d) 
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vb 3 

cosh (v b 3 b 4 ) = y = ( 1 - £ 2 ) , (13.26b) 
sinh(vb 3 b 4 ) = $y. (13.26c) 
The 

following property should be recalled here. 

COROLLARY 13.2.2 (loc. cit.h The genera] (or restricted) isolorentzian symmetries 
0(3.1) on isospaces M '(x.gM can reconstruct as exact at the isotopic level all 
conventional breaking of the Lorentz symmetry, under the sole condition that the 
underlying generalized metrics g = T 2 r l preserve the topology of the conventional 
Minkowski metric n, i.e., T 2 > 0. 

An example of the restricted isolorentz metric is provided by the 
^deformation of the Minkowski metric worked out by H. B. Nielsen and I. Picek (1983) 
> in the interior of pions and kaons, which resulted in the following deformation 
("mutation" in Santilli's terminology) of the interior Minkowski metric 

T 2 = diag. [(1 - a/3), (l - a/3), (l - a/3), (l + a)] (13.27) 

where the a-quantity was called by the Nielsen and Picek the "Lorentz- 
asymmetry parameter" . As one can see, the Lorentz symmetry is exact for metric 
(13.27), provided that it is not realized in terms of the simplest conceivable Lie 
product, but in terms of Santilli's lesser trivial isotopic product (13.14). Similar 
results hold for all possible physically achievable mutations of the Minkowski 
metric, those of Class 1. Theorem 13.3 can therefore be called a technique for 
reconstructing the exact Lorentz symmetry when believed to be conventionally 

It should be indicated that, while the Lorentz symmetry remains exact for 
all interior generalizations of the Minkowski metric of Class I, this is evidently not 
the case for isospaces of Class II and III. 

It is an instructive exercise for the reader interested in learning Santilli's 
relativities to compute other isolorentzian transformations for given explicit 
functional dependence of the characteristic b-functions (see Sect. 15 for the 
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isorotational subgroup). 

It is also instructive to show that the abstract, general and special 
isotransformations do indeed leave invariant isoseparation (13.1b), (13.21a) and 
(5.22a), respectively. It is finally suggested to the interested reader to verify that all 
general isolorentz transformations in the (3,4) plane can be cast in form (6.25). We 
can equivalently say that the geometrization of the interior dynamical problem 
characterized by 0(3.1) on isospaces ti'kgrf) can be unified in form (13.25). 

The following important property is a consequence of the "direct 
universality" of Birkhoff ian mechanics (Sect. 6), as well as of the arbitrariness of 
the 6-f unctions. 

COROLLARY 13.2.3 (loc. cit): The general Lorentz-isotopic symmetries, and related 
isotransformations, are "directly universal", in the sense that they admit as 
particular cases all possible generalizations of the Lorentz symmetry and related 
transformations characterized by topology-preserving, linear or nonlinear, and 
local or nonlocal deformations of the Minkowski metric ("universality"), directly in 
the frame of the observer ("direct universality"). 

Santilli (1991d) then shows that all available preceding attempt at generalizing 
Einstein's special relativity are particular cases of his isospecial relativities. 

The most notable example is the apparently first, true generalization of the 
special relativity achieved by Bogoslovwski (1977), (1984), which is called by Santilli 
(loc. cit.) Bogosklovwski's special relativity, and the same terminology is adopted in 

In essence, Bogoslowski generalized the special relativity for homogeneous 
but anisotropic conditions, although refereed to space iself. Also, his generalization 
is based on conventional Lie techniques. 

Santilli's covering isospecial relativities bring Bogoslowski's special relativity 
into a new light, and point out some of its possibilities that were grossly ignored by 
the physics community 24 . In fact, they show that the anisotropy of the latter can 
indeed be referred to interior physical media with very intriguing applications, such 
as the possible confinement of quarks (see, e.g., Preparata (1981)). Moreover, the Lie- 
Santilli's theory permits a vast simplification of the rather complex derivation by 
Bogoslovski of his anisotropic generalization of the Lorentz transformations. 

The fact that Bogoslowski's homogeneous but anisotropic formulations are a 
particular case of Santilli's inhomogeneous and anisotropic theories, is evident. 

We finally recall that the Lorentz-isotopic symmetries of this section are a 



24 Despite the manifest value of Bogoslowski's studies, this author is aware of no 
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particular case of Santilli's (1981a) broader Lorentz-admissible symmetries . The 
former symmetries are recommendable for the relativistic characterization of 
closed-isolated composite systems such as Jupiter (Fig. 1 of Sect. 10) with nonlinear, 
nonlocal and nonhamiltonian interior forces. The latter symmetries are more 
effective for the description of a relativistic, extended test particle moving within a 
physical medium, resulting in nonconservative conditions due to the most general 
known external forces (Appendix E). 

We now review the classical realization of Santilli's (1988c), (1991(1) 
inhomogeneous Lorentz-isotopic symmetries, also called Poincare'-isotopic 
symmetries , or isopoincare symmetries P(3.1). 

Consider a set of N particles denotes with the symbol a = 1, 2, N, in 

isominkowski spaces M m (x,rj#) = M m (x,g$) with local separation 




(13.28) 



DEFINITION 13.3 (loc. cit): Santilli's "abstract isopoincare symmetries" P(3.I) are 
the largest possible, ten-dimensional isotopic group of isometries of isoseparation 
(13.28) which are isolinear and isolocal on Isominkowski spaces M III (x,g,S), but 
nonlinear and nonlocal when projected on the conventional Minkowski space 
: .M(x,r|,5t). The "general isopoincare symmetries" are the most general possible, 
. isolinear and isolocal isosymmetries of isoseparation (13.28) on isominkowski 
"spaces M Hx,gM Finally, the "restricted isopoiincare symmetries" are the most 
. r .general possible, linear and local isometries of isoseparation (13.28) on 
isominkowski spaces M '(x,f|,ffl, with isometric f| independent from the local 

As is well known (see, e.g., Schweber (1962)), the conventional Poincare group 
possesses the structure of the semidirect product 

P(3.l) = 0(3.1) »T(3.1), (13.29) 

where T(3.l) is the (Abelian) invariant subgroup of translations in Minkowski space. 

The conventional Poincare transformations are given by the well known 
linear and local transformations on M(x,T|,5t) 



= Ax+x°, A €0(3.1), x° = (x°W eS, 



(13.30) 
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A classical realization of the Poincare' simmetry for the case of N particles 
with non-null masses is given by the ten (ordered) parameters 

w = (w) = (e,u,x°), k= I, 2, 10, (13.31) 

and generators in TM(x,r|,iH) 

X = (X k ) = (J^, P^), k - 1, 2, 10, (13.32a) 

V = x ap P av " \v p ap' *V = ^a P ap' (ia32b) 
with Lie algebra P(3.l) characterized by the commutation rules in terms of 

^ [ v • V - v v - v v - V V + V V (ia33a) 

[ Va 1 = V P v' W (13 ' 33b) 
[P^.P^l 0, p., V, a =1,2,3,4, (13.33c) 

with Casimir invariants 

c (o) = , _ c (l) = p 2 = p p p = pp. ^ p i- ( ia34a ) 

C<2' = W ^ = n av W". W u = J ap P°, (13.34b) 

Lie group structure 

P(3.l): a-in^^^^^la, (13.35) 

and discrete invariant subgoup 

#3.1): Px = (-r,x 4 ), Tx = (r,-x 4 ), PTx = (-r, -x 4 ), (13.36) 

The following isotopic liftings then occur. 

THEOREM 13.4 (loc. cit): The Poincare' symmetry P(3. 1) on the conventional^ 
Minkowski space M(x,r|,3t) admits an infinite number of abstract isopoincare 
generalizations P(3.1) on the infinite number of corresponding isominkowski 
spaces T (x,g,$), with diagonal, nonsingular and Hermitean isometrics g = T 2 n> 
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M&l) admit the decomposition into the 

product 

P(3.l) = 0(3.1)® Ttai), (13.37) 

where the subgroups 6(3.1) are the (simple) isolorentzian subgroups of Theorem 
13.1, 

0(3.1): x' = A*x = AT 2 x, AtgA = AgAt = g _I , 13.38) 

and the groups t(3.1) are the (isoabelian) invariant subgroups of isotranslations 

t a (3.1): x' V- = ttx"^ = x^ + x oti tf 1 " 2 (x, x, p., T, n,...), (I3.39a) 

p'l± = TfxVpH = P(i , (13.39b) 

where the B-f unctions are generally nonlinear and nonlocal in all their arguments 

All isotopes P(3.1) admit the following classical realization for a system of N 
particles in the isocotangent bundle Tf)L nl (xgJ0 with local charts a = (a 1 ) = (x, p) = 
( X aH, p aW, i = 1, 2 N: 

1) The same ordered set of generators (13.31) of the conventional symmetry; 
■ :; 2) The same (ordered set of) generators (13.32) of the conventional symmetry; 
3) the isocommutation rules in terms of the isotopic brackets (13.14) 



• :P al = VV ' S va P * (13 - 4 ° b> 
P„] = 0, p., v = 1, 2, 3, 4 (13.40c) 



be. However, tl 
nt including the isounit (see, e.j 
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C' ' = 1 2 = T 2 _1 , (13.41a) 

C d) = P 2 = (F 4ig^p v n 2 = (pM-p^)^, (13.41b) 

21 = W 2 - (W 1 * g^ W W1 2 , = Vapp J<* PP. (13.41c) 

-e for t/ie connected part P„(3.I) = SO[3.1) ® T(3.l) 

wv (1 , ir I 2r iO.X. )0.) , , 
a' = (A,T)*a =f[e^ kw 2r A Mn*a = 

= I^.T^k (13.42) 

6) the B-f unctions are explicitly given by 

« -2 . 6 "2 + x <* [fi "2 - p j/a + x ° <V 3 16." 2 TP 1 ; PJ/31 + 

^ (i a H a (3 (13 43) 

7.) tne invariant isodiscrete component is the same as that in 0(3.1), i.e., 
$(3. 1): P*x = (-r,x 4 ), T»x = (r,-x 4 ), (P»T)*x = (-r,-x 4 ). 



Despite the manifest similarities between the conventional Poincare' 
symmetries and all its isotopes, the latter have non-trivial physical implications, as 
illustrated by the loss of the conventional Poincare transformations, with 
consequential need to generalize Einstein's special relativity (see below). 

The following property is by now evident. 



COROLLARY 13.4.1 (loc. cit.h All infinitely possible general a 

isopoincare symmetries W3.1) on isominkowski spaces M (x,g,ft), are locally 
isomorphic to the conventional Poincare symmetry P(3.l). 

It is understood that on isospaces of Class II or III the above isomorphism 
are no longer guaranteed. As an example, the use of the classification of 0(3. 1) (Sect. 
6) shows that some of isotopes K3.I) on isospaces of Class II are locally isomorphic 
to 0(4)*T(4) or 0(2.2)xT(2.2). This illustrates the need that, for all physical 
applications, the isotopic elements T are positive-definite, thus resulting ei" 



:s M IH (x,g(sW or in the flat isospaces m'(x,t|,&) of tl 
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isospecial relativity (see below). 

It is evident that the general and restricted isolorentz and isopoincare 
symmetries constitute isotopic coverings of the corresponding conventional 
symmetries in the sense indicated earlier. 

Note the explicit dependence of the isometric on the local coordinates x. 
Also, the composition law of two isopoincare transformations (A k , T^), k = I, 2, is 
given by 

(A[ , Tj) * (A 2 , T 2 ) = {Aj * A 2 ,Tj + A 2 * T 2 ). (13.45) 
Moreover, one should note for future use the isotopy of the group of 

T(3.1) = e |f X °\v Pl ' =» 1X3.1) = e^ X °\v ?V , (13.46) 

which is at the foundation of Santilli (1983a) notion of electromagnetic wave 
propagating within an inhomogeneous and anisotropic physical medium . 

As it is the case for the conventional and isotopic Lorentz symmetries, the 
isopoincare symmetries are not freely defined in isospaces M'^fx^sft), but rather on 
the hypersurface of the constraints (see Santilli (1991d)). 

Finally, the Poincare-isotopic symmetries of this section are a particular 
case of SantilU's (1981a) Poincare-admissible symmetries, the latter being the most 
general possible symmetries for extended-deformable particles under the most 
general known nonconservative dynamical conditions. 

Santilli (199Id) then illustrates the physical implications of the isotopic 
liftings of the Lorentz and Poincare symmetries by identifying their implications 
for the characterization of particles . In turn, this provides a number of 
experimental grounds, first, for the identification of the physical conditions under 
which the isotopies are applicable and, second, for the verification of the 
quantitative predictions of the novel theory in the arena of its applicability. 

As well known, Einstein's special relativity characterizes particles as 
massive points. But point are perennial geometrical objects. Thus, according to 
contemporary relativistic views, elementary particles preserve their intrinsic 
characteristics for all conceivable physical conditions in the Universe. 

In his limpid writings, Einstein (1905) avoided such a manifestly excessive 
assumption, because he identified quite clearly the arena of applicability of his 
theories. Santilli therefore assumes as exact Einstein's views, but not necessarily 
those of his contemporary followers. In particular, throughout his analysis Santilli 
assumes that elementary particles preserve their intrinsic characteristics under 
Emsiemian conditions, i.e., 
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1) particles can be well approximated as being massive points; 

2) when moving in the homogeneous and isotropic vacuum (empty space); 

3) while experiencing only action-at-a-distance, local-potential (selfadjoint) 

In this volume we are interested in studying particles in Santilli's 
conditions, i.e., 

1) particles (and/or their wavepackets) which cannot be 

approximated as being point-like, but require a representation of their 
actual extended, and therefore deformable shape; 

2) when moving within generally inhomogeneous and anisotropic physical 

3) while experiencing conventional, action-at-a-distance, local-potential 
forces, as well as contact, short range nonlinear, nonlocal and nonhamiltonian 
interactions with the medium itself. 

A quantitative way of expressing the above notion is given by the following 

DEFINITION 13.4 (Santilli (1988c, (mid)): A classical relativistic isoparticle is a 
representation of one of the infinitely possible isopoincare symmetries in 
Minkowski-isotopic spaces Kl'(x,g,ft), 

P(3.l}. x' = (A(6,u) , Kx°)}«x = (AM , T(x°))T2X 

= JTTk e| ? Wk ^ l8 v Xk> tei> ) V * x, ( 13.47a) 

w = (u,x°), X = (J^ , P^), 13.47b) 

^'(x.g.S): g = T 2 n, ft = 9(1, l2 = t 2 ' > °> (l3 - 47c) 

Equivalently, Santilli's classical nonrelativistic isoparticles are the generalization 
of the corresponding classical Einsteinian particles characterized by the isotopic 
lifting of the trivial unit I of the conventional Poincare symmetry, into one of the 
infinitely possible isounits 1 2 > of the isopoincare symmetries P(3. l). 

The primary and most visible consequences of Santilli's generalized notion 
of particle is that an isoparticle is no longer unique, but can exist with an infinite 
number of different intrinsic characteristics 

26 The reader should not strictly refer the consideration at this point to an elementary 
particle in quantum mechanics, because the formulations here are purely classical (although 
all the classical features are magnified under quantization, see Santilli (1989, a, b, c d». 



-195- 



SantilU's Isotopies 



The best way to illustrate the above possibilities, is by considering an actual, 
physical, extended test particle, such as a charged perfect sphere of a given radius 
moving in vacuum under an external electromagnetic field. Under these conditions, 
the test particle can be well approximated as being a massive point, and fully 
treated via the Poincare symmetry, trivially, because the actual shape of the 
particle does not affect its dynamical evolution. 

Suppose now that the above test particle penetrates within a physical 
medium, such as an atmosphere, at relativistic speeds. Then, the particle 
experiences a deformation of its shape, say, into a prolate ellipsoid. Moreover, one 
can see that the deformed shape is not unique, but depending on the local physical 
conditions, such as pressure, density, speed, etc. 

Thus, while the test particle has a unique configuration in vacuum 
(Einstein's conditions), the same test particle has an infinite number of different 
configurations when moving within a physical medium (Santilli's conditions). 

Santilli (1978b) conceived his isotopies of the Lorentz and Poincare 
symmetries precisely to be able to represent the actual shape of the particle 
considered, as well as all its infinitely possible deformations. 

To make the reader aware of the nontriviality of the discoveries herein 
reviewed, let us recall that the total magnetic moments of nuclei are still basically 
unexplained at this writing, despite over fifty years of research. This is likely due to 
the point-like abstraction of protons and neutrons which is inherent in the very 
structure of contemporary theories. 

Santilli (1989a, b, c, d), (I991d) has shown that, once the proton and neutrons 
are represented as they are in physical reality, extended charge distributions of 
about IF (= Kr>3 cm), their deformability under sufficiently intense external fields 
and/or collisions is consequential. In turn, the deformation of the charge 
distriDution of neutrons and protons implies a necessary consequential mutation of 
their intrinsic magnetic moments. 

The applicability of Santilli's concept of isoparticle offers the possibility of 
resolving the problem of the total nuclear magnetic moments via their mere 
reduction to a (very small!) deformations of the charge distribution of the protons 
and neutrons, with consequential (generally small) alteration of their intrinsic 
magnetic moments under nuclear conditions. 21. 

For this and numerous other applications of Santilli's isoparticle, we are 
regrettably forced to refer the interested reader to the locally quoted literature. We 

classical issues. We are referring here to the prediction of Maxwell electrodynamics of the 
alteration of the magnetic moment of an extended, charged and spinning sphere when its 
shape is deformed by external forces. In this way, the problem of total nuclear magnetic 
moments can be first approach on purely classical grounds. Operator formulations should 
only be expected to provide refinements of the classical results. 
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also refer the reader to the excellent review by Aringazin et al. (1991) of Rauch's 
experiments via neutron interferometry providing preliminary experimental 
information supporting the possible alterations of the charge distribution of 
neutrons with the consequential alteration of their magnetic moments. 

The necessary conditions for the existence of Santilli's mutations were 
identified in the original proposal (1978b) and can be now formulated as follows. 

PROPOSITION 13.1 (Santilli (1988c»: A necessary condition for the mutation of the 
intrinsic characteristics of particles is that the local physical conditions at hand 
imply a violation of the conventional Lorentz symmetry of nonlinear, or nonlocal 
or nonhamiltonian type. 

Santilli (1991d) then identifies the necessary and sufficient conditions for a 
mutation. An inspection of the invariants of the isotopies P(3.1) =» P(3.l), 



yields the following: 

PROPOSITION 13.2 Hoc. cit.k A necessary and sufficient condition for the mutation 
of the intrinsic characteristics of elementary particles is that the isometric g is a 
nontrivial isotopy of the Minkowski metric n, g - T 2 n T 2 *I, T 2 > 0. 

Finally, the reader should not assume that, under mutation, we lose 
fundamental space-time symmetries. In fact, Santilli defines isoparticles via the 
exact Poincare symmetry. The only difference is that, while Einstein's special 
relativity implies the simplest conceivable realization of the Lie products, Santilli 
assumes a lesser trivial realization. This leads to the following restriction on the 
mutations evidently imposed by the local isomorphism P(3.1) ~ P(3.1). 

PROPOSITION 13..3 (Santilli (loc. citl All infinitely possible configurations of 
Santilli' isoparticles coincide with the conventional Einsteinian form of the same 
particles at the abstract, realization-free level. 

In different terms, mutations are not arbitrary, but geometrically restricted 
to such a class that conventional and mutated intrinsic characteristics can be 



'uv 




(13.48a) 



(13.48b) 
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Further advances in the topic require the isorepresentations of P(3.I) which 
have not been studied at this writing. 

The study of isoparticles also requires the relativistic generalization of the 
various methods studied in Sections I to 9, which we cannot possibly review here. 

We merely mention the case of a "free isoparticle", which is characterized by 
the isometric of the constant form 

f| = g = diag. (b] 2 , b£ 2 , b3 2 , - b4 2 ), b^ = constants > 0, (13.49) 

and the Hamwonian 

H = pM- f| p v /2X -lc 4 X (13.50) 
(where X is a Lagrange multiplier for the invariance constraint), resulting in the 

x^ = b^aH/ap^- =p (i /m, (no sum) (13.51a) 
p = -b ~ 2 dWd^ = 0, (no sum) 13.51b) 



which are manifestly Pte.lHsoco variant, nevertheless, they coincide with the 
conventional equations for a free particle. 

. One can then see the capability of Santilli's isopoincare symmetries to 
represent at this purely classical level the actual shape of the particle via the b- 
quantities, evidently in space-time, as well as as to represent all its infinitely 
possible mutations, e.g., via a suitable functional dependence on the b-quantities. 

By 

comparison, Einstein's special relativity can achieve an indirect representation of 
the shape of the particle only after the second quantization, the actual shape cannot 
be represented, and all possible deformations are evidently eluded in order not to 
violate the pillar of quantum mechanics, the 0(3) symmetry. 

A virtually endless number of local-potential, as well as nonlocal 
nonpotential generalizations of the above case exist. We only recall the case of a 
charged isoparticle under an external (evidently conventional) electromagnetic field, 
which is representable by the following relativistic Hamitton-SantiUi equations 



-2 aH e 



(13.52a) 
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(13.52b) 




(13.52c) 



(13.52d) 



It is easy to see that the above system is invariant with respect to the 
isopoincare symmetry, but it is manifestly noninvariant under the conventional 
Poincare symmetry. The system can be easily generalized to represent an extended 
and deformable charge under the most general known interactions, those of linear 
and nonlinear, local and nonlocal, and selfadjoint as well as nonselfad joint type. 

We refer the interested reader to Santilli (1991d) for brevity. 

We now briefly outline Santilli's isospecial relativities , which were 
originally submitted in Santilli (1983a) under the name of Lorentz-isotopic 
relativities, and then developed in Santilli (1988c), (1991d). 

Let us begin with the following: 

DEFINITION 113.5 Hoc. cit.}. Santilli's "general isospecial relativities" are given by 
the generalizations of Einstein's special relativity characterized by the general 
isolorentz and isopoincare' symmetries of Theorems 13.1 and 13.4, namely, by their 
most general possible, nonlinear, nonlocal and nonhamiltonian realizations on 



possible, nonlinear and nonlocal realizations of the isounits 1 2 > 0. Santilli's 
"restricted isospecial relativities" are characterized Instead by the most general 
possible linear and local isolorentz and isopoincare transformations on isospaces 
M'(x,g,#) with isometric independent from the local variables and their 
derivatives. 

The reader should be aware from the beginning that, by central conception, 
Santilli's and Einstein's relativities coincide at the abstract level by construction 
(see later on Theorem 13.5). In particular, as we shall see momentarily, the main 
postulates of Santilli's relativities are given by an isotopy of the corresponding 
postulates of the special relativity. 

Thus, all the deviations from conventional settings predicted by Santilli's 
relativities are, in the final analysis, a direct manifestation of the abstract axioms 
of Einstein's special relativity . 



Minkowski-isotopic 



M'(x,g,5M, 



ivalently, by 



most general 
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To put it explicitly, in case any of the prediction of Santilli's isospecial 
relativities is disproved by future experiments, this will likely imply a revision of 
the axiomatic structure of Einstein's special relativity. 

With a clear understanding on these premises, let us now review the five 
basic postulates of Santilli's isospecial relativities on the following isospaces 



rfixm xW g[i) y) 

= x'&^x 1 +x 2 62 2 x 2 + x3 6 3 2 x3 - x 4 & 4 2 x", 

= r k b k 2 rk - t c o 6 4 2 1 = r 2 - 1 c 2 t, (13.53a) 

x = (r, x*) = (r, c o t), r e £ 2 (r,6$) (13.53b) 

g = T 2 n, (13.53c) 

ti = diag. (1,1,1,-1) € M(x,n,M), (I3.53d) 

T 2 = diag. (6! 2 , 6 2 2 , 6 3 2 ,6 4 2 )>0, Sl = Sftl 2 , 1 2 = T 2 _1 , (13.53e) 

6^ = b^x, u, a, p., t, n, ...) > 0, p. = 1, 2, 3, 4, (13.53f) 

6,^2 = 63=6, (13.53g) 

c = c 6 4i (I3.53h) 



where: conditions (13.53g) are assumed for the specific purpose of identifying the 
relativistic effects of the interior dynamical problem, and separate them from the 
effects due to isorotations 0(3) reviewed in Sect. 15; conditions (I3,.53f) are assumed, 
in addition to the conditions b^ 2 > 0, to permit the identification of the b-f unctions 
with physical quantities; the quantities 6p, have the most general possible nonlinear 
and nonlocal dependence in all permitted variables and quantities; the metric g is 
that of the isocotangent bundle T*Nl I (x,f|,ft), i.e., it is such that brackets (13.14) 
characterized by the inverse g _1 verify the classical Lie-Santilli axioms (Sect. 6); 
and Eq. (13.53h) represents the geometrization of the conventional speed of light in 
vacuum c , as characterized by Santilli's isotopies. 

The analysis for the restricted isotopies will be conducted in the isospaces of 
the particular form 



ltiM,S) = Kl I ,(x,f|,<fl), 



(I3.54a) 
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f| = diag. (b! 2 , b 2 2 , b 3 2 , -b 4 2 ) = local constant > 0, 13.54b) 
b = 6 = constants > 0, bj = b 2 = b 3 = b, c = (^54. (13.54c) 

Let us begin by studying the invariant speed under isotopies. For this 
purpose we need first the maximal possible causal speed, v 
conventional case, is characterized by the null isovector 

ds 2 = dr k 6 2 dr k - dt c \ 2 dt = 0, 

yielding the following 

DEFINITION 13.6 (Santilli (1983a), (1989b)): The maximal, local, 
Santilli's general and restricted isospecial relativities is the max 
massive particle and/or of a signal verifying the principle of a 
given explicitly by 

V Max = '"^rUrx =c -jp 



The first fundamental postulate of the Santilli's relativi 
formulated as follows. 

POSTULATE I (loc. cit.h The invariant speed of Santilli's general and restricted 
isospecial relativities is not given by the speed of light, but by the local, maximal, 
causal speed for each given physical medium. 

Consider two particles with identical speeds vj = v 2 = c = c 64/6. Then, 
their isorelativistic composition yields 

2c 

v Tot = — * c ' (la57) 

Consider, on the contrary, two particles with maximal causal speeds, V[ = 
V2 = V Max = Th e n their isorelativistic sum is given by 



a/ speed of a 
;e and effects, 



J. V. Kadeisvili 



Santilli's Isotopies 



Tot 



Max" 



thus illustrating the postulate. 

Einstein's special relativity is a ; 
implies V Max = c = c . Nevertheless, 
quantity of the special relativity, strictly speaking, is not c but the maximal causal 

The plausibility of the above postulate is illustrated by the case of the 
Cerenkov light, where the speed of light in water is c = c /n < c and the 
electrons can travel at speeds higher than c, all the way to the limit speed q. 

Under these conditions, the speed of light c cannot possibly be an invariant 
of any relativity, irrespective of wether conventional or isotopic. In fact, c varies 
from medium to medium. Santilli>s maximal causal speed is instead an invariant. In 
fact, since water is homogeneous and isotropic, we have 6 = 64 and V Max = c i^/(> = 
c . This provides an invariant explanation of the reason why electrons in water can 
travel at speeds higher than the local speed of light. 

The most visible departure of the isospecial from the conventional relativity 
is given by the following 

POSTULATE II (loc. c, 
and restricted isc 
of light in Vi 



depending on the local physical conditions of the medium considered. 

As one can see, Santilli's studies therefore predict the theoretical possibility 
of "breaking of the barrier" of the speed of light by causal, physical signals. The 
proposal was originally submitted in Santilli (1982a), and then elaborated in (1983a), 
(1988c) and (1991d). 

A first example can be given via Nielsen-Picek metric (13.27) which yields 
for the interior of light mesons 




(13.60) 
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thus characterizing the maximal speed for the interior of pions 

a a -3.8X10" 3 , 0.9995 c <c , (13.61) 

while, in the transition to the heavier kaons we have 

a - + 0.61x10" 3 , V^" (1 + 0.8X10" 3 ) C Q > c a (13.62) 

The understanding is that the Nielsen-Picek calculations should be assumed 
as strictly approximate and valid only at low speed (in fact, they result in a 
constant isometric). Also, it is predictable that anomalous behaviors will increase 
with the density of hadrons. 

In fact, De Sabbata and Gasperini (1983) conducted explicit calculations 
within the context of unified gauge theories, and reached the following value for 
the propagation of a causal signal within the hyperdense medium in the interior of 
hadrons 

V Max «75c . (13.63) 

The reader is discouraged to approach these novel advances with the mind 
set on Einstein's conditions due to protracted use. Again, if we have a particle 
moving in vacuum under action-at-a-distance interactions, we all know that it 
takes an infinite amount of energy to accelerate the particle to c . 

We are however considering Santilli's conditions, that is, motion of extended 
particles within physical media. The reader familiar with the physics of the contact 
interactions between the particle and the medium knows well that these forces do 
not admit a potential energy. Yet contact forces are indeed fully capable of 
producing accelerations. The possibility of passing the speed of light in vacuum 
under these conditions without needing infinite energy is then consequential. 

The implications are evidently far reaching in various branches of physics. 
As an illustration, Postulate II apparently perm.its the achievement of a true quark 
confinement , i.e., a confinement not only with an infinite potential barrier, but 
also with an identically null probability of tunnel effects into free quarks. In fact, 
if quarks are physical particles propelled by the hyperdense medium inside hadrons 
to travel at speeds higher than c , they evidently cannot exist as free states in 
vacuum (Santilli (1989b). 

Intriguingly, all modifications of the interior Minkowski metric derived 
from the phenomenological studies on the behavior of the meanlife with speed 
appear to confirm Santilli's fundamental hypothesis that the maximal causal speed 
in the interior of hadrons is bigger than c . 
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More generally, we have the following 

PROPOSITION 13.3 (loc. cit.h Any (topology preserving 28 ) modification of the 
Minkowski metric implies a necessary alteration of the maximal causal speed 
which can be smaller, equal or bigger than c depending on the conditions at 



The reader should be aware that the quantity c is a universal constant for 
Einstein's special relativity, while the quantity V Max is a local invariant for 
Santilli's isospecial relativities, evidently because it can only be defined in the 
neighborhood of a given point, and it varies from point to point of each given 

Notice also that the quantity c = c b4 is, in general, a geometric quantity and 
does not necessarily represent a physical speed, evidently because the medium 
considered can be opaque to all electromagnetic waves, yet permit the motion of 
particles (see below). 

This occurrence can be illustrated via the use, again, of Nielsen-Picek metric 
(IV.3.21). In fact, we have for kaons 

c = Cob 4 = c (l + a) > c , a > 0, (13.64) 

The point is that the above value does not necessarily represent the speed of 
light, because in this classical approximation light cannot propagate inside a hadron 
(photons and neutrinos do not exist at this classical level). Also note that a given 
value of c> c is not sufficient, per se, to imply that the actual causal speed can 
indeed be bigger than Cq, because that speed must be computed via quantity (9.5). 

Needless to say, the quantity c = c b 4 can indeed represent the speed of light 
in particular transparent media, in which case we have 

b 4 = 1/n, c= C(/n, (13.65) 

where n is the index of refraction. 

which can be presented as follows 

Isotime-Iike, when x^ < 0, 

Isonull, when x^ = 0, 

28 By "topology preserving" we mean any sufficient! 
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inhomogeneity between space and time, i.e., in the differences 



e same situation holds for the mutation of the light c 
is (13.66). In fact, irrespective of whether the b-quantiti< 
(and local or nonlocal) in their variables, we have 



(13.67) 



(13.68) 



Max| b = b 4 c o 

Note that Santilli's isoparticles traveling faster than c within physical 
media are not tachyons .In different terms, Santilli studies show that it is not 
sufficient for a particle to travel at speeds bigger than c to be a tachyons, because 
it could be a physical particle verifying the law of cause and effect in interior 
dynamical conditions. Thus, to truly have a tachyons, one must have a local speed 
bigger than the maximal causal speed at the point considered, whether in the 



POSTULATE 111 (loc. cit): The dependence of the time intervals with speeds in 
Santilli's general and restricted isospecial relativities follows the "isotopic time- 




while the dependence of space intervals with speed follows the "isotopic space 
Al =7 _1 A1 = AI (l-p¥, (13.69) 



The above postulate appears to be useful for a better understanding of the 
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stability of nucleus, which is not fully understood al 
due to the established instability of the neutron w 
about 15', after which it decays in the familiar form 

n =» p + + e" + v e . (13.69) 

According to the above evidence, ordinary matter in our environment should 
be unstable and emit electrons, because of decays (13.69) of the neutron at least in 
the periphery of nuclei. Numerous regenerative "interpretations" have been 
submitted in the literature, but they are not fully convincing because, even though 
plausible for neutrons in the interior of nuclei, they are inapplicable to the neutrons 
in the periphery of nuclei. 

Santilli's isospecial relativities apparently resolve this additional now vexing 
problem of contemporary physics, because the meanlife of neutron becomes a local 
quantity which, as such, is dependent on the local physical conditions at hand, and 
may well increase under nuclear conditions up to the point of full stability of all 
neutrons within a nucleus. 

According to the current nuclear theories, neutrons are assumed to be 
strictly Einsteinian when member of a nuclear structure. Their meanlife r then 
behaves with speeds according to the familiar law 



° ° (l-vV* ' 

But the speeds of nuclear constituents are considerably lower than c (in 
fact, they are known to be much lower than the speeds of the atomic constituents). 
We can therefore conclude that, except for small relativistic corrections, the mean 
life of neutrons when members of a nuclear structure remains of the order of 15'. 
The problem of nuclear stability indicated earlier then follows. 

In the transition to Santilli's isospecial relativities the situation is 
fundamentally different, because now governed by the isotopic law 



T ° (l-v6 2 v/tc 2 6 4 2 t) i 



An interpretation of the stability of the neutron when members of a nuclear 
structure would then follow under suitable values of the nuclear interior 

We therefore have the following 
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PROPOSITION 13.4 (loc. cit.): Any (topology preserving) mutation of the Minkowski 
metric implies a necessary alteration of the behavior of the meanlife with speed 
which can be bigger, equal or smaller than the Einsteinian behavior, 



depending on the local physical conditions of the interior medium considered. 

It is hoped the reader begins to see the plausibility of Santilli's relativities. In 
fact, their central physical idea is that the presence of a physical medium alters the 
homogeneity and isotropy of the underlying vacuum. If this central hypothesis is 
correct, it implies a necessary modification of the Minkowski metric. The validity 
of all postulates of Santilli's relativity is then consequential. 

Prior to dismissing the above context because of excessively protracted use 
of conventional theories, the reader should be aware that numerous 
phenomenological studies in particle physics result precisely in a modification of 
the Minkowski metric, as it is the case for Nielsen and Picek (10982), De Sabbata and 
Gasperini (1983) and numerous others. The above propositions then render Santilli's 
postulates unavoidable on true scientific grounds. 

It is also important to recall that, as proved by Aringazin (1989), isotopic 
time-dilation (13.71) is directly universal , that is, capable of including all possible 
time dilation laws (universality), in the frame of the experimenter (direct 
universality). 

Thus other modified time dilations existing in the literature have been 
proved to be a first approximation of Santilli's law (13.71) via one of its many 
different, possible expansions truncated at a certain power (see the review in 
Santilli (I991d)). 

It should also be noted that, as it is the case for all considerations of this 
section, Santilli formulated Postulate .III solely for the behavior of the meanlife of 
an unstable particle in the INTERIOR dynamical problem, and not to a particle 
moving in empty space under Einsteinian conditions. 

As a result, Postulate III is not introduced in this volume for an unstable 
hadron in a particle accelerator which, according to the experiments by 
Grossmann et al. (1987), follows the Einsteinian law. 

We pass now to the study of the notion of rest energy of an isoparticle. 
Consider the fundamental isoinvariant of the theory 
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P 2 = p k fi,, 2 p* - p 4 2 = - m Q 2 c V, (13.73) 

p "(pi 1 ) = mu = (m ycv, m yc), (13.74) 

DEFINITION 13.7 Hoc. cit): The energy E of an isoparticle on isominkowski spaces 
til(x,g,&) is characterized by the fourth component of the isofourmomentum 
according to the rule 

E = p 4 , (13.75) 
and can be expressed in terms of the fundamental isoinvariant (13.73) in the form 
E 2 = m 2 c 4 + pkb^p*, (13.76) 



We then have the following 

POSTULATE IV (loc. cit): The rest mass m of Santilli's isoparticles on 
isominkowski spaces M'(x,g,<M varies with speed according to the isotopic law 




(13.77) 



and the equivalent value of the energy E for at rest conditions is given by 

E = m c 2 = m c 2 6 4 2 (x, W ,T,n ), (13.78) 

The above postulate has additional far reaching possible implications, 
ranging from the possible identification of the hadronic constituents with physical 
particles freely produced in the spontaneous decays, to the problem of the missing 
mass in the Universe. 

Again, this author would like to encourage the reader to move away a 
mental attitude set for point-like particles in vacuum, and refer instead all Santilli's 
studies, including the above postulate, to an extended particle inside a physical 
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PROPOSITION 13.5(Santilli (1983a), (1989b)): Any (topology preserving) modification 
of the Minkowski metric implies a necessary alteration of the behavior m of the 
rest mass with energy and of the energy equivalence E of the rest mass, which can 
be bigger, equal or smaller than the corresponding Einsteinian quantities 

m = m, E = E, (13.79) 



depending on the local physical conditions of the medium considered. 

We now study the redshif t under noneinsteinian conditions. 

DEFINITION 13.8 (loc. cit): Santilli's "isoplanewave" is a conventional planewave^ in 
Minkowski space M(x,n<R} under isotopic liftings to isominkowski spaces M'(x,g,$) 

4fx) = N e ■* $(x) = N e' K "V. N e % ft e % (13.80) 

where K is an isonull vector, i.e., 

YP^K =0, K = (k,(o/c), o/c = 2ttA. (13.81) 

Note that the lifting is here considered solely for the restricted case, because 
we are treating a global effect of given media (see Fig. 2 of Sect. 1 1). 

Suppose now that such an isoplanewave is detected by two observers S and 
S', one at rest with respect to the medium, and the other in motion with respect to 
it, at a relative speed v along the x^axis. 

As a specific case, the reader may think of ordinary light propagating within 
our atmosphere which, being transparent, inhomogeneous and anisotropic, is an 
ideal interior medium for our Lorentz-isotopic relativities. Observer S can be an 
ordinary observer on our ground, and observer S' can be either moving in the 
atmosphere or outside it. 

Let a be the angle between k and x 3 , and let k', u', and a' be the 
corresponding quantities for S'. 

From the manifest f orm-invariance of the isoplanewave under the Lorentz- 
isotopic transformations, 

K^K" = K^r^K'", (13.82) 

it is then easy to see that 



-209- 



Santilli's Isotopies 



k' 1 = k 1 = k' 2 = k 2 , (I3.83a) 

k- 3 = y(k 3 - Bk 4 ) = |k1 cos a', 3 = v/c (13.83b) 

k' 4 = y(k 4 - Jk 3 ) = u'/c, $ = vb/c Q b 4 (13.83c) 

This leads to the following 

POSTULATE Y (loc. cit): The Doppler's frequency shift for electromagnetic waves 

propagating within an inhomogeneous and anisotropic physical medium 
transparent to it (isoplanewave) follows the "isodopplefs laws" 

Ss = coy(l - £cosa), (13.84a) 




The above postulate offers genuine possibilities of resolving another vexing 
problem of contemporary physics, that of astrophysical bodies currently believed 
to violate Einsteinian laws under Einsteinian conditions. 

In fact, the redshift of certain far distant quasars has recently attained such 
high values to require the assumption, under the Einsteinian redshift law 



that (portions of) quasars travel at speeds higher than c , up to speeds of the order 
of 10c Q or more. But the quasars travel in empty space. Thus their center-of-mass 
trajectory must be strictly Einsteinian in Santilli's views. The assumption that their 
speeds is bigger than c therefore constitutes a violation of Einsteinian laws under 
Einsteinian conditions. 

Santilli (1988c) suggested that the quasars redshift could be due in part to the 
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propagation of light within their hyperdense, inhomogeneous and anisotropic 
athmospheres. This could reduce the relative speed between the quasars and the 
associated galaxy, without affecting the current views on the expansions of the 
universe. 

According to Santilli's views, the redshift from far distant quasars, as 
measured on Earth, could be due to the superposition of: 

1) a quantitatively nonignorable isotopic redshift caused by propagation in 
the quasars' atmospheres; 

2) a small isotopic redshift caused by propagation over intergalactic 
distances for which space is no longer empty, but filled up of radiations, dust, 
elementary particles, etc.; and 

3) a primary Einsteinian redshift caused by the conventional expansion of 
the Universe. 

Mignani (1992) conducted explicit calculations of the above possibilities, by 
computing preliminary explicit values for the characteristic b-quantities, which 
apparently confirm the Santilli's predictions. 

Mignani essentially assumed, as a first approximation, that quasars are at 
rest with respect to the associated galaxy, and identified the following expression ' 
for the ratio b/b 4 

b (0)', + 1)2-1 (6j' 2 +1)2-1 

B = _ = x , (13.87) 

b 4 (to', + 1)2+1 (to' 2 + 1)2+1 

where to, represents the measured Einsteinian redshift for galaxies and &' 2 
represents the redshift for quasars assumed to be mutated. From 
known astrophysical data, Mignani (loc. cit. ) then computed the following 
numerical values of the B-quantities 

In summary, according to the above model, the Einsteinian expansion of the 
Universe is unchanged, because it is that of the Galaxies, but the quasars violation 
of Einstein's special relativity by speeds higher than c in vacuum is eliminated. 

Needless to say, values (13.88) are only preliminary and in need of 
considerable additional studies. Also, several other possibilities remain to be 
explored, such as the possibility that the quasars are indeed expelled by the galaxies 
but at Einsteinian speeds. 

Despite that, Mignani's results (13.88) have a potentially historical value. In 
fact, they constitute the first numerical expressions for the characteristic B- 
quantity of Santilli's interior physical media reached in the literature. As such, they 
have particular significance, e.g., for the experiments proposed to test Santilli's 
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isospecial relativities (see Figure 4 below). 



NGC 470 
NGC 1073 



The content of the preceding topic imply the following 

PROPOSITION 13.6 Hoc. cit.h Any (topology-preserving) modification of the 
Minkowski metric implies a necessary mutation a' of the Doppler's redshift which 
can be bigger, equal or smaller than the Einsteinian value oi ' 

&' = wy(l-ftcos^i) = co' = u y (1 - cos a), (13.89) 

depending on the local conditions of the interior medium considered. 

It is evident that Santilli's isospecial relativities relativities, if suitably 
developed and experimentally confirmed can indeed provide an infinite family of 
coverings of Einstein's special relativity, in the sense that 

A) Santilli's isospecial relativities are constructed with mathematical 
methods (the Lie-Santilli theory) structurally more general then those of Einstein's 
special relativity (the conventional Lie's theory}, 

B) the isospecial relativities represent physical conditions (motion of 
extended particles within inhomogeneous and anisotropic physical media, 
deformation of particles, etc.) which are structurally more general than those of 
Einstein's relativity (point-like particles moving in empty space, etc.), and, 
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C) the isospecial relativities can approximate Einstein's special relativity as 
close as desired for 1 2 - I, and they all recover by construction Einstein's 
relativity identically for 1 2 = I. 

A visual inspection of Postulates I, II, III, IV and V proves the following 
important property. 

THEOREM 13.5 Hoc. cit): All possible Santilli's isospecial relativities on isospaces 
M'fx.g.fi) coincide with Einstein's special relativity at the abstract, realization-free 



Santilli's remarkable achievements are therefore that, despite the generally 
nonlinear and nonlocal dependence of the various physical quantities (invariant 
speed, maximal speed, meanlife, rest energy, etc.), Postulates I, II, III, IV and V 
formally coincide with the corresponding Einsteinian forms at the abstract level. 

This illustrate the point made earlier in this section, to the effect that any 
experimental disproof of the prediction of Santilli's relativities will necessarily 
demand a revision of the basic postulates of Einstein's special relativity. 

Above all, it is remarkable that the "breaking of the barrier" of the speed of 
light in vacuum by causal signals is ultimately permitted by the very Einsteinian 
axioms, only realized in a more general way. Finally, 
in appraising Santilli's relativities, the reader should keep in mind the golden rule of 
mathematical beauty, which has served throughout the history of science as a solid 
guidance for physical advances. 

In fact, Santilli's isotopic theories provide the most effective methods for 
the quantitative treatment of dynamics within inhomogeneous and anisotropic 
media. In case they are disproved by experiments, we remain with the rather 
elephantiac task of identifying different, but equally effective methods for the 

As concluding remarks, let us recall that Einstein's special relativity is based 
on the following: 

PRINCIPLE I: The homogeneity and isotropy of (empty) space; 

PRINCIPLE II: The general invariance of the speed of light; 

PRINCIPLE III: The general invariance of the physical laws under the 
broadest possible linear and local group of isometries of the 
Minkowski space-time; 
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SantilH assumes the above average value as proportional; in first approximation to 
the (average) density of the atmosphere. Then, the assumption that the quasars atmosphere 
is up to lO 4 denser than our Earth's atmosphere implies the following possible redshift 



which is fully within current experimental capabilities. 

A considerable variety of additional experiments can then be conceived. In fact, all 
historical tests of Einstein's special relativity have been conducted in empty space, as well 
known. The same experiments can therefore be repeated within physical media 29 (see 
SantilH (1991d) for details). 



from which all other aspects of the relativity can be derived (within inertial 
reference frames). 

But, as stressed by SantilH, inertial frames are a philosophical abstractions 
because they do not exist in our Earthly environment, nor they can be attained in 
our Solar or Galactic systems. Also, extended particles do not generally move in 
empty space, but within physical media. The covering principles submitted by 
Santilli (1983a), (1988c), (1991d) in an attempt to represent more general physical 



ISOPR1NCIPLE II: T he local invarlance of the maximal, speed of causal 
signals within physical media, with the underlying invariant causal speed in 
vacuum remaining that of light; and 

ISOPRINCIPLE III: The local invariance of physical laws under the most 
general possible nonlinear and nonlocal groups of isometries of isominkowski 
spaces of Class I representing physical media, with the conventional linear and 
local isometries on the Minkowski space being admitted as a particular case; 

from which all aspects of the isospecial relativities can be derived, such as the 
selection, among the multiple infinity of noninertial frames of the Universe, of the 
a The interested experimenter should always keep in mind the necessity of considering 
inhomogeneous and anisotropic media for a valid test. In fact, as stressed by Santilli, his 
Isodoppler law implies that light passing through water or other homogeneous and isotropic 
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subclass of equivalent frames characterized by the general, nonlinear and nonlocal 
isopoincare symmetries. 

Inertial frames are recovered as a particular case in first approximation 
via the reduction of the general to the restricted isosymmetries (that is, from Fig. 2 
of Sect. II, via the averaging of the characteristic 6-functions of the medium 
considered to b-constants). 

Finally, we should mention that the Lorentz-isotopic relativities considered 
in this section are particular cases of expected, still more general Lorentz- 
admissible relativities for the most general possible open-nonconservative 
conditions (Santilli (1981a)). 



NOTE ADDED IN 1997 

Following the appearance of the memoir Santilli (Foundations of Physics 27, 691, 
1997) the isogeneral and isospecial relativities are unified into only theory, that of 
this section, which therefore includes also gravity when the isominkowskian metric 
is equal to the Riemannian metric. 

This unified formulation of the special and general relativities for both 
exterior and interior problems is requested not only by the lack of invariance of the 
basic units of space and time for geometries with non-null metrics (see the note 
added at the erfl of the preceding section (p. 176), but also by other independent 

For instance, curvature is a major obstacle in the inclusion of gravitation in 
unified gauge theories of electroweak interactions. The formulation of gravitation 
in a form axiomatically equivalent to that of the electroweak interactions, that is, 
flat, provides serious grounds for a grand unified theories (loc. cit.). 

Similarly, curvature is a major obstacle for a physically consistent operator 
form of gravity. In fact, current quantum theories are nonunitary, thus having a 
number of physical shortcomings, such as (loc. cit.): lack of invariance of the basic 
units of space and time; lack of conservation of Hermiticity in time; lack of 
invariant numerical predictions; etc. 

Santilli's formulation of gravity via his isospecial relativity offers again solid 
scientific grounds for a resolution of the latter problems too. In fact they permit 
the construction of an axiomatically consistent operator form of gravity obeying 
the axioms of the conventional relativistic quantum mechanics (loc. cit). 
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1.14: ISOGALILEAN RELATIVITY 

In our reverse order of presentation, we now review Santilli's isogaltlean 
relativities for interior dynamical conditions, as a particular case of Santilli's 
isospecial relativities. 

More specifically, we shall present the isogalilean relativities as an isogroup 
contraction of the isospecial relativities. In this way, the content of this section will 
be a second necessary complement to the gravitational studies of Sect. 12, because 
valid in their local tangent places in a nonrelativistic approximation. 

Santilli's proposed the isotopic generalization of Galilei's relativity in his 
historical memoir of 1978a, as a particular case of his more general relativity of 
Lie-admissible type. The generalized relativity was then studied in details, for the 
nonlinear and nonhamiltonian but local systems, in the two monographs Santilli 
(1978e) and (1982a) under the name of Calilei-isotoplc relativities. The generalized 
relativities were then extended to nonlocal systems in Santilli (1988a) and reached 
their final formulation in the monographs Santilli (1991c, d). 

Again, as it had been the case for the generalization of the special relativity, 
Santilli constructed his isogalilean relativities alone. In fact, rather oddly, no 
independent researcher cared to write a paper on such a manifestly basic 
advancement during its construction, despite the appearance of the monograph 
Santilli (1982a) in the prestigious series 'Text and Monographs in Physics" by 
Springer-Verlag with the title of Chapter VI, p. 199, "Generalization of Galilei's 
Relativity: 

As of this writing, the only paper on the isogalilean relativities that has 
appeared in print by independent researchers, to this author's best knowledge, is 
that by Jannussis, Miatovic and Veljanosky (1991) on explicit examples of the new 
relativities. 

To begin, let us identify the nonrelativistic limit of isominkowski spaces 
Mx&fO , which was studied first in Santilli (1988c), Appendix A. 

Consider the fundamental isoinvariant of M'(x,g,ft) in the form 




(14.1) 



(14.2) 
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ft = % 1 2 = diag. (G _ G" 1 ), 



ar.isotopy c 



v review the nonrelativistic limit of the isopoincare symmetries P(3.1). 
:he isotopic generalization of the conventional techniques of group 
f the Poincare group P(3.1) into the Galilei's group G(3.1) (see, e.g., 



P(3.1) = (0(3.1) ®T(3.1)}l . =G(3.1)= (0(3) ®T(3)] x [T(3) x T(l)] (14.8) 



is studied for the first ti 



3 in Santilli (1988c), Appendix A, via the 



THEOREM 14.1 (Isotopic Inbnii-Wigner contractions, lloc. cit.»: Let g be a (finite- 
dimensional) Lie-Santilli algebra defined on an isotopic field F of real or complex 
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numbers, and consider its direct-sum decomposition as isovector space 

S - S 9 §i. C"-9) 

Let 0(e) be an isotransformation on g which becomes singular at the limit e *> 0, 
and which is such that 

0(0) *g = Sq, (14.10a) 

0(0) *§[ = 0. • (14.10b) 

Then g can be contracted with respect to g into a new isoalgebra % iff g is a 
closed subgroup of g, in which case: 

1) gg is a subalgebra of both g and 

2) g"[ becomes an Abelian invariant subalgebra of g"; and 

3) g Is non-semisimple. 

The application of the above theorem to the isopoincare algebra K3.I) is 
straightforward. Consider the basis of P(3.1); decompose it as an isovector space in 
the form 



ttai) =g e g, = (Jjj+ P k + P 4 )®Jk4-. 



(14.11) 



redefine it in the vicinity of the "north pole" (0,R) (see Gilmore Hoc. cit. ) p. 451), 
and perform the contractions 

J ^ Lim |R/c ^ £ki J J « =e kiM- r ^ (1412a) 

P k " ""WO Pk = Pk' H = Un Vc^0 P 4 " P4 " E. (14.12b) 

Gk'Lim., J /R=Lim U k p 4 - x\)/R, (14.12c) 
k |R/co^0 k4 R=*0 k ^ 

i, j, k = 1,2,3, 

where we have assumed a new nonrelativistic expression for the energy. 

Then, it is easy to see that the isocommutation rules of K3.1), Eq.s (13.33), are 
contracted into the isocommutation rules of the Galilei-isotopic algebras 0(3.1), Eq.s 
(14.30) below, in exactly the same way as the commutation rules of K3.1) contract 
into those of G(3.1). 



J. V. Kadeisvili -219- Santilli's Isotopies 



The isotopic liftings of contraction (14.8) then identifies the structure of the 
isogalilean group as follows 

Pfe.1) = (0(3.1) ® 1X3.1)) | r/Cq=>0 = 0(3.1) = [0(3) ®T<3)] * [1X3) * TO)]. (14.I3) 

The crucial local isomorphism between all infinitely possible isotopes 0(3.1) and the 
conventional group G(3.1) can therefore be inferred already from these introductory 
remarks. 

We now review Santilli's construction of 0(3.1). As well known, the 
conventional Galilei symmetry G(3.1) (see, e.g., Levy-Leblond (1971) or Sudashan 
and Mukunda (1974)) can be defined as the largest Lie group of linear and local 
transformations leaving invariant the separations 

t a - t b = inv., 

(r ia " r ib> S ij (r Ja " r jb> = inv - at l a = l t> < 14 - 14 > 

i, j = 1, 2, 3 (= x, y, z), a = 1, 2 N 

in « { x T*E(r,8,Jl), where & t represents time, E(r,S,SH) is the conventional Euclidean 
space, and T*E its cotangent bundle (phase space), with metric 8 = diag. (1,1,1) over 
the reals SR. 

The explicit form of the celebrated Galilei transformations is given by 



f = t + t°, translations in time (14.15a) 

r'ia = r i a + r °j> translations in space (14.15b) 

r 'ia = r ia + '"^i- Galilei bosts (14.15c) 

r' a = R(6)r a , rotations. (14.15d) 



A classical realization of G(3.1) for a system of N particles with non-null 

masses, m a * 0, a = 1, 2 N herein assumed, is characterized by the (ordered sets of) 

parameters 

w = (w k ) = (6j, v°i , r°i, t°), k=l,2,...10, i = 1,2,3 (14.16) 



and generators 
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X = (X k ) = (J,,G.,P i ,H), (14.17a) 
J i=^ilm r ,a>W P * = Via' (I4 - 17b) 
ii = Ea(ma% _ tp ia»' H = P )a P ia /2m a + v(r ab>' (14a7c) 

of the Lie algebra G(3.l) via the conventional Poisson 

'-V.C- tJ i' P J ] = e ij k P r (1418a) 



brackets 

GK3.1): [J, , J s 



[J, , Gj] = e.. k G k , [J,,H] = 
[Gj , P J = Sjj M, [Gj , H] = 



[Pj.Pj] = [G..G.] = [P,,H] = 0, (14.18d) 
M = £ a m a' 



(14.18e) 



c (o) = u c (l) = P 2 - 2MH, 6 2) = (MJ - GAP?, 
lonical realization of the group structure 

GK3.I) : a' = g(w) a = ( exp [w,, (/ V O^) O^B a 
3 = 3 / 3aM-, a = (aM-) = (r , p. ), u = 1,2 6N, 



where toM-" is the canonical Lie tensor (Sect. 9). 

As now familiar, the starting ground of the liftings G(3.1) 0(3. 1) is the 
infinite number of isotopes E(r,S$) of the Euclidean space E(r,S,H) which are 
extended to the isocotangent bundle T*E(r,S,ft). A nonhamiltonian system of N 
particles, Eq.s (1.1), is then introduced in such isospace with the familiar local 
a = (aP) = (r ka , p,, a ), p. = 1, 2 6N, k = 1, 2, 3 (= x, y, z), and a = 1, 2, .... 
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The system is then represented via the Pf af f ian-Santilli variational principle 
(Sect. 7) which is essentially based on the one-isoform on Tfijfr.S.W (Sect. 9) 

*! = e^T, = R^r/" da v , (I4.21a) 

R° = (p,0), Tj = diag. (S, S), (114.21b) 

S = diag. (b[ 2 , b 2 2 , b 3 2 ), b k = b k (t, r, p, p, ...) > 0. (14.21c) 

The isospaces for the treatment of the symmetries of the systems are 
T*e 2 @$) = T*£(r,G,ft), which are characterized by the two-isoform 

Cf 2 = Ii T^a...) w av ] ^ A Sa" = d[T 1 (a,.>Rl (1 daH, (14.22a) 

t 2 = Diag.(G.G), G = diag.(B, 2 ,B 2 2 ,B3 2 ), B fc >0, (14.22b) 

where the methods to construct the isometrics G from h are assumed to be known 
(see Sect. 9). 

The Lie-Santilli brackets characterized by two-forms (13.22) are given by the 
now familiar expression in T*£(r,G,ft) 



[a;b] = — ft 111 ha — • < 14 - 23a > 
3a^ 3a v 

1 2 = diag. (G _I , G" 1 ), (14.23b) 

where coM- a is the familiar canonical Lie tensor. 

We are now equipped to introduce the following 

DEFINITION 14.1 Hoc. cit.h Santilli's "general, nonlinear and nonlocal, isogalilean 
symmetries" 6(3. 1) are given by the Lie-Santilli groups of the most general possible 
transformations on ft t * T*E(r,G,A) 

l a _ l b = inv - (14.24a) 

(r ka - r kb ) B k 2 (t, r, p,...) (r ka - r kb ) = inv. at t a = t b , (14.24b) 



-222- 



Santilli's Isotopies 



t a .tb<S*t. r^rbeTKr.O,*) (14.24c) 

where # f is an isotopic lifting of the conventional field % called Santilli's "isotime 
field", with explicit structure 

Sl t = £Rl t , l t = B 4 " 2 (t, r, p,...), B 4 >0, (14.25) 

T*E(r,G,&) is the isocotangent bundle for isosymplectic two-isoforms with 
isometrics (14.22), and the tour functions Bj, B% Bg, and B 4 , besides being 
independent and positive-definite, are arbitrary nonlinear and nonlocal (e.g., 
integral) functions on all possible, or otherwise needed local variables and 
quantities. 

We now reproduce without proof the following 

THEOREM 14.1 (loc. cit): Santilli's general, nonlinear and nonlocal, classical 
realization of the Galilei-isotopic symmetries 6(3.1) on & t x T*E(r,G,ffl as per 

t' = t + t° 6 ~ 2 , iso-time translations 
r.' = rj + r°j 8. 2 iso-space translations 

f = R(6)*r, isorotations, (14.26d) 

where the B-f unctions are generally nonlinear and nonlocal in all possible local 
variables and quantities to be identified shortly. Moreover, the Galilei-isotopic 
symmetries 0(3.1) are characterized by the Lie-isotopic brackets (14.23a), with 
explicit form 

3 A 8B 3 A _„ 3B 

[A", B] = — B k " 2 — - — B k * — , (14.27) 
3r ka »Pka 3 pica 3r ka 



(14.26a) 
(14.26b) 



/. V. Kadeisvili - 223 - Sanlilli's hotopies 

1) the conventional Galilean parameters 

w = (w k ) = (6j, r°j, v°., ft k = I.2....10, (14.28) 

and the conventional Galilean generators, but now defined on isospace # f * 
T*£(r,GM i.e., 

Ji = X a eijkr ja P ka . Pi = 2 a P ia . (14.29a) 

Gi = S a < m a r ia " t P ja ), (14.29b) 

H = P ka B k 2p ka /2m a + V(r a5 ), (14.29c) 

'ah = 1% " = r kb ) B k 2 (r ka - r^)) 1 , (I4.29d) 
2) the Lie-Santilli algebra 

OaiV. (Jj ; Jjl - c. jk B k " 2 J k , 0, : Pj ] = e.. k B-2 P k , (14.30a) 

(J TG.] = e. jk B." 2 G k , [J.;B] = 0, (14.30b) 

[GiTP.] = 8..MB." 2 , [G.:B] = 0, (14.30c) 

(P.rPjl = [G. ~G] = [P.;b] = 0, (14.30(1) 
a) fiie Lie-Santilli group 

am «--un k e^ 8, ~VW naK (514 . 3I) 

4j tfie /oca/ isocasimir invariants 

C (o) =l 2 , C ( " = (PGP -MH)1 2 , (14.31a) 



(I4.32a) 
(14.32b) 



C (2) =(MJ - GAP) 2 = ( (MJ " GAP)CKMJ-GAP)]1 2i 
5) the explicit expressions of the B t functions 

g."V) =b. -2 + i* j [B i -2rp J ]/a+iv» n ttBf2rp m ]:p n ]/a +... 

gfV) = B." 2 + v°.[B~ 2 pGj] / 2! + v° m v° n [[Bi" 2 :G m ]rG n ]+... 
while B 4 ' 2 (t°) is the solution of the algebraic equation 

ift + fB, 2 ) = {e 2 ^ v »r. 



T/ie isogalilean symmetries so constructed result to be all locally isomorphic 
the conventional Galilei symmetry under the conditions of sufficient sr, " 
nonsingularity and positive-definitness of the isounits. Finally, all isosyi 
6(3.1) can approximate the conventional symmetry G(3.I) as close as 
whenever the isounits approach the conventional unit, and they all a 
conventional symmetry as a particular case by construction. 

The preceding results evidently include as a particular c 
characterization of the isoeuclidean symmetries fi(3) = 0(3) ® T(3), as well ; 
isorotational symmetries 0(3) of the next section. 

It is an instructive exercise for the 
infinite family of isosymmetries 0(3.1) sc 
conditions of Definition 14.1 and, in particular, i 
s (14.24). 



COROLLARY 14.1.1: In the particular case of constant 

a t xre,(r,M0 = ft t xT * ft 2 (r ' G '* ) = *t xT * E < r W- 



g = G = diag. (bi 2 , b 2 2 , b 3 2 ), b k = const. > 0; 



(14.34b) 
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\ = b 4 " 2 = const. > 0, (14.34c) 

the B-quantities coincide with the diagonal elements of the isounits, 

BfV) = B.-V) = Bf2 = bf2, 64-2(1°) = bf 2 . (14.35) 

and f/ie general isogalilean transformations become the linear and local isogalilean 
transformations 

t' = t + t°b 4 ~ 2 , (14.36a) 

r'j = r f + t°. b ~ 2 , (14.36b) 

r'. = r + t° v°i bf 2 , (I4.36c) 

r' = ft(9)*r. (14.36d) 

called Santilli's "restricted isogalilean transformations". 

The latter isotransformations have important implications from a relativity 
viewpoint., because they imply the possibility of preserving the inertial frames. 

We now'^pass to the review of Santilli's isogalilean relativities. As well 
known, the conventional Galilei relativity (see, again, Levy-Leblond (1971) or 
Sudarshan and Mukunda (1974)) is a form-invariant description of physical systems 
under the Galilei's symmetry G(3.1) or, equivalently, under Galilei's transformations 
(14.15) 

The relativity is verified in our physical reality only for a rather small class 
of Newtonian systems, called by Santilli (1982a) closed selfadpint systems. These 
are systems (such as our planetary system) which verify the conventional total 
Galilean conservation laws when isolated, and can only admit internal forces of 
local (differential) and potential (self ad joint) type without collisions. 

For all remaining Newtonian systems, Galilei's symmetry is violated 
according to a number of mechanisms classified by Santilli (1982a), pp. 344-348, into 

isotopic, selfadpint, semicanonical, canonical and essentially selfadpint breaking. 

In the final analysis, the limitations of Galilei's relativity are inherent in its 
mathematical structure. In fact, 
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1) The linear character of Galilei's transformations is at variance with the 
generally nonlinear structure of the systems of the physical reality of the interior 
dynamical problem, as established by incontrovertible evidence; 

2) The local (differential) character of Galilei's relativity is at variance with 
the generally nonlocal (integral) nature of the systems in our Earthly 

3) The strictly Hamiltonian (canonical) structure of Galilei's relativity is at 
variance with the generally nonhamiltonian character of physical systems of our 
reality; 

An infinite family of isotopic generalizations of the Galilei symmetry, under 
the name of Santilli's isogalilean symmetries G(3.l) has been reviewed in this 
section. Their main features are the following: 

A) The isogalilean symmetries characterize the more general class of closed 
non-selfadpint systems . These are systems (such as Jupiter) which verify the 
conventional, total, Galilean conservation laws when isolated, while admitting the 
additional class of nonlocal, nonhamiltonian and nonnewtonian internal forces as 
inEq.s(l.l). 

B) The isogalilean symmetries possess structure (14.13), and result to be 
locally isomorphic to the conventional symmetry G(3.1) under the positive- 
definiteness of the underlying isounits, by admitting the latter as a particular case. 
In this sense, G(3.1) provides an infinite family of Lie-Santiili coverings of G(3.1). 

C) All symmetries 0(3.1) can be explicitly constructed via the Lie-Santilli 
theory, that is, via the use of the same parameters and generators (conserved 
quantities) of the conventional symmetry, but via the most general possible, axiom- 
preserving realizations of Lie-Santilli algebras and groups. In this way, an infinite 
number of symmetries G(3.I) can be constructed for each given Hamiltonian H = T 
+ V (i.e., for each given potential-selfadjoint forces), as characterized by an infinite 
number of possible interior physical media. 

DEFINITION 14.2-.: Santilli's "general, nonlinear and nonlocal, isogalilean relativities" 
are the a form-invariant description of physical systems under the isogalilean 
symmetries 6(3.1) on isospaces&fT E(r,G,ft), ft = ft 1 2 = diag. (G -1 , G" 1 ),, ft ( = 51 
l t , G > 0, 1 2 > 0, l t > 0, with corresponding, infinite family of general isogalilean 
transformations (14.26). Santilli's "restricted isogalilean relativities" occur for the 
linear and local subclass of isotransformations (1436). 

To begin the understanding of Santilli's isogalilean relativities, one should 
keep in mind that the isotopic formulations were conceived and constructed by 
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Santilli in such a way to coincide with the original formulation at the abstract, 
realization-free level. The reader should therefore expect that the isogalilean 
relativities coincide, by construction, with the conventional relativity at the 
abstract, coordinate-free level. 

As reviewed earlier, the generalized physical laws characterized by the 
isogalilean relativities are given by the modification of the Galilean laws caused 
by the addition of contact, nonlinear, nonlocal and nonhamiltonian forces between 
the particles and the interior physical medium 

The best illustration was given in Fig. 2, Sect. 12, via the generalization of the 
celebrated Galilean law for the uniform motion in vacuum 

r'j = Tj + t°v°,, (14.37a) 

p'j = Pj + mv-j, (14.37b) 

into Santilli's isoboosts 

r'^rj + t°v°j6j~ 2 (t,r,p,...), (14.38a) 

p'j = p ( + mv°j 6j~ 2 (t, r, p„ (14.38b) 

which represent .precisely the behavior of an extended particle with original speed 
v° in "free motion" within a physical medium, that is, when all potential forces are 
null, but the particle is subject to the contact forces with the medium. 

One can then see that, while the original law (14.37) describes the uniform 
motion in vacuum, Santilli's covering law (14.38) describes a decelerated or 
accelerated motion, depending on the physical conditions at hand. 

A fully similar situation occurs for all other physical laws. The case of the 
generalized rotations is reviewed in the next section. 

To understand the equivalence of Galilean law with Santilli's coverings, we 
note that, despite the nonlinearity and nonlocality of the latter, all isogalilean 
transformations (14.38) locally coincide with the conventional transformations 
(14.37), i.e., they coincide at a given, fixed value "t, r, p, ... of the local variables 

f 8j"%, r, p,..J = t" = cost., r° 6j~ 2 (t, r, p,...) = r", (14.39a) 



v° B. 2 (t, r, p,...) = v- = const, ftfe)^ =R(e1. (14.39b) 
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A similar situation evidently holds for the physical laws, namely, we can 
state that the physical laws characterized by Santilli's isogalilean relativities are 
locally equivalent to the laws of the conventional Galilei relativity. 

Second, we recall that the topological structure of Galilei's law (14.37) is 
given by 

Tfvlri = r f -fv"), TV) p. = p f - mv^ 

v° ( 0)^(3 Gi)0„) 
T(v°) = e ] v J u, 

T(v°)T(v°) = TV + v""), 

while the corresponding structure of Santilli's covering law (14.38) is g 

1V) *rj = rj - f v°i 6." 2 , Ttv )*Pi = Pi-mv-'iS." 2 , 

t(v o ) = ue fc j 2 v j n 2 ). 

ItyMlv") = 1tv° + v°0. 

The identity of laws (14.37) and (14.38) at abstract, realization-free level is 
then evident. 

However, the above local and global equivalences are still insufficient for a 
true understand of Santilli's isogalilean relativities. 

It is at this point were our reversed order of presentation acquires its full 
light. In fact, Santilli's primary and most important conception of his generalized 
relativities is that of novel GEOMETRIC character. 

In fact, the understanding of the physical equivalence of laws (14.37) and 
(14.38) requires the knowledge that, 

in the same way as the Galilean uniform motion (14.37) is a geodesic in Euclidean 
space E(r,8,!R), Santilli's isouniform motion (14.38) is an isogeodesic in the 
isoeuclidean spaces E(r,h,&) (see Fig. 2 of Sect. 1 1 for more details). 

In this way, and only in this way, the reader can understand that Santilli 
constructed his coverings of the Galilei relativity in such a way to preserve the 
underlying axioms, and realized them via more general geometries. 

The reader interested in acquiring a technical knowledge of Santilli's 



(14.40a) 
(14.40b) 
(14.40c) 
iven by 

(14.41a) 
(14.41b) 
(14.41c) 
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isogalilean relativities is therefore suggested to study them via a particularization 
of the isoriemannian geometry of Sect.s 11 and 12 for null isoconnection 
coefficients. 

We have reached in this way the most important physical result of this 
section, which can be expressed as follows: 

THEOREM 14.2 lloc. cit.h All possible Santilli's isogalilean relativities on 
R t xT*£(r,G$) coincide with the conventional Galilei relativity on ifyxT*E(r,8,Sft) at 
the abstract, realization-free level, that is. at the abstract limit considered 

a) all infinitely possible Isogalilean symmetries 6(3.1) coincide with the 
conventional Galilei symmetry &3.1) (global aspect)-, 

b) all infinitely possible isogalilean transformations (14.26) locally coincide with the 
conventional transformations (14.15) (local profile), and 

c) all physical laws of Santilli's isogalilean relativities coincide, by construction, 
with the conventional Galilean laws (physical profile). 

Despite such mathematical and physical unity, the differences between 
Santilli's and Galilei's relativities are nontrivial. 

To begin the illustration of this point, let us recall that Galilei's relativity 
solely applies to inertial frames and establishes the equivalence of all inertial 
frames, as well known. 

On the contrary, Santilli's relativities strictly apply to noninertial frames, by 
conception, that: is, they have been conceived to be applicable to actual physical 
frames of our Earthly environment which, as well known, are precisely noninertial. 

Moreover, Santilli's relativities establish equivalence subclasses of 
noninertial frames, those with respect to the center-of-mass frame of the system 
considered, each class being characterized by each relativity (i.e., by each physical 
medium). The understanding is that different systems imply different subclasses of 
isotopically equivalent frames. 

As Santilli puts it, physical events can occur in the Universe according to a 
multiple infinity of noninertial conditions. The isogalilean relativities essentially 
indicate that all these noninertial frames cannot be reduced to one single class of 
equivalence, but require their classification into subclasses of frames. 

Moreover, Santilli has shown that only a portion of all possible noninertial 
frames are isotopically equivalent to the observer's noninertial frame at rest with 
the interior medium considered, because the remaining classes of equivalence have 
the more general Lie-admissible character. 

But the isogalilean relativities are coverings of the conventional one. This 
means that the conventional inertial aspects are not lost, but fully included and 
actually generalized in the broader isotopic setting. In fact, 
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underlying isotransformations (14.36) are linear, thus preserving the inertial 
character of the reference frames. 

Also, Santilli points out that such a linear-inertial character always holds for 
global-exterior observers, i.e., for the description of interior effects as a whole, in 
which case the characteristics B-functions are averaged into constants (Fig. 2 of 
Sect. 12). On the contrary, the nonlinear-noninertial character emerges only locally 
in the study of individual interior trajectories. 

This elaborates in more details the abstract equivalence of Santilli's and 
Galilei's relativities, because the latter is indeed a global description in the indicated 

We now briefly outline the application of the isogalilean relativities for the 
characterization of physical systems. Recall that nonself ad joint systems (1.1) are 
called "closed" when they are isolated from the rest of the Universe and therefore 
verify all total Galilean conservation laws. 



LEMMA 14.1 Hoc. cith Necessary and sufficient conditions for the isoinvariance of 
closed nonselfadpint systems (1. l! under the symmetries 0(3.1) with isounit 12 we 
that: I) they can be consistently written in isospace RfT*E(r,QM 2) they admit the 
representation in terms Birkhoff-Santilli equations 

^.d»,A,JL,. (14.42) 



lit of 6(3. l) : and , 
I = p la 6,/t, r, p,...) p ja /2m a + V(r ab ), (14.43a) 

(14.43b) 



r ab = «ria-r,b)G,j(r,P,...)(r ja -r jb )) 

Translated in a physical language, Santilli's isogalilean re 
new notion of composite system, with far reaching implications, not only 
classically, but also quantum mechanically. 

Recall that the conventional Galilei's relativity provides a form-invariant 
description of the following closed selfadpint systems in 5HxT*E(r,8,S) 



( T ) 



Pka /m a 1 
fS A (r) ■ 
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ax, M 
X,(t, a) = — # + - 
1 Sa^ at 

k = I, 2, 3, a = 1, 2, 3 N, 

where the X's represent the familiar, total, Galilean, ci 
Xj =H = T(p) +V(r), 
(X2,X 3 ,X 4 ) = (P k ) = EaP ka . 
(X 5 ,X g ,X 7 ) = (M k ) = E a r ka Ap ka , 
(Xg,X 9 ,X 10 ) = (G,,) = X a (m a r ka - 
The content reviewed in this volume ha 
closed nonselfadpint systems on fttTxT*£(r,G,ft) 



a = m 



■(':) 



(14.45a> 
(14.45b) 
(1 4.45c) 
: p ka ), (14.45d) 



V^r) + F NSA ka (t,r,p,p,...) + J^o ff NSA ka (t, r, p, p, ... 

ax, aXj 



k = 1, 2, 3, a = 1, 2, .... N, 
: same as in Eq.s (14.45). 



.., 6N, 



where the X's are exactly th 

To understand this occurrence, recall that in the conventional Lie theory, the 
generators represent total conserved quantities. But the generators and parameters 
are kept unchanged as a central condition of the Lie-Santilli theory30. One 
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therefore reaches the conclusion that the isotopic liftings of the conventional 
Galilean symmetry G(3.l) guarantee the transition from a closed selfadjoint to a 
closed nonselfadjoint systems. 

Stated differently, generalized systems (14.46) are, in general, systems with 
subsidiary constraints given precisely by the total conservation laws. This is the 
way they were originally identified (Santilli (1978b)) and treated (Santilli (1872a)). The 
advance made in Santilli (1988a), (1991d) is that of removing their constrained 
character via the imposition of the isogalilean symmetries. 

The emergence of a novel concept of composite system is then evident. It is 
important to indicate some of their physical implications, so as to provide the 
reader with an indication of the possible classical and quantum mechanical 
applications. 

In essence, the contemporary concept of (nonrelativistic) composite system 
is represented, classically, by the planetary structure, and, quantum mechanically, 
by the atomic structure. In both cases: 

a) the individual constituents are in stable orbits; 

b) the interactions are at-a-distance, potential type; and 

c) the center of the system can only be occupied by a mass much bigger 
than any of the peripheral constituents. 

Santilli's composite systems are more general than the above ones. In fact, 

a) the individual constituents are in generally unstable orbits;3' 

6) the mutual interactions are, not only at-a-distance, but also of the actual, 

mutual contact; and 

c) the center of the system, called "Santilli's isocenter", can be a particle of 

arbitrary mass, including a mass much smaller than that of the peripheral 

constituents (Santilli (1988a), (1991d). 32 

The reader can now understand the physical implications. As an example, 

the entirety of hadron physics has been developed until now as a closed selfadjoint 

systems with individual constituents in stable orbits, trivially, because all these 

theories are conventionally Lagrangians or Hamiltonians. 

But, the wavepackets of all massive particles, including the hadronic 

constituents, must have a dimension of at least IF, that is, of the order of the 

dimension of all hadrons Thus, hadrons are constituted by constituents in 

conditions of total mutual penetration, resulting precisely in the historical open 

legacy of their ultimate nonlocal structure. 

vector space is left unchanged by Santilli's isotopies. 

31 Except for the case N = 2 for which only one stable orbit is ^j"' 55 '^"^*^ ^'^ 

32 This is only one of the many physical implications of the contact internal forces, 
evidently because they can literally constrain a litter particle at the center. 
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This renders Santilli's notion of composite system directly applicable to the 
hadronic structure. As a matter of fact, as clearly stated in memoir (1978a,b), he 
entered into the laborious process of generalizing all current relativities precisely 
for the purpose of attempting a more adequate representation of the hadronic 
structure and, possibly, the identification of the hadronic constituents with suitably 
altered forms of ordinary particles. 

As an example, Rutherford's original conception of the neutron as a 
"compressed hydrogen atom" (i.e., as an ordinary electron compressed all the way to 
the center of the proton, say, in the core of a star) was claimed to be fundamentally 
inconsistent within the context of conventional quantum mechanics. On the 
contrary, Santilli (1989a, b, c, d) has shown that the hypothesis is fully consistent if 
treated via his isogalilean and isospecial relativities. In fact, Rutherford's electron 
cannot possibly be an ordinary Galilean or Einsteinian "center, but it can indeed be 
"Santilli's isocenter". 

We regret the inability to review the two-body and three-body closed 
nonself adjoint systems to avoid an excessive length of this volume, and we refer 
instead the reader to Santilli (1991d), and Jannussis, Miatovic and Veljanosky (1991). 

Another effective way of appraising the possible physical relevance of any 
covering relativity is by identifying its implications for the characterization of a 

DEFINITION 143 (Santilli (B89)h A nonrelativistic isoparticle is an isorepresentation 
of one of the^infinitely possible Isogalilean symmetries G(3.l) on isospace 
& t xT*E(r,G,&) . Equivalently, a nonrelativistic isoparticle can be defined as the 
generalization of the conventional notion of particle induced by the isotopic 

I t = l e*t => l t ea t , (14.47a) 

I €T«E(r,8,Sft) =» 1 2 = diag (G _I , G _1 ) € T*E(r,G#). (14.47b) 

S = diag. (1,1,1) G = diag. (Bf B 2 ~ 2 , B 3 -2 ) > 0. (I4.47c) 

The above definition is intended to express the need, first, to represent the 
actual shape of the particle considered and, consequentially, of all its infinitely 
possible deformations. As a result, when a particle is realistically represented, it can 
possess an infinite number of different intrinsic characteristics depending on the 
infinitely possible local conditions. 
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S = G = diag. (b! 2 , b2 2 , b 3 2 ), 



and Hamilton-Santilli equations 

fj = bi" 2 3 H / 3 Pj = Pj/m = vj, (14.4a) 
Pi = - b." 2 3 H / 3 Tj =0. (14.4b) 

Thus, the isogalilean equations of motion are, in this case, identical to those 
of the conventional Galilei's relativity. Nevertheless, the use of the Isogalilean 
relativities permits the direct representation of: 

1) the extended character of the particle; 

2) the actual shape of the particle considered; and 

3) an infinite class of possible deformations of the original shape; 
all the above already at this primitive, classical, nonrelativistic level33. 

An endless number of additional examples can then be worked out with the 
inclusion of any combination of conventional, local-potential, as well as nonlocal- 
nonpotential interactions (see the examples at the enD of Sect. 7, and Santilli (1991d). 

By recalling the 'Theorems of Direct Universality" of Santilli's isotopic 
formulations for systems (1.1), we have the following important property: 

PROPOSITION 14.1: Whenever applicable, all Santilli's general and restricted 
isogalilean relativities are exactly valid for the systems of our physical reality. 



:t the isospecial relativities as derived from a first generalization; 
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:t the isogeneral r< 

evident enclosure properties 

SANTILUS SANT. 
ISOGENERAL 3 ISOSP 
RELATIVITIES RELA' 



Owing to the deep compatibility and inter-relations of Santilli's covering relativities, 
the established exact validity of the isogalilean relativities provide rather solid grounds 
for the exact validity of the remaining isospecial and isogeneral relativities. 

The understanding is that the experiments proposed in the literature for the 
verification of the isospecial relativities are necessary for the final resolution of the 



1.15: ISOROTATIONAL SYMMETRIES 

In this section we shall review Santilli's infinite family of classical, isotopic 
generalizations 0(3) of the rotational symmetry 0(3) on isoeuclidean spaces £(r,S$), 
called Santilli's isorotational symmetries, or rotationaHsotopic symmetries . 

Isosymmetries 0(3) were introduced, apparently for the first time, in Santilli 
(1978a); expanded in Santilli (1982a)l and finally studied in details in Santilli (1985b) in 
their abstract, and therefore nonlinear and nonlocal version. The classical nonlinear 
and nonlocal realizations of 0(3) were studied for the first time in Santilli (1988a) 
and then expanded in Santilli (1991d). 

Regrettably, we shall be unable to present, for brevity, the isorepresentation 
theory of 0(3), which has been studied within the context of the covering isounitary 
symmetries SfJ(2) in Santilli ((1989), jointly with other liftings of the conventional 
theory, e.g., the iso-Clebsh-Gordon coefficients, etc. 

We believe that this topic is the final necessary complement of the analysis 
of this volume, because it constitutes the central part of Santilli's isogeneral, 
isospecial and isogalilean relativities. 

Stated in a nutshell, the conventional rotational symmetry provides a 
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theory of rigid bodies, as well known. Santilli's covering isorotational theory 
provides instead a theory for extended and therefore deformable bodies. In 
particular, the theory of isorotations establishes the preservation of the exact 0(3) 
symmetry for all infinitely possible deformations of the sphere, as clearly 
established in Santilli (1985b), contrary to a rather widespread, erroneous belief in 
both mathematical and physical circles. 

We felt obliged to mention in the preceding sections the scarcity of 
independent investigations on Santilli's isotopies. We should now stress that Santilli 
is the originator (in 1978) and sole contributor in both the 0(3) and 0(2) symmetries 
to this writing (1992), without any contribution by independent researchers . 

At first, this author could not believe such an occurrence, because the 
rotational symmetry is the most fundamental part of all of contemporary physics. 
The birth of a structural generalization of the rotational symmetry with 
fundamentally novel capabilities was not expected to remain ignored. But that's as 
it has been. In fact, library searches and consultations with experts in the field have 
confirmed the lack of independent contributions on isosymmetries 0(3) and 0(2) to 
this writing. 

This review has been derived from Sect. III.3 of Santilli (199 Id). To begin, it 
appears recommendable to outline first the main results of the abstract 
formulation of isorotations, and then pass to their classical realization. A necessary 
prerequisite for the understanding of this section is a knowledge of Sects 1 to 9. 



DEFINITION 15.. 1 (Santilli (1985a), (1988a)!: The "rotational isotopic groups" 0(3), or 
"isorotational groups", are the largest possible isolinear and isolocal groups of 
isometries of the isoeuclidean spaces 

£(rM): h = T(r, f, if,...) r, ft = 51% 1 = T" 1 = S" 1 (15.1a) 

det.T = det.8 *0, T = T* (15.1b) 

(rTr) = (r,Sr)l = (8r,r)l = 1 (r.&r) = [r 1 Sytr, f, U rJ]1, (15.1c) 

characterized by: the right, modular-isotopic transformations 

r' = WeK = ft(8)Sr, h = fixed, (15.2) 

where the 6's are the conventional Euler's angles, whose elements R(e) verify the 
properties 
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ft*ftt = ft t *ft=l, (15.3) 
or, equivalently, ft' = if" 1 , and verify the isotopic group rules 

WO) = 1 = S" 1 , (15.4a) 

ft(e)*ft(frt = ft(e>ft(e) = ftfe+e-), (15.4b) 

MeMH-6) = 1, (15.4c) 

Equivalently, the isorotational groups 0(3) can be defined as the isosymmetries of 
the infinitely possible deformations of the sphere representable via the particular 
realization of the isometric 

S = diag. (gjj.g^, g 33 ), (15.5a) 

^ = r I g ll r l + r 2 g 22 r 2 + r 3 g 33 r 3' (l5 - 5b) 

Isogroups 0(3) resulted to be tridimensional simple Lie groups which can be 
constructed from the sole knowledge of the isometric 8 via the conventional 
(matrix) generators and parameters of the rotational group 0(3). 

From Eq.fl'5.8) it is easy to see that isorotations satisfy the conditions 



Therefore, 0(3) is characterized by a continuous semisimple subgroup 
denoted S0(3) for the case det (ftS) = +1, and a discrete invariant part for the case 
det (RS) = -1 representing the isoinversions. (see below). 

Each one of the infinitely many possible S0(3) subgroups can be essentially 
characterized as follows. The abstract, enveloping isoassociative algebra £ of Sect. 6 
is now realized in the form £ characterized by the isounit 1, the conventional 
generators X , k = 1, 2, 3, of SO(3) in their fundamental, 3x3 representation, and all 
their possible polynomials, resulting in the infinite dimensional basis of the 
Poincare-Birkhoff-Santilli-Witt Theorem 
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?(S0C3»: 1, J k , Jj-Jj (i s J), Ji*Jj»J k (I a J ^ k) (15.7) 

The isocommutation rules of the Lle-isotopic algebra S0(3) of S0(3) were also 
studied (Joe. cit. ) and shown to be reducible to the form 

D, T 3j] = a^j - = JjSJj "3jS, = c ljk 3 k , (15.8) 

under a suitable redefinition 3 k of the generators J k (see below), where the tensor 
e.j k is the conventional totally antisymmetric tensor characterizing the structure 
constants of SO(3). 

The Lie-Santilli groups S0(3) were obtained via an isoexponentiation of 
structure (15.7) in J, resulting in the expression 



S0(3) : d(e) = (e^'Me J292 We J A (15.9) 

IE IE H 

which can be rewritten in the conventional associative envelope £ of SO(3) 

so®: ft<e) = (TT ^ A 'l=l(n., 3 e*) 

k=l,2,3 |E k "'' 2 ' 3 IE 

^[Sgtein = Hsg'le)]. (15.10) 

The isorotations can then be written in the simpler form 

f = fttehr = Sg(8)r, (15.11) 

which is useful for computational convenience. The understanding is that the 
mathematically correct form remains the isotopic form (to prevent the violation of 
the linearity condition). 

The discrete part is characterized by the now familiar isolnversions 

P*r = P r = - r, (15.12) 

where P characterizes the conventional discrete components of 0(3). 

The notion of isorotation groups was turned into that of isorotational 
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symmetries by noting that, under the conditions of Definition 15. 1, 
isotransformations (15.4) leave invariant, by construction, the separation in E(r,8,#l) 
(Theorem 8.1), i.e., 

r 2 = (r' 1 Sy r-J ) 1 = (r 1 8,^)1= r 2 (15.13) 

The above result holds in view of the property 

S S hs h = S, (15.14) 

which is identically verified for all possible metrics 8 of the class admitted, plus 
similar identities for the isoinversions. 

The capability for the isorotational symmetries 0(3) to leave invariant all 
possible ellipsoidical deformations of the sphere, Eq.s (15.5), then trivially follows 
from invariance (15.13). 

By using Eq.s (15.9) or (3.10), it is easy to compute a genera! isorotation (8.66) 



. cos[e 3 (g 11 g 22 ) i ] gs^grf'^sfeng^] o » 

Sfcfe) = I -g 1I (g 11 g22) i sin[e 3 (g n g 22 ) i ] cos[9 3 (g 11 g 22 ) i ] J 
1 

The above notion of abstract isorotational symmetry then leads to the following 
property anticipated in Sect. 8: 

LEMMA 15.1 (Santilll (loc. cit.): The abstract isotope 0(3) of 0(3) with a nowhere 
singular, Hermitean and diagonal isometric (15.5a) of unspecified signature 
provides a single geometric unification of all possible simple, two-dimensional, Lie 
groups of Cartan's classification. 

All physical applications of the isorotational symmetries, and their use 
within the context of isotopic relativities in particular, were restricted by Santilli to 
the infinite class of isotopes 



(15.16) 
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This essentially implies the restriction only to those isotopes that are locally 
isomorphic to 0(3). Only the isoduals 

0%): sig. 8 = (-1,-1,-1), 8 < 0, (15.17) 
were considered by Santilli for the construction of the corresponding isodual 
relativities which we have not considered for brevity 34 . 

The terms "isorotations" or "rotational-isotopic transformations" are 
therefore referred to in this volume, specifically, to those characterized by 
positive-definite isometrics 8. 

By recalling that all nonsingular and Hermitean metrics and isometrics can 
be diagonalized, all positive-definite isometrics can therefore be written in the 
diagonal form 

8 = diag. (b x 2 , b 2 2 , b 3 2 ), (15.18a) 

bk = b k (t, r, p, p, ...) > 0, (15.18b) 

which is assumed hereon as the basic form. 

The first physical motivation for the restrictions of the isometrics 8 to be 
positive-definite is the following. As well known, mathematically we can indeed 
deform the sphere 

r 2 = ri r, + r 2 r 2 + r 3 r 3 > 0, (15.19) 

into all infinitely possible compact (ellipsoidical) and noncompact (hyperboloid) 

r 2 = r . g .. r , >, 0, (15.20) 
34 Santilli's notion of isoduality has truly intriguthg possibilities in particle physics because 
it permits the possibility of reconstructing exact discrete symmetries, of course, at the 
isotopic level, when believed to be conventionally broken. This includes the possibility of 
reconstructing parity as exact symmetry for weak interactions via the simple embedding of 
all parity-violating terms in the isounit as well as in the additional degrees of freedom of 
operator formulations offered by the isotopy of the Hilbert space (Santilli (1983b), (1985c), 

notion of isoduality, let alone its treatment, because it requires the nontrivial isotopic 
product ATB - BTA = A (-1) B - B(-I) A. 
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which then produce the classification of all possible, compact and noncompact 
isotopes reviewed in Sect. 6. 

However, on physical grounds, a given sphere can only be deformed into 
ellipsoids, and there exists no known physical process capable of turning a sphere 
into a hyperboloid. 

Additional reasons are of geometrical nature, and are motivated by Santilli 
intent of reaching the unification of isotopic and conventional theories at the 
abstract, realization-free level. 

Along these lines, one note that a most salient geometric axiom of the 
conventional theory of 0(3) is the positive-definiteness of its invariant, Eq.s (15.19). 
In order to achieve an isotopic theory of 0(3) capable of coinciding with that of 0(3) 
at the abstract level, Santilli therefore preserves the same axiom. 

Some of the main properties of isorotations can then be expressed as follows 

THEOREM 15.. 1 (Loc. cit.h Santilli's isorotational symmetries 0(3) of all infinitely 
possible ellipsoidical deformations of the sphere on the isoeuclidean spaces £(r,S,ft), 
ft = 3(t, 1 = S - ', S > 0, verify the following properties: 

1) The groups 0(3) consist of infinitely many different groups corresponding to the 
^infinitely many possible deformations of the sphere (explicit forms of the 
f isometric B) Eq. (3.18a); 

•2) All isosymmetries 0(3) are locally isomorphic to 0(3) under conditions (3.18b) 
herein assumed; and 

3) The groups 0(3) constitute "isotopic coverings" of 0(3) in the sense that: 

3.a) The formers are constructed via methods (the Lie-isotopic theory) structurally 
more general than those of the latter (the conventional Lie's theory); 

3.b) The formers represent physical conditions (deformations of the sphere; 
inhomogeneous and anisotropic interior physical media; etc.) which are broader 
than those of the conventional symmetry (perfectly rigid sphere; homogeneous and 
isotropic space; etc.); and 

3.c) All groups 0(3) recover 0(3) identically whenever 1 = 1 and they can 
approximate the latter as close as desired for 1 ~ 1. 



/. V. Kadeisvili 



Santilli's Isotopies 



A first illustration of the nontriviality of the above results can be expressed 
via the property indicated at the beginning of this sections, namely, that the 
isorotational symmetries reconstruct as exact the 0(3) symmetry for all possible 
deformations of the sphere. 

Note that, for general ellipsoids (15.18) the "rotational symmetry" is exact, 
but the "conventional rotations" do not constitute a symmetry any longer. This 
occurrence is at the foundation of the need for Santilli's isorelativities. 

The latter aspect is rendered necessary by the following property. 

COROLLARY 15.1,1 (loc. cit.h While conventional rotations are trivially linear and 
local in E(r,SM Santilli's isorotations are formally isolinear and isolocal in E(r,&M 
but generally nonlinear and nonlocal in E(r,SM i.e., 

r' = fye)*r = ft(e)S(t,r,r,r,...)r (15.21) 

A further important result is the isotopic generalization of the conventional 
Euler's theorem on the general displacement of a rigid body with one point fixed 
(see, e.g., Goldstein (1950)), which we can express via the following 

THEOREM 15.2 (loc. cit..): The general displacement of an elastic body with one 
fixed point is an isorotation 0(3) around an axis through the fixed point. 

In different terms, isorotations characterize not only a rotation of a given 
body, but also, jointly, its possible deformations. Thus, while the theory of 
isorotations characterizes elastic bodies, as indicated earlier. 

This completes our review of the abstract treatment of the isorotational 
symmetry 0(3). We are now sufficiently equipped to review Santilli's classical 
realizations of the isorotations 0(3) under the conditions of: 1) being directly 
applicable to classical, closed, nonrelativistic, nonselfadjoint systems (14.46); 2) 
permitting the achievement of the conservation of the total angular momentum via 
the invariance of the systems under isorotations (without any need of subsidiary 
constraints), and 3) allowing the inclusion of nonlocal internal forces. 

The phase space of the theory is the cotangent bundle T*6(rM) with the 
familiar local coordinates 

a = W = (r ka ,p ka >, (15.22) 
u. = 1, 2, 6N, k = 1, 2, 3 (= x, y, z), a = 1, 2, N 



Isospaces T*fi(r,S,sfl) are then equipped with the one-isof orms (Sect. 9) 
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*1 = R V t I li v da1 ' = Pia S ij dl > <I5 ' 23a) 

R° - (p, 0), T, = (tfj = diag. (8, 8), (15.23b) 

which is the fundamental space for the representation of systems (14.66) via 
Pfaffian-Santilli variational principles. 

To study the isosymmetries of the systems we have to consider the isospace 
T*£ 2 (r,8,ft) of two-isoforms constructed from one-isoforms 

* 2 = 3$, = iy a T 2 a v SaV-Kdn v , (15.24) 

where co^, is the canonical symplectic tensor, and the isotopic element t 2 is 
generally different than Tj, with the explicit form (9.94) 

(T/ v) = [b^b 2 , + ^K— -R°p — £„>X- 

= diag (6,0), G = diag. ( Bj 2 , B, 2 , B 3 2 ) > 0, (15.25a) 

- (b 2 ,) = (b 211 ) = (8,8) (15.25b) 
The isospace used in the classical isosymmetries is then given by 

T*£ 2 (r,S,Sft) = T*£(r,6,3« : r - [r^ft, r, p, p,...) r ja ]1 2 , ( 15.26a) 

1 2 = (t 2 r' = diag.e-'.cr 1 ), (15.26b) 

Thus, the actual invariant of the isorotational theory under study is 
invariant (15.26a). 

By recalling the interplay between geometry and algebras of Sect. 9, the Lie- 
Santilli brackets of the theory are given by 



(15.27) 



-244- 



Santilli's Isotopies 



Our objective is that of reviewing the theory of isc 
(15.27). For clarity, we shall proceed in stages, and begin with the study first of the 
case of constant isometrics 

S = diag.tb, 2 ,^ 2 ^ 2 ), (15.28a) 

bj; = constants > 0, ( 15.28b) 

for which t l = T 2 , and the Lie-isotopic brackets (15.27) assume the simpler form 

3A 3B 3B , 3A 

u;b] = — b^ 2 V 2 — . (15 - 29 > 



To identify the Lie-Santilli algebra S<5(3) characterized by brackets (15.29), 
Santilli computes first the fundamental Birkhoffian commutation rules which 
are readily given by 

WtoJKW'} V-^-fV) (.5,0, 

\ [ Pi rrj] [ Pj r pJ ' v -s o / 

Next, Santilli introduces the generators of the Lie-isotopic algebra S<3(3) of 
Sd(3) which, as now familiar, are given by the conventional generators of 0(3), i.e., 
by the components of the angular momentum 

Jv-W,P. (15 ' 3I) 



Santilli calls the above quantities the components of the Birkhoffian 
angular momentum to emphasize the fact that they characterize a generalized 
notion because no longer defined on T*E 2 (r,8,M), but on TE^M). 

Thus, while the magnitude of the Hamiltonian angular momentum is given 
by the familiar expression 
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the magnitude of the Birkhoffian angular momentum is instead given by 

J 2 = J*J = Jj 8 (j Jj = J fc b k 2 J fc . (15.33) 

Note that the interpretation of components (15.31) as isoscalars in sft would 
imply the expressions 

^V^rV^ 1 ^ (I5 - 34) 

called the trivial isotopy (Sect. 8) because it does not provide a generalized 
invariance, as the reader is encouraged to verify. 

Also, the reader should keep in mind that we are dealing with the classical 
realization of S<3(3), rather than its matrix realization as in Santilli (1985b). This 
implies that the generators of the isosymmetries must be ordinary functions, while 
..quantities (15.34) are matrices. 

; To compute the isocommutation rules of S0(3), Santilli first computes the 
isocommutation rules between the angular momentum, and the local variables, 
resulting in the expressions 




(15.35a) 



lJ k rp i ] " e kij b i p j, (15.35b) 

(where there is evidently no summation on the i-index). 

The desired isocommutation rules of the (compact) isorotational algebra 
S<)(3) are then given by (Santilli (198*a), (1991d)) 



S0(3): [J ( ; Jj] = Cj k J,, = e. jk b k 2 Jj,. (15.36) 
which, under the redefinition 



3 j - b 2 b 3 J r 3 2 =b, b 3 i % j g = b { X> 2 J a ( IS . 37 ) 
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[I."!.] = £..,,3,,, (15.38) 

This confirms the existence of a classical realization of the isocommutation 
rules of S<3(3) possessing the same structure constants of SO(3). In turn, this 
confirms the local isomorphism between all possible isotopes S0(3) of class (15.28) 
and SO(3) in accordance with Theorem 3.1. 

The isocenter of the enveloping algebra (Sect. 6) is given by the isounit, 
which is the zero-order isocasimir, C (o> = 1, and magnitude (15.33) of the 
Birkhoffian angular momentum, C (2) = J 2 , as expected. In fact, 

[j2r Ji l = [ Jk b k 2 J k rj.] = 2c k ..J k J. = 0. (15.39) 

Note that the isosquare of J has the particular geometrical significance 

J 2 = (det§)J 2 , (15.40) 



with intriguing implications in particle physics we hope to indicate at some future 
time 35 . 

Note also that J 2 = J k J k is not an isocasimir of Lte-Santilli algebra (15.36) 
or of (15.38), as the reader can verify. This occurrence is important inasmuch as it 
confirms the correctness of isosquare (15.33). 

rules has a primary mathematical significance, inasmuch as it is formally 
identical to the conventional commutation rules. However, the isocommutation 
rules of direct physical significance are those in the physical angular moments J, 
i.e., rules (15.36). 

The classical realization of the Lie-Santilli group Sd(3) by 

sop) : we) = [n,._, 00 e lc ^ 2a k n 

35 It essentially implies a possible mutation of the conventional discrete values of the spin 
0, ± i, ± 1, into mutated values 0, ± i A, ± 1 A, .., A = det % which is however valid only for 
ONE 1SOPART1CLE INSIDE HADRON1C MATTER, such as a proton in the core of a star 

(19S9b)f. TWs S possible internal mutation of spin is then at the basis of the interpretation of 
the total spin i for Rutherford's historical conception of the neutron as a "compressed 
hydrogen atom", as well as for the possible interpretation of the hadronic constituents with 
physical, ordinary particles freely produced in spontaneous decays (Santilli (1978b), (1981a)). 
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sg(e)1, 



(15.41) 



where the exponentials are expanded in the conventional associative envelope £ for 

Note the true realization of the notion of isotopic lifting of a Lie symmetry, 
i.e., the preservation of the original generators and parameters of the symmetry, 
and the isotopic generalization of the structure of the Lie group via the liftings 1 
=* 1 2 . 

The computation of examples is straightforward. For instance a (classical) 
isorotation around the third axis is given by (Santilli (toe. cit. )) 



; , The proof of the invariance of isoseparation (15.28) under the above 
transformation is an instructive exercise for the reader interested in acquiring a 
knowledge of Santilli's relativities. The computation of other examples can be 
readily done via Eq.s (15.41). 

Note that the convergence of series (15.41) into finite transformations of type 
■(15.42) is reduced to the convergence of the original series prior to the lifting. 

Note also the appearance of the isotopic elements b], directly in the angles of 
isorotation. This occurrence is useful for the reconstruction of the exact rotational 
symmetry according to the rule 



which has important applications in particle physics (see the Figure 5 below) 

In different terms, the deformation experienced by the body considered, 
and represented by the b-quantities, is compensated by the isorotation in such a 
way that the combination of the deformation and isorotation equals the angle of 



f = ft(9 3 )*r = S S (9 3 ) r = 



(15.42) 




6 ilam. 6 3'Birk. b i b 2' 



(15.43) 
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rigid rotation. In this way, tt 
of Eq.s (15.49), is decomposed 
of the same value. 

This is the realization in Birkhoff-Santilli mechanics of the property that all 
distinctions between conventional and isotopic symmetries cease to exist at the 
abstract, realizationfree level. 

We now pass to the application of the general theory of isoinvariance 
outlined in Sect. 8, to the isorotation of closed nonself ad joint systems (14.66). For 
this purpose, we have to verify first that the J's are indeed the generators of 

i 88 around a fixed axis with unit 



^V^kijVr (15 - 44a) 

p, p, + 86 e, ..n. p.. (I5.44b) 
H k H k kij i H j 

The isoexponentiation of the above quantities yields the relations 

(e - 89 n * J ) r - r k - 88 [n.J r r k l = r, + 88 e n. rj , (I5 . 45a) 



58 [n« J , p k ] = p k + 



(15.45b). 



product is evidently that in £(r,B,ft). This confirms that the 
components of the angular momentum are indeed the generators of 



The notion of isorotational symmetry is then given by a simple isotopy of 
conventional one (Definition 8.3). In fact a Birkhoffian B(r, p) is invariant under 
sorotation around the n-axis iff it verifies the invariance property 

B(r, p) = B(r + 88 nAj, p + 86 nAj) 



where A is the vector product computed in T£(r,B$), which can hold iff 
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U k r B] = 0, k = 1, 2, 3, (15.47) 

For a more rigorous and general presentation, see Theorems 8.2 and 8.3. 

We reach in this way the rather simple conclusion that a Birkhoff-Santilli 
vector-field is invariant under isorotations when properly written in T*fZ(r,&M 
i.e., when all operations of contraction, power, etc. are properly made with the 
isometric 8, as in the following Hamiltonians 

p ia S ii Pia 

B = H = T(p) + V(r) = J ** + V(r), (I5.48a) 




(15.48b) 



Finally, note from Theorem 8.3, that conditions (15.47) are necessary and 
sufficient for the complete invariance of nonlinear, nonlocal, nonhamiltonian and 
nonnewtonian systems (14.66) represented via the Hamilton-Santilli equations. 

We now pass to a review of isometrics with a nontrivial functional 
dependence, namely, for general brackets (15.27). 

It is easy to see that the isocommutation rules remain structurally 
unchanged under the generalization herein considered, with the only replacement 
of the b- with the B-quantities, e.g., 

[J i r r j' = e ijk B ? r k. U, • Pjl " % B 7 P k - (15-49) 

The general isocommutation rules of Santilli's isorotational algebras SO(3) 
are then given by 

S0(3): [Jj ; J.] = C.. k (r, p, ...) J fc = e. jk B k 2 (r, p, ...) J k , (15.50) 

and provides another illustration of the structure functions of the Lie-Santilli 
theory (Sect. 6). The reformulation of the above algebra to reach the same structure 
constants of the conventional symmetry, as in Eq.s (15.38), is here left as an 
instructive exercise for the interested reader. 

As one can see, under the condition of positive-definiteness of the isometric 
G, all infinitely possible isotopes S0(3) remain isomorphic to SO(3), by therefore 
preserving the semisimple and connected properties of SO(3). 
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The study of the global isocasimir Invariants, that is, the isocasimirs valid 
everywhere in T*e 2 (r,S,Sl), under a nontrivial functional dependence of the 
isometric, is involved on technical grounds, inasmuch as it requires a deeper 
knowledge of the Birkhoffian realization of universal enveloping isoassociative 
algebras and related isoneutral elements (see the remarks at the end of Sect. 6).. 

It is easy to see that, in this local sense, the isocasimirs of realization (15.50) 
persist, i.e., are given by 

C <0) = 1, , C <2) = J 2 = (15.51) 

A simple example of a global isocasimir is given when 

B, =B 2 = B 3 -B(p), T 2 = B 2 I, 1 2 -ET 2 I, (15.52) 

in which case the magnitude of the angular momentum 

= JGJ = B 2 (p) J 2 , (15.53) 

is indeed a neutral element of the Lie-isotopic envelope, as the reader can verify. 
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The experimenters filled up the electromagnet gap with Mu-metal sheets for the 
primary purpose of reducing stray fields. It is this latter rather accidental feature that 
renders the experiments truly fundamental, inasmuch as they test the rotational symmetry 
of the neutrons under EXTERNAL^ magnetic and nuclear interactions 

6 3 = 715.8r ± 3.8°, (2a) 

36 A primary emphasis must be given to the external character of the target and, 
consequently of the fields because, if one considers the system neutron plus nucleus, no 
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symmetries of the space component of the conventional and isotopic theories of 
TBtr&SO-. A = SRl 1,-1 2 -1 = diag.Sf ',&"'), (4a) 

and the isoanalytic representations given in the text. 

Santilli's treatment is independent from the explicit form of the external potential 
V(r) and is essentially based on the assumption that the external field implies the 
deformation of the shape 

8 =■ diag. (1, 1, 1), V = => B' = diag. (b'! 2 , b' 2 2 , b'g 2 ), V ^0, (5) 

under the conditions of being volume preserving, 

Suppose that T*E(r,8,5t) is the conventional phase space of the neutron beams. Then, 
the isogalilean relativities uniquely follows by assuming the isospace 




- -1.902 eh/2mpC , (9) 
ut quantitative interpretation of Rauch's 
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PROPOSED EXPERIMENTS: 

I) REPEAT RAUCH'S EXPERIMENTS WITH THE BETT ER ACCURACIES CURRENTLY 
AVAILABLE. In fact, the reduction of the current error of about 80% would establish 
Santilli's mutation of the magnetic moment. 

II) REPEAT RAUCH'S EXPERIMENTS WITH A M UI.TIPLE OF TWO SPIN FLIPS. 
Apparently, current neutron interferometers can reach up to fifty spin flips and more. Since 
the phenomenon of mutation is expected to be nonlinear, the increase of the number of spin 
flips is expected to produce a higher deviation, which could therefore resolve the issue even 
the with accuracy of measures (2). 

III) REPEAT RAUCH 'S EXPERIMENTS WITH A HEAVIER NUCLEI. In fact, the 
mutation is also expected to be nonlinearly dependent on the mass of the nuclei in the 
electromagnet gap. The use of metal heavier than that used so far could also resolve the 

In these experiments, SANTILLI SUCGESTS THE ME ASURE NOT ONLY OF THE 
MEDIAN ANGLE. BUT ALSO THE PLOTTI NG OF THE CURVE OF THE INTENSITY 
MODULATION AND OF ITS PHASE WITH THE POLARIZATION. 

The implications of Santilli's prediction of a mutation of the intrinsic magnetic 
moments of particles under sufficient external forces, are manifestly far reaching. We here 

magnetic moments mentioned in Sect. 13; implying, sooner or later, a revision of nuclear 
physics-, permitting fundamentally new structure models of hadrons; etc. 

The societal implications are also considerable. In fact, it is possible that the current 
inability to achieve the controlled fusion with a positive energy output is due precisely to 
the currently used Einsteinian representation of protons and neutrons as abstract, perennial 
and immutable points. Such a representation is evidently exact during the compression 

of initiation of the fusion process precisely because of the activation at that instant of 

At any rate, the experimental confirmation of Rauch's measures (2) would invalidate 
the very conception and design of the current magnetic bottle, trivially, because they are set 
on intrinsic magnetic moments (1) which would be altered at the very initiation of the 

P This author therefore concludes the main text of this book with the hope that 
Santilli's relativities will indeed be developed by mathematicians and theoreticians in the 

other, currently preferred, mathematical, theoretical and experimental research. 
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APPENDIX LA: LIE-ADMISSIBLE STRUCTURE OF HAMILTON'S 
EQUATIONS WITH EXTERNAL TERMS 



No in depth knowledge of topic of this volume can be achieved without a study of 
the analytic, algebraic and geometrical structures underlying the equations 
originally submitted by Hamilton (1834) for the interior dynamical systems (1.1), 
those with external terms 

3Ht, r, p) 

fka = = Pka /m a- (jUa) 

a Pka 

8H(t, r, p) 

Pka = + F ka. 

8r ka 

H = P^Pfc/Zm-i +V(r), 

F ka = f NSA ka (t ' P' P-> + ^ ^ S \a 1 ' r ' P. *>-•> 
k = 1, 2, 3 (= x, y, z), a = 1, 2, N 

As one can see, the above equations verify a rather simple "direct 
universality" for the representation of all possible systems (l.l) in the coordinates of 
the experimenter, because the Hamiltonian H represents all local and potential 
forces, while the external terms F ka represents all remaining nonlinear, nonlocal 
and nonhamiltonian forces. 

However, in so doing, the Hamiltonian H is necessarily nonconserved (Sect. 
10) and, for this reason, the equations characterize an open nonconservative system. 

In this appendix we shall also review the algebraic structure of the most 
general possible nonautonomous Birkhoff's equation (7.11) in T«E(r,8,SH) with local 
coordinates a = (aW = (r, p) = (r k , p k ), 



(A. Ib) 

(A.lc) 
(A. Id) 
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1 = ^\%\-^ v . 
aiyt, a) aR^tu) 



The algebraic structure of Eq.s (A.l) was identified, apparently for the first 
time in Santilli ((1967), (1968), (1969)). The studies were then continued in Santilli 
(1978a). A comprehensive presentation can be found in Santilli (1981a), including the 
identification of an underlying geometric structure and the extension of the results 
to Eq.s (A.2). 

In this appendix we shall outline the algebraic properties of Eq.s (A.l) and 
(A.2), as well as point out in more details the reasons why the restriction of the 

»' * '-—-'or trajectories solely to the isotopic treatments is insufficient, and 

use of the complementary Lie-admissible formulations is 

„.™„.e. Further properties will be briefly outlined in the subsequent 

appendices. The content of these appendices is essentially derived from the 
appendices of Santilli (1991b). 

To begin, the conventional Poisson brackets [A,B] of Hamilton's equations 
without external terms are generalized for Eq.s (A.l) in a form, say A*B, which is 
explicitly given by 

AxB = [A,B] + ^ F ka . (A.3) 



ts (A.3) violate the right scalar and right distributive laws (5.1), 



ax(BxC) = Ax(axB) = (axAkB, 
(AxB)xa * AxiBxa) ¥ (Axa)xB, 
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(A + B)xC = AxC + BxC, (A.5a) 

Ax(B + C) * AxB + AxC, (A.5b) 

As a result, they do not characterize an algebra as commonly intended in 
contemporary mathematics (Jacobson (19621.QED 

In different terms, in the transition from the contemporary Hamilton's 
equations to their original form with external terms, we have the loss, not only of 
the Lie algebras, but more precisely of all consistent algebraic structures. 

Exactly the same situation occurs for the quantum mechanical treatment of 
nonconservative forces via nonhermitean Hamiltonians H<j * H d t (Santilli (1978b)). In 
fact, under these conditions, the conventional Heisenberg's brackets among 
operators A, B, ... on a Hilbert space 3C, [A,Bj = AB - BA, over a complex field C are 
generalized into a form, say A*B, which is evidently defined by the new equations 

i A = AxH d = AH d f - H d A , h = 1, (A.6) 

Again, the nonconservative Heisenberg's brackets A*H, not only lose the Lie 
algebra character of conventional quantum mechanics, but do not characterize 
any consistent algebra, because they violate the right scalar and right distributive 
laws, as trie reader is encouraged to verify. 

This is not a mere mathematical occurrence, because it carries rather deep 
physical implications. For instance, the notion of angular momentum can be 
consistently defined in conventional (classical and quantum) Hamiltonian 
mechanics, and treated via its underlying Lie symmetry 0(3). 

In the transition to Hamilton's equations with external terms (A.l) and their 
operator counterpart (A.6), we have lost all Lie algebras, let alone that of the 
rotational symmetry. This has the direct consequence that, even though the use of 
angular momenta is kept for Eq.s (A.6) according to a rather widespread use in 
contemporary particle and nuclear physics, the reality is that the notion has lost all 
necessary background for its definition, let alone its quantitative treatment. 

In fact, it would be inconsistent to use one product A*H for the time 
evolution, and a different product, say, [A,H] for the characterization of physical 
quantities such as the angular momentum. This is 

due to the well known, ancient rule of dynamics whereby the product of the 
algebra characterizing a given theory, whether classically or operationally, must 
coincide with that of the time evolution law. 

To put it explicitly, a statement to the effect that, say, a particle described 
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by Eq.s (A.6) has spin one, is not mathematically substantiated, because of the loss 
of any algebra for its treatment, and physically unfounded, because the spin of 
particles in open nonconservative conditions is ultimately unknown at this writing. 

Exactly the same situation occurs for the nonautonomous Birkhoff's 
equations (Santilli (1981a)). In fact, Birkhoff's brackets [A", B] for tr 



be generalized for Eq.s (A.2) in the form 

9A ..„ ai\, 



3t (A.8) 



which again violate the right scalar and di 

Equivalently, one can say that for, the case of time-dependent R-f unctions, 
Birkhoff's equations can be expressed with the (2N+l)x(2N+l) contact tensor (Sect. 9) 
which, being odd-dimensional, do not admit a consistent contravariant (Lie) 

The reader should therefore be aware that the Isotopies of conventional 
relativities are inapplicable to the nonautonomous Birkhoff's equations, because of 
the loss of a consistent algebraic structure, let alone the loss of their Lie-isotopic 
character (Santilli (loc. cit.)). 

The above occurrences evidently create the problem of identifying the 
relativities which are directly applicable to open, nonconservative, nonautonomous, 
interior systems, such as oscillator with a time-dependent applied force, etc. 

In turn, the above relativities cannot be identified without first 
reformulating Eq.s (A.l) and (A.2) in an analytically identical way (to avoid the 
alteration of the equations of motion) which is however admitting of a consistent 
algebraic structure. 

This problem signals the birth of the Lie-admissible algebras in physics 
(Santilli (1967) 37 . In fact, on one side, the consistent brackets for Eq.s (A.l), say, 
(A,B), cannot be antisymmetric, to permit the representation of the time-rate-of- 
variation of the energy 



J. V. Kadeisvili 



-261- 



H = (H,H) = F ka = v ka F,, a , (A.9) 

a Pka 

while, on the other side, Lie algebras cannot be evidently abandoned, because they 
must be admitted as a particular case for null nonselfadjoint forces, i.e. 

(A,B)| Fka=Q = [A,B]. (A. 10) 

This problem was originally studied in Santilli ((1967),(1968), (1969)) and then 
reinspected in Santilli (1978a), where it was pointed out that conditions (A.10) 
identify the so-called general Lie-admissible algebras. 

According to Albert (1948) an algebra U with (abstract) elements a,b,c,...and 
(generally nonassociative, abstract) product ab over a field F 

U: ab = nonassociative (A.I I) 



: [a.bly - 



■e algebras A are Lie-admissible, resulting in th< 
familiar Lie product [a,b] A = ab - ba, where now ab is associative. 

All Lie algebras L with (abstract) product ab are also Lie-admissible, because 
ta,b]L= 2(A,B] A , where now ab is nonassociative. Thus, Lie algebras are contained ir 
Lie-admissible algebras in a two-fold way, first, in the classification and, second, as 
the attached antisymmetric algebras. 

The most general possible algebras of the type considered are by Santill 
(1978a) the general Lie-admissible algebras when they verify no condition othei 
than the Lie-admissibility law (A. 12). 

The first classical realization of the Lie-admissible algebras in physics was 
introduced in Santilli (1978a, c) and then worked out in more details in Santilli (1981a! 
Let A, B be (nonsingular, sufficiently smooth) functions in S t xT"E(r,8,SR). Then the 



over the reals 5t characterize a Lie-admissible algebra U when the attached 
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antisymmetric brackets 

XT: [A,B] U = (A,B> " (B,A) (A. 14) 

are Lie, or, equivalents, when the attached antisymmetric tensor 

S (iv _ s 1 ^ = Dtiv (A. 15) 

is Birkhoffian. 

Now, the direct way of writing brackets (A.3) in an algebraically consistent 
way is by introducing the tensor in S t xT*E(r8,S) 

S^(t,a) = oT + s^tLa), (A. 16) 

where (J LV is the (totally antisymmetric) canonical Lie tensor (7.16), and & v is the 
totally symmetric tensor 

s = yiv) = diag.(0,s), s = F/(3H/3p) (A. 17) 

The brackets (A,B), when written in form (A. 13) with the S-tensor given by 
symmetric form (A.I6), first of all, verify both right and left scalar and distributive 
laws, and, secondly, they characterize a Lie-admissible algebra because the attached 
brackets are Lie 

(A,B) - (B,A) = 2lA,B], - = 2(0^. (A.18) 

Finally, the equations of motion are not altered when rewritten In terms of 

3H(t, a) 

a u = sp-v = (a^.H), (A. 19) 

3a v 

called Hamilton-admissible equations (Santilli (1981a)). In fact, we have 

f ka = 3H/3 Pka , (A.20a) 

p ka " ~ aH/3r ka + s kajb SH/3 Pjb = " aH/3R ka + F ka - (A 20b) 
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In particular, the brackets (A,B) preserve the CORRECT time-rate-of- 
variation of the Hamiltonian 

H = (H,H)= v ka F ka , (A.21) 



The regaining of a consistent mathematical structure carries rather 
intriguing physical implications. 

As an example, Eq.s (A.l) do not admit a consistent exponentiation into a 
finite group . On the contrary, when written in their equivalent Lie-admissible 
form (A.19), they can be easily exponentiated into the form 

t°sM%H)(a) 
a' = !e| V Ja, (A.22) 

In particular, the above structure leaves invariant the equations of motion. 
In fact, from a general property of vector-fields on manifolds, we have 

t°»* v !0 II! : 

r(t,a') = ( e^ V ^ ) r(t,a) = rtt,a'), (A.23) 

For this reason, structures of type (A.22) constitutes an intriguing generalization of 
the notion of Lie-Santilli symmetry (Sect. 9) known as a Lie-admissible symmetry 
(Santilli (foe. cit. )). 

The physical differences with the conventional approach are, however, 
rather deep. In fact, the conventional Lie and Lie-isotopic symmetries represent 
the conservation of the energy and other quantities. In the more general case 
under consideration here, we can say that the broader Lie-admissible symmetry 
characterized by the Hamiltonian as generator represent the time-rate-of- 
variation of the energy 

t°S^ H) ) 

fl = H(t,a) - ( e| v V- ) H(t,a) = v ka F ka . (A.24) 



Moreover, exponentiation (A.19) admits the following explicit form 
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t°(A,H)/ll + t° 2 ((A,H),H)/2l + 



(A.25) 



namely, symmetries (A. 19) admit non-Lie, Lie-admissible algebras in the 
neighborhood of the identity. This signals the possibility of generalizing the entire 
Lie's and Lie-isotopic theories in a yet more general Lie-admissible theory (Santilli 
(1978a), (1982a)). 

The mathematical and physical covering character of the Lie-admissible 
formulations over the Lie-isotopic and Lie formulations is then evident. 

By recalling that the symmetry characterized by the Hamiltonian as 
generator is the time component of the Galilei and of the Galilei-isotopic 
relativities, symmetry (A.23) can then be considered as the time component of 
conceivable, still more general relativities, tentatively called Lie-admissible 
relativities Hoc. cit. ) for open nonconservative systems, in which the form- 
invariance characterizes, this time, the time-rate-of-variation of Galilean 
quantities. The understanding is that the studies on Lie-admissibility are 
considerably less advanced than the corresponding Lie-Santilli theories, and so 
much remains to be done. 

The identification of the algebraic structure of the nonautonomous 
Birkhoff's equations (A.2) is now easy Hoc. cit). Introduce the generalized tensor 



where QM-" is the (totally antisymmetric) Birkhoff's tensor (A.2b), and T^ V is given 
by the totally symmetric form 



SPUa) = CWa) + -mtA 



(A.26) 



t = (t\iv) = diag.(0,a), a = fyR) / (8^B). 



(A.27) 



Then, the generalized brackets 



(A", B) = — 3^(t,a) — , 
3a! 1 3a" 



(A.) 



are algebraically consistent and Lie-admissible, as one can see, thus resulting in the 
generalized equations 
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3B(t,a) „„ eB(t,a) 

a^ = S(t a) , = ( QRa) + t (t, a)] , (A.29) 

da v da v 

called Birkhoff-admissible equations (Santilli (1978a), (1981a)) and which evidently 
constitute a covering of both Birkhoff's and Birkhoff-Santilli equations. 

In particular, the transition from brackets (A. 13) to (A.28) is an example of 
Lie-admissible isotopies (Sect. 5). 

For further studies, we refer the interested reader to Santilli (1981a), where 
one can see the elements for a further generalization of Birkhoffian mechanics into 
a covering discipline, tentatively called Birkhoffian-admissible mechanics. 

The operator counterpart of Hamilton-admissible equations (A. 16) was 
achieved in Santilli (1978b). We shall here briefly outline it, because the operator 
Lie-admissible equations possesses considerable guidance value in the study of the 
abstract Lie-admissible formulations. 

The most salient physical difference in the transition from closed-isolated- 
stable systems to open-nonconservative-unstable systems is the appearance of 
irreversibility, i.e., the lack of invariance of physical processes under time 
reversal. As an example, the trajectory of Jupiter in the Solar system is manifestly 
reversible, while the trajectory of a satellite penetrating Jupiter's atmosphere is 
manifestly irreversible. Corresponding similar situations occur at the particle level. 

By..following Santilli (1991b), consider then the forward direction in time, 
and denote it with the symbol " > ". Let i; be the conventional enveloping operator 
algebra of quantum mechanics with operators A, B, ... and trivial associative 
product AB on a Hilbert space X over the field of complex numbers C. 

Introduce the isotope f> of £ (Sect. 5) describing the motion forward in time 

f>: A>B = AT>B, (A.30) 

which is characterized by a nowhere null and sufficiently smooth, but 
nonhermitean operator T>, with isounit for motion forward in time 

I> = (TT 1 , (A.31a) 

I>>A = A>I> = A, VAe?, (A.31b) 

Introduce now the isotope for motion backward in time, which is 
denoted with the symbol " < ", 
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<fc A<B = A<TB, (A.32) 

characterized by a different isotopic element <T * i > , with isounit for motion 
backward in time 

<I = ^TT 1 , (A.33a) 

<I<A = A<<T, (A.33b) 

Finally, assume that the forward description via envelope £> is the time 
reversal of the backward one <£. This can be done by assuming 

1> = (<I)t (A.34) 

LEMMA A.l Hoc. cit.).The axiomatic structure of irreversibility from the 
algebraic viewpoint can be expressed via isoassociative algebras with two different 
isounits 1> = ( < l)^ * <I, and related isofields, one for the motion forward in time 
l> and the other for the motion backward in time K I . 

It is an instructive exercise for the reader interested in learning the 
techniques of this volume to prove that structures (A.30MA.34) are indeed invariant 
under isotopy and, thus possess an axiomatic character. 

Lemma A.l is of particular guidance value in studying abstract problems, 
i.e., the identification of the generalization of the Riemannian geometry needed for 
the Lie-admissible formulations (Appendix C). 

Under envelopes and K t, the time evolution is given in infinitesimal form 

by 

iA = (A ~B) = A<H - H>A = A<TH - HT>A, h = 1, (A.35) 

with finite version 

A(t) = <1 (e| f _it< " ) < A(0) > (e£ iH>t ) I> (A.36) 

which were proposed, apparently for the first time, in Santilli (1978b), p. 746. 

It is easy to see that Eq.s (A.35) are Lie-admissible. In fact, their attached 
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antisymmetric bracket is precisely the brackets of the Lie-Santilli time evolution in 
operator form (Sect. 6) 

I A = [A,"B] = ATB - BTA, (A.37a) 

T = <T + T>. (A.37b) 

This shows again, this time at the operator level, the complementarity of the Lie- 
Santilli and Lie-admissible formulations. 

In particular, structure (A.36) is an operator realization of the Lie-admissible 
groups (A.22). 

It should be stressed that, by no means Eq.s (A.35) alter the physical content 
of conventional nonconservative systems (A.6). In fact, Eq.s (A.35) merely provide 
the identical reformulation of the systems but, this time, in an algebraically 
consistent form. 

In fact, the nonhermitean Hamiltonians H d of current use in physics are 
generally the sum of a Hermitean term H and a dissipative nonhermitean term 



The desired, algebraically consistent, but physically identical reformulation of 
systems (Aj6) is then given by (Santilli (foe. cif. )) 

H d ? = , H d = HT>, (A.39a) 

iA = AH d t - H d A = A<H - H>A. (A.39b) 

where now the Hermitean operator H evidently represents the nonconserved 

The similarities of the above operator formulation with the corresponding, 
classical, Birkhoff's and Birkhoff-admissible formulations, are remarkable, thus 
establishing the applicability of the complementary Lie-Santilli and Lie-admissible 
formulations at both the classical and operator level. 

Thus, by no means, the isotopic relativities presented in the main text of this 
volume can be considered as the final relativities, because of the expected existence 
of the more general Lie-admissible relativities. 



APPENDIX I.B: SYMPLECTIC-ADMISSIBLE GEOMETRY 

As stressed by Santilli throughout this studies, physical theories in general, and 
relativities in particular, are a symbiotic expression of analytic, algebraic and 
geometric formulations. 

The analytic and algebraic structures of the Birkhoff-admissible equations 
(A. 29) have been indicated earlier. It may therefore be of some value for the 
interested reader to outline the geometric structure of the Lie-admissible algebras. 

This problem was studied in Santilli (1978a) and (1981a), and resulted in tne 
submission of a new geometry under the name of symplectic-admissible 
geometry. 

Recall that the direct geometric structure underlying Birkhoff's brackets 
(Sect. 7) in T*E(r,S,5t) with the now usual unified notation a = (a^) = (r, p), u = i, 2, 



Q = 4 O^ta) da^ A da v , 



In the transition to the Birkhoff-isotopic brackets on isospaces T*£ 2 rM) 
with isounitl, (Sect. 8), 



= i 1 u a (a) O av (a) ia^ A 3a" , (B.5) 
where, again, the algebraic and geometric tensors are interconnected by the rule 
(O^l^l = a 2a P(l^r l . (B.6) 
The problem of the geometry underlying the Birkhoff-admissible brackets 

6A 3B 

(a;b) = S^lta) , (B.7a) 

3a" 

3>» = Q^ v t^, (B.7b) 

& v = - O v V (BJc) 

t^" = t^, (B.7d) 

was resolved via the introduction of a geometry more general than the symplectic 
and the isosymplectic ones. 

We cannot possibly review these studies in detail here. Nevertheless an 
outline of the central ideas may be of some volume for the interested reader. 

The first point to realize is that the symplectic geometry and related 
exterior calculus, whether in their conventional or isotopic f< 
intrinsically unable to characterize the Lie-admissible algebras. 

This is due to the fact that the calculus of exterior forms is 
antisymmetric in the indices, while the Lie-admissible tensors Sf 1 " are i 



yt,a) - (is^V * ±v 



In fact, the construction of a conventional exterior two-form with the 
above tensor implies the reduction 
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S^da^Ada" = iO^da^Ada". (B.9) 

namely, the symplectic geometry automatically eliminates the symmetric 
component of the S-tensor, thus characterizing only its Lie content. 

The main idea of Santilli's symplectic-admissible geometry is that of 
generalizing the conventional exterior calculus, say, of two differentials 

da^Ada" = - da"Ada^, (B.10) 

into a more general calculus of differentials dat 1 and da v , called exterior- 
admissible calculus , which is based on a product, say o which is neither totally 
symmetric nor totally antisymmetric, but such that its antisymmetric component 
is the conventional exterior one, 

da^oda" = da^Ada" + da"*da v , (B.lla) 

da* 1 A da v = - da v Adaf\ (B.I lb) 

'da^da" = faVxfol 1 , (B.ilc) 

This allows the introduction of the exterior-admissible forms via the 
sequence 

S = <|>(a), <B-12a) 
S t = S^dat 1 , <B.12b) 
S 2 = S^da^cta", (B.12c) 



■t exterior-admissible forms are then given by 
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a 2 = dS, = da^oda", (B.I3b) 

1 3a! 1 



The calculus of exterior-admissible forms can indeed characterize the Lie- 
admissible algebras in full, because they characterize, not only the antisymmetric 
component of the Lie-admissible algebras, but also their symmetric part, via the 
two-forms 

S 2 =S^(t,a) da* 1 o da v = 

= fy^a) 6aP- A da" + T^„(t, a) da* 1 x da", (B. 14) 

Structures (B.14) were called by Santilli (toe. cit.) symplectic-aamissible 
two-forms because their antisymmetric component is symplectic, in a way fully 
parallel to the property whereby the antisymmetric part of the Lie-admissible 
algebras is Lie. Spaces TE(r,8,JR) when equipped with two-form (B.16) were called 
symplectic-admissible manifolds and the related geometry was called 
symplectic-admissible geometry. 

As incidental comments, note that the dependence on time appears only in 
the symmetric part, as needed for consistency in the symplectic component. Also, 
under inversion (B.8), we generally have 

(fi^ * ISP^T 1 , (t^,) V (r^r 1 , (B.15) 

which is a rather intriguing feature of the generalized geometry here considered, 
whereby the symplectic content of a Lie-admissible tensor is more general than the 
symplectic counterpart of the antisymmetric component of a Lie-admissible tensor 
(see Santilli (toe. cit) for details). 

The most salient departure of the exterior-admissible calculus from the 
exterior calculus in its conventional or isotopic formulation (Sect. 9) is that the 
Poincare' Lemma no longer holds, i.e., for exact symplectic-admissible two-forms 
we have 



(B.16a) 
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In actuality, within the contest of the exterior-admissible calculus, the 
Poincare' Lemma is generalized into a rather intriguing geometric structure which 
evidently admits the conventional Lemma as a particular case when all symmetric 
components are null. 

The geometric understanding of the Lie-Santilli algebras requires the 
understanding that the validity of the Poincare Lemma within the context of the 
isosymplectic geometry is a necessary condition for the representation of the 
conservation of the total energy under nonhamiltonian internal forces, as studied 
in the main sections of this volume. 

By the same token, the geometric understanding of Santilli's more general 
Lie-admissible formulations requires the understanding that the lack of validity of 
the Poincare Lemma within the context of the symplectic-admissible geometry is 
a necessary condition for the representation of the nonconservation of the energy 
of an interior dynamical system. 



APPENDIX I.C: RIEMANNIAN-ADMISSIBLE GEOMETRY 

According to Santilli, there is little doubt that future historians will consider our 
contemporary studies in gravitations as being in their first infancy. 

Among a rather large number of problems that remain to be solved in 
gravitation, a further open problem is the representation of the dichotomy 
constituted by the time-reversible exterior dynamics with a clearly irreversible 

This is majestically illustrated, e.g., by Jupiter (Figure 1) whose center-of- 
mass trajectory in the solar system is reversible, while the interior dynamics is 
manifestly irreversible. 

It is at this point that the dual use of Santilli's Lie-isotopic and Lie- 
admissible formulations becomes useful. In fact, the Lie-isotopic formulations are 
ultimately reversible in their structure, because they provide a global treatment of 
nonhamiltonian systems via Hermitean isounits. By comparison, the Lie- 
admissible formulations are intrinsically irreversible even when the Hamiltonians 
are reversible. 

Santilli refers to formulations that are structurally reversible or irreversible, 
rather than the achievement of reversibility or irreversibility via the selection of 
suitable Hamiltonians. In fact, Lie-isotopic formulations are irreversible 
irrespective of the selected Hamiltonian. 

The dual representation of reversible center-of-mass-trajectories versus 
irreversible interior dynamics, is then permitted by the complementarity of the 
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Lie-isotopic and Lie-admissible formulations via inter-relations of type (A.37). 

Note the necessity of the Lie-isotopic formulations for this 
complementarity. In fact, reversible, conventionally Lie formulations for the 
global-exterior description are not compatible with irreversible, Lie-admissible, 
interior descriptions because their attached Lie algebra is of Lie-isotopic character, 
as clearly expressed by Eq.s (A.37). 

A first characterization of irreversibility was provided in Appendix A, via 
different isounits for motion forward I> and backward <I in time. A further 
approach to irreversibility will be provided in Appendix D via the notions of 
inequivaienc right and left isorepresentations. 

In this appendix we indicate a conceivable generalization of the Riemannian 
geometry, under the name of Riemannian-admissible geometry, originally 
submitted in (Santilli (1991b)) which provide an irreversible description of interior 
gravitation in a way compatible with the reversible description provided by the 
Riemannian-isotopic geometry of Sect. 11. 

In Sect. 10 we introduced the notion of affine-admissible manifolds as the 
manifolds ^Hx, <!>)>) which possess the same dimension, local coordinates and 
continuity properties of a conventional aff ine manifold M(x,M), but are defined over 
an isofield with two different isounits I> and <I for the modular-isotopic 
action to the right and to the left, respectively 

x'> = A>x = AT>x, I> = CrT 1 , (Cla) 

<x' = x<A = x<TA, <[ = (<7T l , (Clb) 

I> = (<l)t (Clc) 

DEFINITION C.I Hoc. cit.h A "Riemannian-admissible manifold" is an 
isoriemannian manifold (Definition 11. 1) with inequivalent isomodular actions to 
the right (forward) and to the left (backward), here denoted with <R>(x,<g> <3^) , 
namely, a manifold characterized by the "isometrics for motions forward and 
backward in time" 

g> = T>(x, x, X,...) g(x), (C.2a) 



<g = <T(x, x, x,...) g(x), (C.2b) 
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and equipped with two nonequivalent, nonsymmetric, isoaffine c< 
for the modular-isotopic action to the right (forward) and the other to the left 
(backward), called "Christoffel-admissible symbols of the first kind for motions 



+ !5!!L_- 8 ^ „ <r' kIh (c.3 b ) 
ex" 3x k ax 1 

with corresponding "Christoffel-admissible symbols of the second kind" 

r>2 h K " S^V^A (C4a) 

<r V k - ^ <r V <f Vh (C4b) 

where the capability for an isometric of raising and lowering the indices i. 
understood (as in any affine space), and 



<gij = K<g rs r'i 1J - (C5b) 

Santilli's '"Riemannian-admissible geometry" is the geometry of spaces 
<R>(x,<g>,<3l>). 

The construction of the Riemannian-admissible geometry can be done via 
the appropriate generalization of the isoriemannian geometry presented in Sect. 1 1, 
with particular reference to the isoconnection which, besides being different for 
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the right and left modular-isotopic action, are now necessarily nonsymmetric. 

Comparison of the above setting with that of Proposition A.l and D.l then 
yields the following 

PROPOSITION C.I (loc. cit.): An axiomatization of irreversibility in interior 
gravitation (only) is provided by inequivalent modular-isotopic actions to the right 
(forward in time) and to the left (backward in time) with necessarily 
nonsymmetric isoaffine connections. 

Regrettably, we cannot study the Riemannian-admissible geometry in the 
necessary details to avoid a prohibitive length of this volume. It is however hoped 
that geometers in the field will indeed develop this new geometry for, in the final 
analysis, it is so general to encompass and include as particular cases all generalized 
geometries presented in this monograph. 

The first generalization of Einstein's gravitation with a Lie-admissible 
structure was achieved by Gasperini (1983) in the full spirit of the formulations: to 
represent interior, nonconservative, irreversible trajectories, as well as a covering of 
the Lie-isotopic lifting of Einstein's gravitation on conventional manifolds 
(Gasperini (1984a,b,cM. 

Additional important gravitational studies of Lie-admissible type were 
conducted by Adler (1978), Jannussis (1986), Gonzalez-Diaz (1986), Nishioka ((1985), 
(1987)), and others. 



APPENDIX I.D: GENOREPRESENTATIONS 

A deep understanding of Santilli's Lie-isotopic and Lie-admissible algebras cannot 
be reached without an understanding of the structure of their representation 
theories. In turn, the latter have well known, profound implications in physics, 
inasmuch as they characterize the notion of particle reviewed in the next appendix. 

Santilli's Lie-isotopic and Lie-admissible formulations imply an intriguing 
sequence of generalizations of the representation theory along the following main 



A) REPRESENTATION THEORY OF LIE ALGEBRAS: characterized by one- 
sided, left or right, modular representations, generally called "representations"; 

B) REPRESENTATION THEORY OF LIE-ISOTOPIC ALGEBRAS: characterized 
by one sided, left or right modular-isotopic representations, called 
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"isorepresentations" *>-, and 

C) REPRESENTATION THEORY OF LIE-ADMISSIBLE 
characterized by two-sided, left and right, modular-isotopic representations, called 
two -sided isobirepresentations , or genorepresentations 38 for short, first 
introduced in Santilli (1979); 

By following the presentation in Santilli (1991b), consider a nonassociative 
algebra U over a field F. The right and left multiplications in U (Albert (1963), 
Schafer (1966)) are given by the following linear transformations of U onto itself as a 



R x : a^ax, or aR x = a x , (D.la) 

1^: a^xa, or aL x = xa, (D.lb) 

x e U, and verify the following general properties 

(aa)R x = (aa)x = a(ax), or aR x = R ax , (D.2a) 

aR( x + y) = a(x + y) = ar^ + aR y = ^ + Ry) 

or R< x + y) = R, + R y <D.2b) 

lent similar properties for the left multiplications L^. 

hen the algebra is associative, we have the additional properties 

a(xy) = (ax)y, or aR xy = aR^ or R^ = R^y, (D.3a) 



(xy)a = x(ya), or al^y = aL x Ly, or L,^ - L x Ly. 



(D.3b) 



The above properties imply that the mapping a =» R a (a =» L a ) is a 
homomorphism (antihomomorphism) of A into the associative algebra V(A) of all 
linear transformations in A. Thus, they provide a right representation a =* R a or a 
left representation a => L a , respectively, of A, also called left or right Hom A j<V T ), 
38 The algebraic meaning of Santilli's (1978a) "isotopic and genotopic mapping" was 
reviewed in Figure 1 of Sect. 10. These terms are now used to indicate the -preservation" 
and "atteration-; respectively, of the axiomatic structure of the representation theory of Lie 
algebras. 
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for T = R, L. 

If the algebra A contains the identity I, we have a one-to-one (or faithful) 
representation because R a = Rj, implies I R a = I Rjj which can hold iff a = b. When 
the space L is the algebra A itself, we have the so-called adjoint (or regular) 
representation. 

In the case of nonassociative algebras, the mapping a =» R a is no longer a 
homomorphism, and this illustrates the reason for the study of the representation 
theory of Lie algebras via that of the underlying universal enveloping associative 
algebra, as done in the mathematical literature (see, e.g., Jacobson (1962)), but 
generally not in the physical literature. 

Consider now an isoassociative algebra A over an isofield F with isounit 1 
and isoassociative product a*b. Introduce the right and left isomultiplications 

R x :a=*a*x, or a»R x = a«x, (D.4a) 



for all a e A. It is then easy to see that properties 
a«R x = R a4x , R( x +y) = Rx + Ry, 

with similar properties for the left isomultiplicatio: 

It is easy to see that the mapping a =* Ra characterizes a right, faithful, 
isorepresentation of A in the isoassociative algebra V(A) of isolinear 
transformations of AS, and denoted Hom^p(Vft), with similar results holding for 
the left isorepresentations. 

The nontriviality of the isotopy is made clear by the following 

LEMMA DA (Santilli (1991b): Isorepresentations of isoassociative algebras A over an 
isofield P are isolinear in tbut generally nonlinear in V. 

Namely, the transition from Lie algebras to Lie-Santilli algebras generally 
implies the transition from linear and local to nonlinear and nonlocal 
representations. 

A module of an algebra U over a field F, also called U-module, (Schafer 
(1966)) is a linear vector space V over F together with a mapping UxV =* V denoted 



-e lifted into the forms 



(D.5a) 
(D.5b) 



J. V. Kadeisvili -278- Santilli's Isotopies 



with the symbol (a,v) => av which verifies the distributive and scalar rules 

a(v + t) = av + at, (a + b)v = av + bv, (D.6a) 
a(a,v) = (aa,v) = (a,av), (D.6b) 

as well as all the axioms of U, for all a,b e U, v,t e V, and aeF. 

The mappings a =* R v = av and a =* U, = va clearly show that the space V is a 
left and right U-module. 

The above notion of module implies only one action, e.g., that to the right. In 
order to reach a two-sided action, consider an algebra U over a field F. Let V be a 
vector space over F. Introduce the direct sum S = U ffi V in such a way that S is an 
algebra verifying the same axioms of U while V is a two sided ideal of S. This can 
be done as follows (see, e.g., Schafer (1966)): 

1) retain the product of U; 

2) introduce a left and a right composition av and va, for all 

elements a e U and v € V which verify all axioms of U (including the and 
right and left scalar and distributive laws); and 

3) to complete the requirement that V is an ideal of a assume vt = tv = 
for all elements of V. 

When all the above properties are verified, V is called a two-sided, left and 
right module, or a bimodule of U, and the algebra S is called a split null 
extension of U (toe. cit). 

Bimodules clearly provide a generalized, left and right representation theory 
of all algebras, whether associative or nonassociative. It. is important to understand 
why bimodules are not needed for the representation theory of Lie algebras (i.e., for 
the conventional notion of particles) and of Lie-isotopic algebras (i.e., for Santilli's 
isoparticle outlined in the main text), but they become essential for the covering 
Lie-admissible algebras. 

A bimodule V of a Lie algebra L or Lie-bimodule (Santilli (1979a)) is 
characterized by left and right compositions av and va, a e L, v e V, verifying the 
properties 

av= - va, (DJa) 
v(ab) = Mb - (vb)a, (D.7b) 



which can be identically expressed via the left and right multiplicatio 
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R ab = R a R b " RbRa. < D -8°> 

The mappings a R a and a ■* then provide a left and right 
representation, or a birepresentation, of the Lie algebra L over the bimodule V 
as a Hoiti^Vr.Vl). 

However, owing to property (D.8a), the left representation is trivially 
equivalently to the right representation, Ra = - L a . This is the reason why only one- 
sided representations of Lie algebras are significant in physics. 

The notions of isomodules and isobimodules (which were introduced for the 
first time in Santilli (1979a), and do not appear to have been treated in the 
mathematical literature, to the author's best knowledge, see the bibliography by 
Balzer et at. (1984)) can then be defined via the one sided and two-sided isotopic 
liftings, respectively. 

According to Santilli (toe. cit. ), a Lie-isobimodule is therefore an isovector 
space V with left and right isocompositions a*v and v*a verifying the distributive 
and scalar laws, and the rules 

a*v =-v*a, (D.9a) 

v*(a*b) = (v*a)*b - (v*b)*a, (D.9b) 

or, equivalently in terms of isomultiplications 

R a = -L a , (D.lOa) 

R a , b = R a *R b - R b *R a , (D.lOb) 



isoDirepresentation of a Lie-isotopic algebra L as 
HomLp<%V L ). However, the left and right representations are again equivalent 
because of the property R a = - L a . Thus, only one-sided isorepresentations are 
needed for the physical applications of Lie-Santilli algebras. 

The notion of isobirepresentations on bimodules becomes necessary when 
passing to the study of the covering Lie-admissible algebras U (Santilli (1979a)). In 
fact, in this case, the action to the right is no longer equivalent to the action to the 
left, thus resulting in a much richer structure. In this case a Lie-admissible 
bimodule V has the right and left compositions av and va, such that the attached 
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composition aov = av - va verifies the conditions 

aov = - voa, (D.lla) 

vo(aob) = (voatob - (voatob, (D.I lb) 

which can be equivalently expressed via the right and left multiplications 

ftab-ba + tab-ba = [«a " L a>.<*b " V (D ' 12) 

and they characterize a left and right isobirepresentation of a general Lie- 
admissible algebra U as HomUf(% v L ). 

Santilli (toe. cit. ) formulated similar structures for commutative Jordan 
and Jordan-admissible algebras and for other algebras (Sect. 5), but their study is 
not considered here for brevity. 

By recalling Propositions B.l and C.I the following property is evident. 
PROPOSITION D.l (Santilli (1991b): An axiomatization of irreversibility from the 
viewpoint of the representation theory is provided by genorepresentations of Lie- 
admissible algebras, that is by modular-isotopic representations with inequivalent 
axioms to the right and to the left on bimodular vector spaces. 

The reader should note the rather remarkable unity of mathematical and 
physical thought provided by Propositions B.l, C.l and D.l. 



APPENDIX I.E: GENOPARTICLES 

Santilli's sequence of representations, isorepresentations and genorepresentations of 
the preceding appendix were conceived for the characterization of the following 
sequential physical notions: 

A') "PARTICLES", which are characterized by conventional representations of 
Lie algebras, and consist of the Einsteinian notion of massive point moving in a 
stable orbit in vacuum under action-at-a-distance, local-potential interactions; 

B') "ISOPART1CLES" 39 , which are Santilli's more general notion of particle 
39 Santilli's notions of "isotopic and genotopic mappings" were recalled in the preceding 
footnote. The terms "isoparticles" and "genoparticles" then stand to indicate the 
"preservation" and "alteration" , respectively, of the axiomatic structure of the Einsteinian 
concept of particle. 
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reviewed in the main text, characterized by isorepresentations of Lie-isotopic 
algebras, and consist of extended-deformable particles in stable orbit 40 under the 
most general known, linear and nonlinear, local and nonlocal, potential and 
nonpotential interactions; and 

C) "GENOP ARTICLES' 39 , which constitute Santilli's most general notion of 
particle, characterized by genorepresentations of Lie-admissible algebras, and 
constitute extended-deformable particles under the most general dynamical 
conditions conceivable at this writing, that is, in nonconservative-unstable orbits 
while moving within a physical medium under linear and nonlinear, local and 
nonlocal, and Hamiltonian and nonhamiltonian external forces. 

From the content of Appendix D, we can say that 

Einstein's notion is a linear, local, one-sided, conventionally modular 
representation of a Lie algebra. 

The Lie-isotopic theory outlined in the main text implies a nontrivial 
generalization of the preceding notion. In fact, 

Santilli's isoparticle is a nonlinear, nonlocal, one-sided, modular-isotopic 
representation of a Lie-isotopic algebra. 

The Lie-admissible formulations outlined in this appendix imply the 
following further generalization 

Santilli's genoparticle is a nonlinear, nonlocal, two-sided, modular-isotopic 
representation of a Lie-admissible algebra. 



algebras. As such, they characterize conserved quantities which, when representing physical 
entities, imply stable orbits. As stressed repeatedly by Santilli (1978a, b), (1981a), (1982a), (1991b, 
d) to prevent physical misrepresentations, the effective treatment of a particle in an 
unstable (say, decaying) orbit with all algorithms at hand representing physical quantities 
(e.g., the Hamiltonian H represents the energy of the particle, p represents the linear 

profound implications for the hadronic structure, which we hope to review in a possible 
operator sequel of this volume. In fact, they imply that the hadronic constituents are 
"isoparticles" only when in stable orbits, otherwise they are "genoparticles" (Santilli (1989a, b, 

isotopic formulations can also represent stable orbits, but then the algorithms at hand must 
necessarily lose their physical meaning (e.g., H = { a exp (p t 2 ) ) ), and this illustrate the 
insidious possibility of misrepresenting physical results and implications. 
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It should be mentioned here that we are referring to one of the most 
complex and, by far, unexplored notions of contemporary mathematics, Santilli's 
isobirepresentations 41 , as expectedly needed to represent some of the most 
complex physical conditions in the Universe. 

On physical grounds, the implications are rather deep. Recall that for 
Einstein's special relativity a particle is a massive point which, as such, is a 
perennial and immutable geometric concept. Moreover, the orbits of Einstein's 
particles are necessarily stable, as trivially requested by the exact character of its 
rotational subsymmetry. 

As shown in Santilli (1988a, c) the Lie-isotopic theory can instead represent 
the actual shape of the particle considered, as well as all its infinitely possible 
deformations. Thus, an isoparticle can have an infinite number of different 
intrinsic characteristics, depending on the infinite number of different interior 
conditions, and as permitted by the infinite number of isotopes of the Galilei 
symmetry. However, an isoparticle should always be restricted to a stable orbit 

The more general Lie-admissible theory outlined in these appendices 
implies a further physical generalizations. In fact, besides representing the actual 
shape of the particle considered and all its possible deformations, Santilli's 
genoparticle are in unstable orbits, and possess an intrinsically irreversible 

Now, Einstein's notion of particle is unquestionably exact for the arena of its 
original conception, say, for an electron in an atomic cloud. The inapplicability of 
the same notion in Santilli's conditions is beyond any credible scientific doubt. In 
fact, the insistence, say, in the characterization of a proton in the core of a star 
undergoing gravitational collapse via EinsteinUs notion of particle, would imply 
that the proton considered freely orbits inside the core of the star with a conserved 
angular momentum. 

The quantum leap in mathematical and physical knowledge offered by 
Santilli's Lie-isotopic and Lie-admissible formulations is then manifest. 

It is evident from the outline of this volume that Santilli's Lie-admissible 
formulations include, as particular cases, the Lie-isotopic and the conventional Lie 
formulations. This illustrates the primary mathematical and physical significance 
of the Lie-admissible formulations over the Lie-Santilli and the conventional Lie 
formulations. 

41 To this author's best knowledge, only the following isorepresentations of Lie-isotopic 
algebras have been investigated until now: 

a) Isorepresentations of 03), Santilli (1989a); 

b) isorepresentations of SfJ(2) (Santilli (1989b); 

c) fundamental isorepresentations of S0(3) (Mignani and Santilli (1991); 

no study on the representations of the Lie-admissible algebras has appeared to this writing 
besides their proposal (Santilli (1979a)). 
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Besides constructing, alone and as a theoretical physicist, the entirety of the 
Lie-isotopic formulations including their physical applications outlined in the main 
text, Santilli was the first to identify the application of the Lie-admissible algebras 
for the characterization of the algebraic structure of the historical Hamilton's 
equations with external terms (App. A) at a time, 1967, when only two additional 
mathematical papers had appeared in rather obscure journals, besides that by 
Albert (1948). 

Santilli subsequently identified the operator counterpart of the above 
historical equations with external terms, which resulted in his Lie-admissible 
generalization of Heisenberg's equations (1978b), with consequential proposal to 
construct a generalization of quantum mechanics via the Lie-admissible 
generalization of the current Lie structure. 

These studies resulted in a new generation of covering mechanics and 
relativities for interior dynamical conditions fundamentally beyond the technical 
capabilities of contemporary relativities. 

On mathematical grounds, Santilli remains to this day one of the primary 
contributors in the study of Lie-admissible algebras. In particular, he was the first 
to formulate the Lie-admissible generalization of enveloping associative algebras, 
Lie algebras, and Lie groups. Santilli was also the first to introduce the notion of 
isobimodule and formulate the representation theory of Lie-admissible algebras 
outlined in the preceding appendix (Santilli (1979). 

By keeping in mind the far reaching physical implications of these studies as 
outlined in this volume, the above events fully justify the listing of Santilli with the 
year 1967 in the, historical chart prepared by the Estonian Academy of Science 
(reproduced below), among the most illustrious contributors to algebras and physics 
from Gauss (1820) until this day. 
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LIE-SANTILLI ISOTHEORY 
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ELI. INTRODUCTION 



II.l.l. Limitations of Lie's theory. 

As it is well known, Lie's theory has permitted outstanding achievements in 
various disciplines. Nevertheless, in its traditional conception [30] and realization 
(see, e.g., [15]), Lie's theory is linear, local-differential and canonical-Hamiltonian. 

An illustration is provided by the historical distinction introduced by 
Lagrange [29], Hamilton [14] and other founders of analytic dynamics between the 
exterior dynamical problems in vacuum and the interior dynamical problems 
within physical media. Exterior problems consist of particles which can be 
effectively approximated as being point-like while moving within the homogeneous 
and isotropic vacuum under action-at-a-distance interactions (such as a space-ship 
in a stationary orbit around Earth). The point-like character of particles permits 
the exact validity of conventional local-differential topologies (e.g., the Zeeman 
topology in special relativity); the homogeneity and isotropy of space then allow the 
exact validity of the geometries underlying Lie's theory (such as the symplectic 
geometry); and the action-at-a-distance interactions assures their representation 
via a potential with consequential canonical character. 

Interior problems consist instead of extended, nonspherical and deformable 
particles moving within inhomogeneous and anisotropic physical media, with 
action-at-a-distance as well as contact-resistive interactions (such as a space-ship 
during re-entry in Earth's atmosphere). In the latter case the forces are of local- 
differential type (e.g., potential forces acting on the center-of-mass) as well as of 
nonlocal-integral type (e.g., requiring an integral over the surface of the body), thus 
rendering inapplicable local-differential topologies; the inhomogeneity and 
anisotropy of the medium imply the inapplicability of conventional geometries for 
their quantitative treatment; while contact-resistive interactions violate Helmholtz's 
conditions for the existence of a potential (the conditions of variational 
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selfadjointness [109]), thus implying the noncanonical character of interior systems. 

We can therefore say that Lie's theory in its conventional linear, local and 
canonical formulation is exactly valid for all exterior dynamical problems, while it 
is inapplicable (and not "violated") for the more general interior dynamical 
problems on topological, geometrical, analytic and other grounds. 



le Darboux Theorems [1 10]. 
nonlocal and nonhamiltonian systems c< 
linear, local and Hamiltonian one 



:his century (see, e.g., 
l the exterior problem 
problem). The same 
field (see, e.g., [4], [38». 



II.1.2. The need for a suitable generalization of Lie's theory. 

Lie's theory is currently applied to nonlinear, nonlocal ai 
via their simplifications into more treatable forms, e.£ 
nonlocal-integral terms into power series in the vf 
n of the system I " 

However, however, nonlin 
be consistently reduced 

illustration exists in gravitation. The distinction Deiween 
gravitational problems was in full use in the early part of 
Schwarzschild's two papers, the first celebrated paper 1 119] o 
and the second little known paper [1201 on the interior 
distinction was also kept in early well written treatises in thi 
The distinction was then progressively abandoned up to th 
all gravitational problems, whether interior or exterior, via me same locai- 
differential Riemannian geometry. 

The above trend is based on the belief that interior dynamical problems 
within physical media can be effectively reduced to a collection of exterior 
problems in vacuum (e.g., the reduction of a space-ship during re-entry in our 
atmosphere to its elementary constituents moving in vacuum). 

It is important for this study to know that the exterior and interior 
problems are inequivalent, and the latter is not exactly reducible to the former. 
The inequivalence is established by the fact that the exterior problem is local- 
differential and variational selfadpint [109], while the interior problem is 
nonlocal-integral and variationally nonselfadjoint Hoc. cit.l. This establishes the 
inequivalence on. topological grounds (because the conventional topologies are 
inapplicable to nonlocal conditions); analytic grounds (because of the lack of a 
first-order Lagrangian); geometric grounds (because of the inapplicability of 
conventional geometries to characterize, say, locally varying speeds of light); and 
other grounds (see monograph [116] for comprehensive studies). 

' "nlity of the interior to the exterior problem is established by 
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the so-called No-Reduction Theorems [65] which prohibit the reduction of a 
macroscopic interior system (such as a satellite during re-entry) with a 
monotonically decreasing angular momentum, to a finite collection of elementary 
particles each one with a conserved angular momentum (see also [116] for 
comprehensive studies here omitted for brevity). 

On geometrical grounds, gravitational collapse and other interior 
gravitational problems are not composed of ideal points, but instead of a large 
number of extended and hyperdense particles (such as protons, neutrons and other 
particles) in conditions of total mutual penetration, as well as of compression in 
large numbers into small regions of space. This implies the emergence of a 
structure which is arbitrarily nonlinear (in coordinates and velocities), nonlocal- 
integral (in various quantities) and non-hamiltonian (variationally nonselfadjoint). 

Additional insufficiencies of the current formulation of Lie's theory as well 
as of its underlying geometries and mechanics exist for the characterization of 
antimatter. In fact, we possess today effective methods for the characterization of 
antimatter only at the operator level via charge conjugation. These methods do 
not have a counterpart at the classical level because charge conjugation is 
antiautomorphic and no corresponding map exists in the classical realization of 
Lie's theory, as well as in its underlying carriers spaces, geometries and mechanics. 
There is therefore the need of achieving first a consistent antiautomorphic 
characterization of antimatter at the classical-astrophysical level, and then at the 
level of its elementary constituents. 

Similar ^occurrences have recently emerged in astrophysics, 
superconductivity, theoretical biology and other disciplines. These occurrences 
establish the need for a generalization of the conventional Lie theory which is 
directly applicable (i.e., applicable without approximation or transformations) to 
nonlinear, integro-differential and variationally nonselfadjoint equations for the 
characterization of matter, and then possesses a suitable antiautomorphic map for 
the effective characterization of antimatter. 



11.13: Santilli's isotopies and isodualities of Lie's theory. 

In a seminal memoir [52] written in 1978 (see also memoir [53] and paper [54] 
written in the same year) when at Harvard University, the theoretical physicist 
Ruggero Maria Santilli proposed a step-by-step generalization of the 
conventional formulation of Lie's theory (that is, a generalization of envelopes, 
algebras, groups, representation theory, etc.) specifically conceived for nonlinear, 
integro-differential and noncanonical systems. The generalized theory was 
subsequently studied by Santilli in over one hundred papers (mostly published in 
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the physical literature), including studies on the structure of the theory and its 
applications in various fields (see representative papers [52-108]), and then 
additionally studied in ten monographs [109-118]. The new formulation of Lie's 
theory which has emerged from these studies is today called the Lie-Santilli 
isotopic theory or isotheory for short (see papers [l], \2l [8], [11], [12], [16]-[23], [25], 
[32], [331, [35H37], [40]-[43], [122H125L independent monographs [3], [24], [31], [121] and 
additional references quoted therein). 

A main characteristic of the Lie-Santilli isotheory, which distinguishes it 
from other generalizations, is its isotopic nature intended (from the Greek meaning 
of the word) as the capability of preserving the original Lie axioms. More 
specifically, Santilli's isotopies [52H54] are today referred to maps of any given 
linear, local and canonical structure into its most general possible nonlinear, 
nonlocal and noncanonical forms which are capable of reconstructing linearity, 
locality and canonicity in certain generalized isospaces and isofields within the 
fixed inertial coordinates of the observer. 

These properties are remarkable, mathematically and physically, inasmuch 
as they permit the preservation of the abstract Lie theory and the transition from 
exterior to interior problems via a more general realization of the same theory. We 
assume the reader is aware of the array of novel problems raised by the above 
definition of isotopies, such as the representation of nonhamiltonian vector fields 
in the coordinates of the observer without Darboux's transformations to an 
equivalent Hamiltonian form, because the latter, being nonlinear images of the 
coordinates of the observer, are not realizable in experiments as well as noninertial 
and, as such, are not usable in practical applications (see the preceding article [100] 
by Santilli for the solution of this and the other problems connected with the above 
definition). 

It should be indicated that Santilli submitted his isotopic theory in memoir 
[52] as a particular case of a yet more general theory today called Santilli's Lie- 
admissible theory or Lie-Santilli genotopic theory, where the term genotopies 
was introduced (from its Greek meaning of "inducing configuration") to denote the 
characterization of covering Lie-admissible axioms. 

In fact, Santilli initiated his research during his Ph. D. studies in theoretical 
physics at the University of Turin, Italy, by introducing in 1967 [47] a new notion of 
Lie-admissible algebra with its explicit realization. These early studies in Lie- 
admissibility were then continued in papers [49]-[53l [55H58], and numerous other, 
as well as in monographs [l 1 1], [112]. 

In essence the first notion of Lie-admissibility is due to the American 
mathematician A. A. Albert (see the historical notes of ref. [52]) and is referred to a 
nonassociative algebra U with elements a, b, ... and (abstract) product ab whose 
attached antisymmetric algebra IT, which is the same vector space as U but 
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equipped with the product la, b] v = ab - ba, is Lie. As such, the algebra U does not 

inapplicable for the construction of mathematical and physical coverings of Lie's 

In fact, Albert was primarily concerned with the requirement that U should 
contain Jordan algebras as particular cases, and conducted his studies with the 
quasiassociative algebra with product 

(a,b) = Xab + (I-X)ba, (1.1) 

where X is a non-null scalar, which yield a commutative Jordan algebra for X = i 
and ab associative, but which does not admit a Lie algebra under a finite value of X 
The second notion of Lie-admlssibility was introduced by Santilli in paper 
[47] as the preceding definition, plus the condition that the algebra U admits Lie 
algebras in their classification or, equivalently, that the product ab admits as a 
particular case the Lie product. This definition was presented via the realization of 
the flexible Lie-admissible algebras with product 

Ub) = Xab - p.ba, (1.2) 

'. a. b I;; = (a,b) - (b,a) = (X + u)(ab - ba) , (1.3) 

is Lie, plus the condition that the product (a, b) admits the Lie product as particular 
case. The latter conditions are easily met for X = u, and ab associative. 

To the author's best knowledge, paper [47] initiated in 1967 the studies in the 
so-called "q-deformations" subsequently conducted in the 1980's by a large number 
of authors with the simpler product 



(although papers in the latter field rarely quote [47]). Santilli also identified in paper 
[49] of 1969 the first Lie-admissible structure on record of classical dynamics for 
dissipative systems, thus illustrating the physical need of his "want of a Lie algebra 
content" [47]. 

Subsequently, in memoirs [52], [53] of 1978, Santilli introduced the realization 
of the general Lie-admissible algebra with the product 
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(a,b) = a*R*b - bxs«a, (1.5) 

where axR, Rxb, etc. are associative, and R, S, R+S are nonsingular but otherwise 
arbitrary operators with scalars values X and p. as particular cases. He then 
discovered that the attached antisymmetric algebras were not conventionally Lie 

product 

[a,b]rj = (a,b)-(b,a) = axTxb-bxTxa, T = R + S, (1.6) 

which he called Lie-isotopic [52], [53]. This resulted in the third definition of Lie- 
admissibility, today called Albert-Santilli Lie-admissibility, which refers to a 
nonassociative algebra U which admit Lie-Santilli isoalgebras both in their 
attached antisymmetric form IT as well as in their classification. 

Jointly, Santilli identified in the same memoirs a classical [52] and operator 
[53] realization of the general Lie-admissible algebras, thus establishing the 
foundations of a structural generalization of Lie-admissible type of analytic and 
quantum mechanics and of their interconnecting map, of which in this paper we 
shall merely study the isotopic particular case occurring for R = S = T = T' ?* 0. 

Albert-Santilli notion of Lie-admissibility can be considered the birth of the 
Lie-Santilli isotheory, and can be found in Sect. 3 (particularly Sect. 3.7) of ref. [52] 
and in Sect. 4 (particularly Sect. 4.14 ) of ref. [531 In fact, Santilli recognized that the 
antisymmetric brackets (a, b),j attached to the nonassociative algebra U with 
product (a, b) = axRxb - bxsxa can be identically rewritten as the antisymmetric 
brackets attached to an associat/ve algebra A with product axTxb, 

[a.bb =ia,b] A , (1.7) 

0: (a,b) = axRxb-bxsx a , 1: a"Tnb, T = ft + S. 

The latter identity signaled the transition from studies within the context of 
nonassociative algebras (done by Santilli until 1978), to genuine studies on the 
generalization of Lie's theory (done from 1978 on) via the isotopies of 
associative enveloping algebras and related Lie algebras, Lie groups, 
representation theory, etc. 

In fact, Santilli then discovered that the quantity 1 = T" 1 is indeed the 
correct left and right unit of the isotopic envelope A. The Lie-Santilli isotheory 
can therefore be initially conceived as the image of the conventional theory under 
the lifting of the trivial unit I of conventional use to a well behaved but 
otherwise arbitrary unitl. 
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This conception permitted Santilli to identify all main lines of the isotheory 
already in the original proposal [52], which include: the isotopies of universal 
enveloping associative algebras (including the isotopies of the fundamental 
Poincare-Birkhoff-Witt and Baker-Campbell-Hausdorff theorems); the isotopies of 
Lie algebras (including the isotopies of the celebrated Lie's first, second and third 
theorem); the isotopies of Lie transformations groups; and other isotopies. 

The original proposal [52] also included the remarkable property of the Lie- 
Santilli isoalgebra of unifying compact and noncompact simple Lie algebras of the 
same dimension (see ref. [52], Definition 3.7.2 on the isotopic envelope characterizing 
nonisomorphlc Lie algebras with the same basis and changing instead T, and the 
isotopic unification of 0(2.1) and 0(3) in p. 289). All subsequent developments, 
including this presentation, have essentially been refinements of these foundations 
introduced in the original proposal [52], [53]. 

By the early 1980's Santilli recognized that the available Lie, Lie-isotopic and 
Lie-admissible formulations could only be applied to matter and not to antimatter 
for the reasons indicated in Sect. I.B. He then reinspected his isotopies and in papers 
[62], [63] (written in 1983 but published in 1985 because of quite unreasonable 
editorial obstructions by various physics journals reviewed in p. 26 of [62]) he 
discovered that, once the elementary unit +1 is abandoned in favor of an arbitrary 
quantity 1, the latter unit admits in a natural way negative values. He also 
discovered that the map 1 > -+ 1 d = -1 < is antiautomorphic precisely as the 
charge conjugation, and called it isoduality in the sense of being a form of duality 
which necessarily requires the isotopic generalization of the unit. 

In the same papers [62], [63] he reformulated the Lie-isotopic theory for 
negative units l d which is today called isodual Lie-Santilli isotheory, and 
introduced a number of novel notions, such as isorotational symmetry 0(3) and 
its isodual 0^3) which leave invariant the conventional ellipsoids with positive 
semiaxes, and the new isodual ellipsoids with negative semiaxes, respectively. He 
then proved the isomorphism 0(3) - 0(3) (and the anti-isomorphism between 0%) 
and 0(3)), thus disproving the rather popular belief that the rotational symmetry is 
broken for the ellipsoidical deformations of the sphere (which is correct only under 
the assumption of realizing Lie's theory in its simplest conceivable form, but 

Despite these advances and as admitted in private communications, Santilli 
abstained from indicating in papers [62], [63] the applicability of the isodual theory 
for the characterization of antimatter because of its rather deep implications such 
as a causal motion backward in time, the prediction of antigravity for antiparticles 
in the field of matter, and others. 

After due studies, the above reservation were resolved, and Santilli first 
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applied his isodual theory for the characterization of antimatter in monographs 
(1131, [114] of 1991. The equivalence between isoduality and charge conjugation was 
first proved in paper [84] of 1994. Some of the far reaching implications of 
isoduality were studied in papers [86], [87] of the same year. The first comprehensive 
treatment of isoduality appeared in the 1994 edition of monograph [116]. The 
mathematical and physical studies based on isoduality are now rapidly expanding. 

The culmination of Santilli's isotopies and isodualities can be seen in the 
emergence of new notions of space-time and internal symmetries for matter, and 
their isodual for antimatter which, in turn, culminate in the isotopies and 
isodualities of the Poincare symmetry, first proposed by Santilli in paper [59] of 1983 
(see paper [79] of 1993 for the latest comprehensive study including its isospinorial 
covering). The isotopies of the SU(3) symmetry were first studied in paper [34]. of 
1984 and those of the quark theory in paper [90] of 1995. 

The new space-time isosymmetries imply corresponding new classical and 
quantum mechanics and have far reaching implications, such as: the first exact- 
numerical representation of the magnetic moment of the deuteron [85] (which has 
escaped quantum mechanics for three quarters of a century despite all possible 
relativistic and tensorial corrections); the first exact-numerical representation of 
the synthesis of the neutron inside new stars from protons and electrons only [95] 
(which cannot be treated quantitatively by quantum mechanics and quark theories); 
the consequential prediction of a new source of clean, subnuclear energy called 
"hadronic energy" [88] (all predictive capacities for new energies based on the 
conventional Poincare symmetry were exhausted during the first half of this 
century); and other novel applications, verifications and predictions [l 16], [118]. 

In view of the above advances, Santilli received various honors, including 
the Nomination in 1989 by the Estonia Academy of Sciences among the most 
illustrious applied mathematicians of all times, jointly with Gauss, Hamilton, Cayley, 
Lie, Frobenius, Poincare, Cartan, Riemann, and others, the only member of Italian 
origin to enter in the list (see the charts of pages 6-7 of ref. [31]). Quite 
appropriately, the Nomination lists Santilli's first paper [47] on Lie-admissibility 
written at the University of Turin, Italy, from which everything else follows. 

This Part 11 is solely devoted to the Lie-Santilli isotheory with a few 
indication of its isodual. In Sect. 2 we shall present the latest formulation of 
isotopies and isodualities of mathematical methods based on memoir [100]. A 
comparison with the corresponding formulation of Part I is instructive. The 
isotopies and isodualities of Lie's theory are presented in Sect. 3. 

As an illustration of the capabilities of the Lie-Santilli isotheory, we review 
in Sects 3.D-3.F the "direct universality" of the Poincare-Santilli isosymmetry, that 
is, the achievement of the symmetries of all infinitely possible, well behaved, 
nonlinear, nonlocal and noncanonical generalization of the minkowskian line 
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element (universality), directly in the coordinates of the observer (direct 
universality). This universality includes as particular case the symmetry of all 
possible gravitational models in (3+l)-dimension with consequential unification of 
the special and general relativities and emergence of a novel quantization of gravity 
via the unit of relativistic quantum mechanics without any need of a Hamiltonian 
[79], [98]. A number of intriguing open mathematical problems will be identified 
during the course of our analysis and in the final section. 

A comprehensive mathematical presentation of the Lie-Santilli isotheory up 
to 1992 is available the monograph by Sourlas and Tsagas [121]. A historical 
perspective is available in the monograph by Lohmus, Paal and Sorgsepp [31]. The 
study of continuity properties under isotopies was initiated by Kadeisvili [22]. The 
first identification of isomanifolds (today called Tsagas-Sourlas isomanifoldsl was 
done in ref. [122] which is a topological complement of these algebraic studies. 

The author presented the continuous advances in the Lie-Santilli isotheory 
in reviews [24,25,261 The present review is a further update over the preceding ones 
in various details. 

In this review we can only quote contributions on the generalization of Lie's 
theory based on rne broadening of the unit and we regret our inability at this time 
to quote the rather numerous contributions on different generalization based on 
the convenf/ona/unit. The author would be grateful to any colleague who cares to 
bring to his attention additional relevant literature for quotation in future works. 

The author also regret the inability, to avoid a prohibitive length, to indicate 
the rather intriguing connections existing between the Lie-Santilli isotheory and 
other generalized formulations, such as the Kac-Moody algebras, superalgebras, 
quantum algebras, etc., whose study is left to interested mathematicians. 



H.2: SANTILLI'S ISOTOPIES AND ISODUALITIES OF 
CONTEMPORARY MATHEMATICAL METHODS 

II.2.1. Introduction. 

Santilli has made some of his most momentous advances in pure and applied 
mathematics by discovering that the formulation of contemporary mathematics with 
a well defined left and right unit is dependent on the assumption of the simplest 
conceivable realization of the unit, the scalar number I = +1 or the n-dimensional 
unit matrix I = Diag. (I, 1, 1, ... ). 
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In his memoirs of 1978, Santilli [521, [53] therefore suggested the reconstruction 
of contemporary mathematics with respect to a quantity 1 of the same dimension of 
the conventional unit I, but with an unrestricted functional dependence of its 
elements in time t, coordinates x, their derivatives of arbitrary order, and any needed 
additional quantity such as local density u, temperature t, index of refraction n and, 
for operator theories, wavefunctions and their derivatives [52], [53], [l 15], 

I -* l=1(t, x,x, X,(|i,3i|i, 3&|j,u, t, n, ...)= T 1 (2.1) 

Jointly, Santilli suggested the lifting of the associative product A*B among generic 
quantities A, B (e.g., numbers, vector fields, operators, etc.), into the form 

A x B - A*B=Axf*B. (2.2) 

in which easel = T" 1 is the correct left and right generalized unit of the theory, 

lx A = A*l = A, (2.3) 

for all possible elements A of the considered set. 

For consistency, the entire original mathematics must be reconstructed in 
such a way to admit the quantity 1 as the correct left and right unit. This implies the 
reconstruction of numbers and angles, fields and number theory, functional analysis 
and differential calculus, algebras and geometries, etc. 

In reality, rules (2.1M2.3) lead Santilli to the discovery of seven different 
structural liftings of the contemporary mathematics, which can be outlined as 
follows 42 : 

1) lsomathematics [52], which occurs when 1 preserves all the topological 
characteristics of I, e.g., nowhere-degeneracy, Hermiticity and positive-def initeness. 

2) Genomathematics [52], which occurs when 1 is invertible but non- 
Hermitean (e.g., a real-valued but non-symmetric matrix); 

3) Hypermathematks [73], which occurs when 1 is a (finite or infinite), 
ordered set of invertible, generally non-Hermitean quantities. 

In conventional mathematical and physical formulations, the systems are 
identified via the sole knowledge of the Hamiltonian H (or of the Lagrangian L). In 
Santilli>s methods, the identification of systems requires the knowledge of two 
different quantities, the Hamiltonian H (or Lagrangian L) and the generalized unitl. 

lsomathematics has resulted to be effective for the representation of closed- 

42 A readable outline can be found in Page 18 of the Web Site M. Battler, M. McBee, and S. 
Smith http://homel.gte.net/ibr/. 
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isolated systems of particles verifying the usual total conservation laws, with 
conventional interactions represented with H (or L) plus internal nonlinear, nonlocal- 
integral and nonpotential-nonhamiltonian interactions represented with 1. Since all 
known action-at-a-distance interactions are reversible (i.e., invariant under time 
reversal), this first class of systems is globally reversible, namely, their center-of- 
mass trajectories are reversible from the property of the isounit 1 = if which is then 
generally assumed to be time-reversal invariant, i.e. l(-t) = l(t). 

Genomathematics applies for the representation of open-nonconservative, 
nonlocal and non-Hamiltonian systems in irreversible conditions, in this case the 

represented via the axioms of the theory from the property 1 * if As we shall see 
better in Chapter 7, genomathematics therefore represents irreversible systems 
irrespective of whether 1 is time-dependent or not. 

Hypermathematics is significant for quantitative representations of more 
complex multivalued systems, e.g., of biological type. 

Moreover, in 1985 Santilli [62], [63] discovered a new anti-isomorphic map of a 
generic quantity A (again, numbers, vector fields, operators, etc.) into its anti- 
Hermitean form 

A - A d = -Af, (2.4) 

which he called Hsoduality, and which was relegated by this author in the first 
edition of this book in 1992 to a possible re-imerpretation of the inversions (see the 
first edition, pages 23, 24). 

Momentous advances have been done by Santilli since that time with the 
constructions of the foundations of yet novel isodual mathematics and their use for a 
basically novel theory of antimatter. 

On physical grounds, Santilli [84,106-108] lamented the dramatic disparity 
existing in the physics of this century between the treatment of matter and 
antimatter. In fact, matter is represented at all level of current mathematical and 
physical knowledge from Newtonian mechanics all the way to second quantization, 
while antimatter is represented only in second quantization. 

This disparity in treatment implies predictable shortcomings. For instance, 
Santilli [loc. cit.] proved that the operator image of the current representation of 
antimatter is not the correct charge conjugate state, but merely the state of a 
particle with reversed sign of the charge. This is evidently a consequence of the use 
in contemporary physics of only one channel of quantization, that for particles. 

Deeper shortcomings of the current theory of antimatter were identified by 
Santilli [105] in the problem of unified gauge theories with the inclusion of 
gravitation, which we can review only after acquiring the technical background. 
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To resolve these shortcomings, Santilli therefore constructed a novel theory of 
antimatter which Is applicable beginning at the Newtonian level, has its own channel 
of quantization, and then admits an operator formulation which is equivalent to that 
provided by charge conjugation [84,106-108]. 

The guiding principle was the property of charge conjugation of being anh- 
automorphic. He therefore looked for all possible maps which: 

1) were also anti-automorphic (or, more generally, anti-isomorphic) like 
charge conjugation; 

2) while charge conjugation is solely applicable at the operator level, the 
needed map had to be applicable at all classical and quantum level; and 

3) the emerging new theory had to represent all available experimental data on 
antimatter, including the equivalence to charge conjugation at the operator level. 

The isodual map (2.4) resulted to verify all the above conditions. In fact, map 
(2.4) implies, first, the isoduality of the basic unit 

-) _, "jd = _ 1 t f (2.5) 
with consequential isoduality of the product of generic quantities A, B, 

A x B -» A d x d B d = <-At)x(-Tt)x(-Bt), (2-6) 
under which l d = (T 1 )" 1 is, again, the correct right and left generalized unit, 

l<lxClA d = A d x d 1 d = A d . (2.7) 

For consistency the totality of the original mathematical methods must be 
subjected to the isodual map, thus resulting in still new isodual mathematics, with yet 
new numbers and angles, new vector and metric spaces, new functional analysis and 
differential calculus, new algebras and geometries, etc. 

Most importantly, the isodual mathematics resulted to be anti-isomorphic to 
the original mathematics, as desired, thus verifying the crucial condition l) above. 
Conditions 2) and 3) will be studied later on. 

For readers who are still skeptical on the existing of yet novel mathematics, it 
is sufficient to note that a mathematics with negative unit is conceptually, 
topological^ and geometrically different than a mathematics with positive unit, 
thus warranting separate studies. 

These studies on antimatter lead Santilli [100] to the identification of the 
following four additional novel mathematics: 

4) Isodual mathematics [100], which is the isodual image of the conventional 
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mathematics used for the characterization of antiparticles in vacuum; 

5) Isodual isomathematics [100], which is the isodual image of the 
isomathematics, and it is used for the study of antiparticles in interior conditions 
with global reversibility; 

6) Isodual genomathematics [100], which is the isodual image of the 
genomathematics used for the characterization of antiparticles in interior conditions 
and irreversible global behavior; and 

7) Isodual hypermathematics [100], which is the isodual image of the 
hypermathematics used for the description of complex multivalued systems systems. 

ft should be indicated for clarity Santilli's insistence on the fact that the iso-, 
geno- and hyper-mathematics do not constitute "new" mathematics because, by 
conception and construction, they verify exactly the same abstract axioms of the 
contemporary mathematics with a unit, thus being "new realizations" of existing 
axioms. The isodual iso- geno- and hyper-mathematics verify the abstract axiom 
of the isodual mathematics and, as such, are anti-isomorphic to the preceding ones. 

In turn, this mathematical conception has rather intriguing and far reaching 
physical implications. As an example, the new realizations of the abstract axioms of 
quantum mechanics permitted by the iso- geno- and hyper-mathematics have 
resulted to be a form of "completion" of quantum mechanics much along the 
historical teaching of Einstein, Podolsky and Rosen, as indicated in memoir [101] 
beginning with the title. 

What is rather remarkable is that Santilli identified each of the seven new 
mathematics because of specific physical or biological needs and also constructed 
the foundations of each of them as necessary pre-requisite for his novel applications. 

Needless to say, despite the volume of research conducted to date, the studies 
are still at their initiation and so much remains to be done. Also, in this monograph 
we cannot possibly study all the above new mathematics and their applications, and 
are therefore forced to restrict our attention to more specific goals. 

In this Part II we shall solely study the isomathematics and its isodual, with 
the isodual mathematics being a simple particular case. An outline of the current 
formulation of the broader genomathematics and hypermathematics cannot be made 
for brevity (SEE REF. [100,101]). 



II.2.2: Classification of isomathematics 

The iso- (as well as the geno- and hyper) -mathematics has a rich structure requiring 
an internal classification for proper study of the various individual aspects. 

When generically referred to a formulation with a Hermitean unit, 
isomathematics was classified by this author [22] into the following classes, today 



J. V. Kadeisvili 



called Kadeisvili's Classes: 

Class I (with generalized units that are smooth, bounded, nondegenerate, 
Hermitean and positive-definite, characterizing the isotopies properly speaking); 

Class II (the same as Class I although 1 is negative-definite, characterizing 
isodualities); 

Class III (the union of Class 1 and II)-, 

Class IV (Class III plus isounits admitting zeros); and 

Class V (Class IV plus unrestricted generalized units, e.g., realized via 

All isotopic structures identified below also admit the same classification 
which will be omitted for brevity. In this monograph we shall generally study 
isotopies of Classes I and II, at times treated in a unified way via those of Class III 
whenever no ambiguity arises. 

Santilli's isomathematics of Classes IV and V are vastly unexplored at this 
writing. This is unfortunate because we know today that, the zeros of the isounits 
represent gravitational singularities, and have other intriguing physical meanings. 



II.2.3: Isotopies and isodualities of fields 

Santilli's first important contribution to mathematics has been the identification of 
new numbers and fields with arbitrary units, which he presented for the first time at 
the meeting on Differential Geometric Methods in Mathematical Physics held at the 
University of Clausthal, Germany, in 1980 (see the latest study [73] and the general 
presentation in [1 15]). The basic isotopies are therefore those of fields from which all 
other isotopies can be derived in a unique and unambiguous way via mere 
compatibility arguments. 

Let F = F(a,+,x) be a field (hereon assumed to have characteristic zero) with 
elements a, b, sum a + b, multiplication a><b =ab, additive unit 0, multiplicative unit 
1, and familiar properties a + = + a = a, a*l = lxa = a, V a <e F, and others. We have 
in particular: the field R(n,+,x) of real numbers n, the field C(c,+,x) of complex 
numbers c, and the field Q(q,+,x) of quaternions q. 

Definition 2.1 [73]: "Santilli's isofieid" of Class III F = F(a,+ x)^ are rings with 
elements a = aA, called "isonumbers", where a € F, and 1 = T ' is a Class III 
element generally outside F, equipped with two operations (+, x), the "isosum" + 
which is equivalent to the conventional sum ofF and the 'new 'isoproduct"* 
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which is such that 1 = T 1 is the left and right unit of P, 

l*a = a*1 ■ a, V a eP, (2.9) 

in which case (only) 1 is called "isounit" and T is called the "isotopic element". 
Under these assumptions P is a field, i.e., it satisfies all properties of F in their 
isotopic form for all possible a, b, c £ F and a, 6, c € F 

/. The set F is closed under the isosum, a + b = (a + bM £ F; 

2. The isosum is commutative, a + 6 = 6 + a; 

3. The isosum is associative, a + (b + c) = (a + 6 + c; 

4. There is an element = in P called 'additive isounit" which is such that a + 

5. For each element a £ P, there is an element - a £ F, called the "isoopposite" 
of a, which is such that a + (- a) = 0; 

6. The set F is closed under ithe isoproduct, a*6 £ P; 

7. The isoproduct is generally non-isocommutive, a*6 * D*a, but 
"isoassociative'lHt^cl = (a*6)*c; 

8. The quantityX in the factorization a = a*l is the "multiplicative isounit" of P 
asperEq.s(23\ 

9. For each element a £ F, there is an element a e F, called the "isoinverse", 
which is such thatmr 1 ) = (a _ ')xa = 1; 

10. The set P is closed under pint isosum and isoproduct, 

a* (6 + c) £ P, (a + b)*c £ P; (2. 10) 

All elements a, b, c £ P verify the right and left "isodistributive laws" 

a*(b + c) = a*b + a*c, (a + b)*c=a*c + b*c. (2.1 1) 

When there exists a least positive isointeger p such that the equation p><a = 
admits solution for all elements a £ P, then P is said to have "isocharacteristic p". 
Otherwise, P is said to have "isocharacteristic zero". Unless otherwise stated, all 
isofields considered hereon shall be Class III isofields of isocharacteristic zero. 

The above definition contains as a particular case the isonumbers (of Class I), 
a[ = a = a*l, 1 = 1? > with related isofields P, = P = PS.+ x), and the isodual 
isonumbers (of Class II) a„ = a d = aA d , 1 = -1 < and related isodual isofields P n = 
P" 1 = P d (a ci ,+ x (i ). Whenever no subscript is indicated, isofields are referred to those of 
Class I. Definition 2.1 therefore implies: 
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a) The conventional fields R(n,+,x) of real numbers n with unit 1 = +1; 

b) the conventional field C(c,+ ,x) of complex numbers c = n[+i»n 2 with unit 1 = 

c) The conventional field Q(q,+,x) of quaternions q also with unit 1 = +1; 

d) The isodual field R d (n d ,+, xd ) of isodual numbers n d = n*I d with isodual 
unitl d = -l; 

e) The isodual field C d (c d ,+,* d ) of isodual complex numbers c d = -ct = -n, + 
ixn 2 with isodual unit l d = -1; 

f) The isodual field Q d (q d ,+,x d ) of isodual quaternions with isodual unit l d ; 

g) The isofield R(n,+,*) of isoreal numbers ft = n*l with isounit 1 as in Eq.s 

(2. a 

h) The isofield «£,+,*) of isocomplex isonumbers c = cA with isounit 1; 

i) the isofield Q(q,+,x) of isoquaternions q = qxl with isounit 1 (see [731 for the 
isooctonions); 

1) The isodual isofield ft d (n d ,+,» d ) of isodual isoreal numbers n d = n*l d = -n»l 
with isodual isounit 1 = -1; 

m) The isodual isofield C d !c d ,+,* d ) of isodual isocomplex numbers c 6 = c*l d = 
-5x1 with isodual isounit l d ; 

n) The isodual isofield Q d (q d ,+,x<i) f isodual isoquaternions q d = q T * l d = - 
qfxl with isodual isounit l d (see Ref. [73] for the isodual isooctonions). 

The following property can be trivially proved: 

Proposition 2.1 [73]: Isofields fta,+,x) (of Class I) are locally isomorphic to the 
ordinary fields F(a,+,x) and the lifting F -> P is therefore an isotopy. Isodual 
isofields P^a 11 , + * d ) for Class II) are instead anti-isomorphic to Ra,+ ,*l 

Note that, the multiplication for the isonumbers is 

ax 6 = axTxfi = (axb)xl, (2.12) 

while that for isodual isonumbers is 

jd- x d 6 d = a d xt d x6 d = _( a t xb t)xl. (2.13) 

It is evident that all operations dependent on the multiplication on F are 
generalized in a simple yet unique and significant way on Ra,+ *) and, separately, on 
F^.+ STd), thus yielding isotopies and isodualities of powers, quotients, square roots, 
etc. We therefore have the following isopower, isosquareroot and isoquotient, 
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a" = ax"ax...xa = (a n )xl, (2.14a) 
a 1 = a*xl* (a f £= (a*K(a*) = a, (2.14b) 
a?6 = (a/6)xl = c, a = 6*6, (2.14c) 



', isodual isosquare root, and feodua/ 

& dnd = jd^^d ...x*a d = (at n )*l d , (2.15a) 

gdia = |dJ xl i ( a dhf^d = (jdid-jxdfjdid-) = a d (2 . 15b ) 

a d / d b d = (a d /6 d )*l d = 6 d , a d = c d x d 6 d . (2.15c) 

We have in this way the following novel interpretation that the imaginary unit 
i = (-1)* is the ordinary square of the isounit unit l d = -1, i = (!<¥ [106]. 

Note that isounitsl and, independently, isodual isounits l d , satisfy all axiomatic 
condition for a unit, 

l n = lx1x...xl (n-times) = 1, 1 % =l ID =1, etc. (2.16a) 

1 dnd =1 d X d 1 d S; d ...xd-|d (n _ times ) =1 d 1 d^d = 1 d -ld;d-,d =1 d etc (2 16b) 



The isonorm and isodual isonorm are defined respectfully by 

taf-|a|xl. ra d t d = Ia|xl d , (2.17) 

where | a | is the conventional norm. As a result, isonorms are positive-definite while 
isodual isonorms are negative-definite. 

This implies that all quantities which are conventionally positive, become 
negative-definite under isodualities. When represented with the isodual theory, 
antimatter has the opposite charge of matter, as well as negative mass, negative 
energy, negative (magnitude of the) angular momentum, negative dimensions, 
negative entropy, etc., and, inevitably, moves backward in time (negative time). 

Note that all conventional objections against negative masses and time are 
inapplicable to the isodual theory, trivially, because they are tacitly referred to 
conventional positive units. In fact, negative characteristics referred to negative 
units are fully equivalent on all grounds (including causality), although anti- 
isomorphic, to positive characteristics referred to positive units. 
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While studying the isodual numbers, Santilli [84,106=108] discovered a new 
invariance which has resulted to have a fundamental physical relevance, from 
Newtonian mechanics all the way to unified gauge theories inclusive of gravitation, 
and which can be introduced as follows: 

Definition 2.2 Hoc. cit.l ,4 generic quantity A (i.e., a number, a matrix, an operator, 
etc.) is said to be "isoselfdual" when it is invariant under isoduality (2.4), 

A = A d = -At (2.18) 

As we shall see later on, Santilli discovered the above new invariance in the 
conventional Dirac equations because Dirac's gamma matrices are isoselfdual, y^ = 
y^. This so simple a mathematical property has far reaching physical implications. 
As we shall study later on, it implies that, contrary to popular beliefs throughout this 
century, the conventional Poincare symmetry "cannot" be the true, axiomatically 
correct symmetry of Dirac's equations because it is not isoselfdual. 

At this stage we merely present as an illustration the fact that the 
conventional imaginary unit i is isoselfdual, 

i d = -1 = i. (2.19) 

The latter occurrence explains better the correct isodual conjugation for complex 



c d = (n^ixnjr 1 = < + d i d x d n 2 d = - ni + ixn 2 . (2.20) 

Note that the isotopies and isodualities are restricted to the product, as 
indicated by the preservation of the symbol + and the change of the symbol * in 
F(a,+,x) and FW.+p 1 ). This is due to the fact that the lifting of a field into the form 
Pta,+ x) inclusive of the lifting of the sum, such as 

a + b -+ a + b= a + K + b, (2.21) 

with corresponding lifting of the additive unit 

0-6 = -K, K>0, KeF, (2.22) 

generally implies the loss of the original axioms, such as the loss of closure under the 
distributive law. Therefore, the lifting of the sum is not an isotopy [73], Moreover, 
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series which are convergent on F(a,+,x) as well as on F(a,+, x ), such as the 
exponentiation I + a/ll + a 2 /2l + ... = e a , become divergent under the liftings of the 



1 + a/11 + a 2 /^ + ... = oo . (223) 

For this reason the isotopies and isodualities of the sum are not used in applications 
(see Ref. 1129] for their mathematical study). 

Despite its simplicity, the lifting F-*P has significant implications in number 
theory itself. For instance, real numbers which are not conventionally prime under 
the tacit assumption of the unit 1 can become prime under a different unit. In fact, 
the number 4 is prime under the isounit 1 = 3. 

This illustrates that most of the properties and theorems of the contemporary 
number theory are dependent on the assumed unit and, as such, admit intriguing 
isotopies yielding the isonumber theory [115] 

■■>: As an example of application of Santilli's isonumbers independent from those 
studied in this volume, the isotopies permit the conception of a new generation of 
cryptograms called isocryptograms [1 15], which are expected to be more difficult to 
break then conventional ones because of the availability of an infinite number of 
different units which are not admitted by conventional cryptograms via the 
conventional number theory. 

To prevent misrepresentations of subsequent sections which often remains 
undetected, the reader is recommended to get acquainted with the new numbers prior 
to the studies of subsequent aspects. For instance, the traditional statement two x two 
= four" has no correct mathematical meaning in Santilli's theories because it lack the 
identification of the assumed unit as well as of the assumed product. And in fact, 
under the generalized unit 1=3, "two * two = twelve", the understanding is that, in 
general, "two * two = integro-differential quantity". 

Similarly, the reader should keep in mind that the ordinary negative numbers 
-n e R have no connection with Santilli's isodual numbers n d = -n e R d . This is 
evidently due to the fact that the isodual unit I d = -1 is not the unit of negative 
numbers in R because I d x (-n) = +n * -n. 

In closing this section it may be useful to visualize with specific examples 
already in these introductory aspects the types of isounits used in applications. A 
most important property of the isotopies Fta,+,x) -*• fta,+,x) is that the isounit 1 can be 
outside the original field. This implies in particular that, starting from conventional 
real numbers n e R, the isoreal isonumbers n e ftcan be matrices whose elements are 
nonlinear integro-differential functions. 

The latter degrees of freedom in the selection of the isounit is of paramount 
importance in practical applications. In fact, while a Hamiltonian H or a Lagrangian L 
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represents all possible action-at-a-distance interactions, the isounits can represents 
all characteristics which are outside the representational capabilities of H or L. 

One of the simplest possible example is the use of the isounit for the 
representation of extended, nonspherical and deformable shapes, which is evidently 
outside any realistic possibility of being represented with H or L. In fact, extended, 
nonspherical and deformable shapes of ellipsoidical type are represented with the 
diagonal isounit 

1 = diag. ( n, 2 , n 2 2 , n 3 2 ) , (2.24) 

where the quantities % 2 are real valued and positive-definite functions of local 
quantities, such as the intensity of external fields, the local pressure, etc., while more 
general shapes are represented with nondiagonal realizations. 

The representation of extended-deformable particles with local-differential, 
nonpotential forces is done with isounits of the type 

1 = diag.(n l 2 ,n 2 2 ,n 3 2 )xe f(t,X, *' J . (2.25) 

where the diagonal matrix represents the shape of the particle and the exponential 
function represents the nonpotential forces (see later on Sect. 2.8 for examples). 

An illustration of nonlocal-integral forces (i.e., forces depending on a surface 
or volume integral) is given by the Animalu isounit, 

1 = le /A * ,,M * tW }*diag.U,l,l>, (2.26) 

which permits a quantitative representation of the attraction among the two identical 
electrons of the Cooper pair in superconductivity in a way conform with 
experimental evidence (95], where <!>| and <t>j are the wavefunctions of the two 
electrons with related spin orientation t and J.. 

In general, the isounit used in application is a diagonal matrix with the 
dimension of the carrier space (two- three- and four-dimension for problems in the 
plane, space and space-time, respectively) whose elements have a generally linear and 
nonlinear, local-differential as well as nonlocal integral dependence on local physical 

In summary, Santilli main discovery in Ref. [73] is that the abstract axioms of 
a field do not require that the basic unit must necessarily be the trivial number +1, 
because it can also be an arbitrary nonsingular and Hermitean quantity, yielding the 
isofields and isodual isofields. 

As outlined in Chapter 7, Santilli moreover showed that the same axioms of a 
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field do not necessarily need a Hermitean [73] or a one-valued units [100]. This lead to 
the the additional discovery of the genonumbers with non-Hermitean units, and the 
hypemumbers wim nonnermitean multivalued units. 

The reader is suggested to meditate a moment on the following aspects 
implied by the presentation of this section, that the entire contemporary 
mathematical knowledge is not apparently applicable for quantitative studies of 
antimatter, or that the same mathematical knowledge is based on the simplest 
possible unit +1 which has essentially remained unchanged since its inception dating 
back to biblical times. 

One can therefore see the horizon of new possibilities permitted by the 
generalization of such a fundamental notion. 



II.2.4: Isotopies and isodualities of metric and pseudo-metric spaces 

Santilli's second important contribution to mathematics has been the identification of 
a structural generalization of the conventional notions of vector and metric (or 
pseudo-metric) spaces, first presented in paper [59] of 1983 (see monographs [115] for 
^detailed treatments). In this section we shall review the main lines of the isotopies of 
metric (or pseudo-metric) spaces. 

>.:_ Recall that conventional metric spaces are defined over a field. It is then easy 
to see that the lifting of a field requires, for necessary consistency, a corresponding 
lifting of metric spaces. In turn, such a lifting is at the foundation of the 
representation of nonlinear, nonlocal-integral and nonhamiltonian systems. 

Let S = S(x,g,R) be an N-dimensional metric or pseudo-metric space, with local 
chart x = (x k ), k = 1, 2, n, n-dimensional, nowhere singular, real-valued and 
symmetric metric g = g(x, ...) and invariant separation between two points x, y e S 
over the reals 

(x-y) 2 = (x'-yMgytxi-yj) e R(n,+,x), (227) 

where the convention on the sum of repeated indices is assumed hereon. 

Definition 2.3 [59, 115]: "Santilli's isospaces" of Class III $ = S(x,g,R) are N- 
dimensional metric or pseudo-metric spaces defined over an isoreal isofield of Class 
III R(n,+/) with a common N*N-dimensional isounit 1 of the same class, equipped 
with the "isometric" 



6 = gxl = (gjj)*! = (T*g)x% 1 = r 1 , (2.28) 
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local chart In contravariant and covariant forms 

x = {x k ) = (x k x"|), x k = S ki x i = T k r 8 ri x i x1, x^x^E; (2.29) 
and "isoseparation" among two points x, y e S on the Isoreals 
(x-y) 2 = (x-y'lxGyXtxJ-yJ) = 

= [fx - yj'xgyXtx-ylJlxlc ft. (2.30) 

Note that the isoseparation, for consistency, must be an element of the 
isofield, that is, must have the structure of a number n multiplied by the isounit 1. 
Similarly, on rigorous mathematical grounds, the "isometric" must be expressed by an 
"isomatrix", namely, its elements must also be isoscalar, thus having the structure fi = 
n*l. These isoscalar characters are expressed by the isomultiplication 

x 2 = i k ix k = (x k xl)x T x(x,,xl) = (x k x Xk )xl = n xl. (2.31) 

But the contraction over the repeated index k is in isospace,. We recover in this way 
the isoseparation of Def . 2.3, 

x 2 = (x k x Xk )x1 = (x'xgyXxJlxl. (2.32) 

Because of the above occurrences, whenever no confusion arises, isospaces 
can be practically treated via the conventional coordinates x k rather than the isotopic 
ones x k = x'xl, and with the isometric g rather than G = gx[, with the understanding 
that the mathematically correct formulation is that in terms of the isocoordinates x = 
xxl and isometrics G = g x l. 

Under the above understandings, Definition 2.3 includes: 

a) The ordinary spaces S(x,g,R) over R with unit! = I = Diag. (1,1, ...); 

b) The isodual spaces S^x^g^R* 1 ) with isodual coordinates x d = -x and 
isodual metric g d = - g over the isodual field R d with isodual unit I d - diag. (-1, -I, - 
1); 

c) The isospaces of Class 1 S, = A = S(x,g,R) with isocoordinates x = x*l and 
isometric g = fxg over the isofield of isoreal numbers ft with common NxN- 

d) The isodual isofields S„ = S d = S^.g^ft 11 ) with isodual isocoordinates x d 
= -X and isodual isometric g* 1 = -g over the isodual isofield R d . 

Each of the above four classes can then be referred to Euclidean, 
Minkowskian, Riemannian, Finslerian and any other metric or pseudo-metric space of 
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the contemporary literature. 

The first important property of the lifting S(x,g,R) -► S(x,g,R) is that the joint 
liftings I -+1 = T~' and g ->■ g = T*g preserves all original geometric axioms. 

Proposition 22 [59]: Isospaces S(x,g,R) (isodual isospaces S d (x d t g (i ,ft (1 ) are locally 
isomorphic (anti-isomorphic) to the original spaces S(x,g,R) (S d ,x tl ,g <1 ,R <1 )). 

The physical implications of the above simple geometric property are far 
reaching, as we shall see. As an illustration, recall that all conventional spaces are 
exactly valid for exterior dynamical problems in vacuum and do not have the 
functional dependence necessary for an effective representation of interior 
dynamical problems, such as an arbitrary nonlinearity in the velocities, nonlocal- 
integral effects, etc. 

Santilli [59,115,116] therefore achieved the capability of quantitative treatment 
of interior dynamical problems via conventional geometric axioms, thus achieving a 
remarkable geometric unification of exterior and interior problems. 

For instance, the Riemannian geometry possesses a metric g(x) with the sole 
dependence on the local coordinates and a limited capability to incorporate velocity 
effects from its affine connections. Santilli showed that the isotopies permit the 
enlargement of the Riemannian metric to an arbitrary functional dependence 

g(x) -» g = Txg = g(t, x, x, X, (]), 3<K aa)>, u, t, n, ...) , (2.33) 

sunder the sole condition that the isotopic element is of Class 1. 

The issues immediately raised by the above results is then: why use the 
conventional Riemannian geometry for interior gravitational problems with a sole 
functional dependence of the metric on the coordinates when the covering Riemann- 
Santilli isogeometry is characterized by the same axioms, yet admits an unrestricted 
functional dependence of the metric for more realistic representations of interior 
problems ? 

Another illustration of the implications of Proposition 2.2 is the fact that the 
isotopies f| = Txt) of the Minkowski metric t| » diag. (1, 1, 1, -l) includes all possible 
Riemannian metrics g(x) = fj(x) = T(x)*r| under the Minkowskian axioms. This 
permitted Santilli the achievement of a classical and operator geometric unification 
of the special and general relativities with the axioms of the special, with far 
reaching implications for quantum gravity, unified gauge theories, etc. 

Another important property of isospaces is that they imply the alteration 
(called "mutation" [53]) of the basic units of the original space. 

Consider the Euclidean space E(r,8,R) with coordinates r = [x, y, z) and metric 8 
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= diag. (1, 1, I) over the reals R = R(n,+,x). Its basic geometric and algebraic unit (that 
is, the unit of the space and of its group of isometries) is the quantity I = diag. (I, I, l) 
which represents in a dimensionless form the units of the Cartesian axes, e.g., +1 cm, 
+1 cm, +1 cm. By recalling that the isounits of Class I can always be diagonalized, the 
isotopies then imply the lifting 

I = diag. ( +1 cm, +1 cm, +1 cm) ->• 1 = diag. ( +n[ 2 cm, +n 2 2 cm, +n 3 2 cm ), (2.34) 

namely, not only the value of the unit in each Cartesian axis is changed, but different 
Cartesian axes have generally different units. 

As a result, isospaces imply simple, yet unique and nontrivial generalizations 
of conventional notions, such as that of the sphere (see next chapter). 

Moreover, for consistency, isospaces must have the same isounit of the 
underlying base field. This leads to the following structure 

Isoinvariant = [ Length ] 2 x [ Unit t. (2.35) 

As we shall see, the above occurrences have additional rather profound geometrical 
and physical implications, including new symmetries expressing the degrees of 
freedom of the unit, new predictions, a new form of locomotion called "geometric 
propulsion" and others. 

Note that conventional spaces have a unit 1 = diag. (1, 1, 1, ... ) which is 
different than the unit I = +1 of the base field. The same conventional fields can 
however be trivially reformulated for the unit I = diag. (1, 1, ...) of the space, in which 
case (only) they are admitted as particular case of the isospaces and verify structure 
(2.29) of the basic invariant. Such a redefinition is hereon assumed. 

The isodual spaces and isospaces have even more intriguing characteristics 
and, consequential implications. In fact, The fundamentals mathematical and 
physical quantity of the isodual Euclidean space E d (r d 8 d ,R d ) is the isodual unit I d = 
diag. ( -1 cm, -1 cm, -1 cm), namely the space E d is defined over negative-definite 
Cartesian units. The isotopies of E d then lead to the lifting 

I d = diag. ( -1 cm, -1 cm, -1 cm) 1 = diag. ( -n[ 2 cm, -n 2 2 cm, -n 3 2 cm ) , (2.36) 

namely, the space is defined over units which are not only arbitrary and different for 
different axes, but also negative-definite. 

Yet another important difference between spaces and isospaces is that the 
former admit only one interpretation, the conventional one over the reals, while the 
latter admits two interpretations, the first over the isoreals (i.e., computed with 
respect to the isounit 1), and the second when projected in conventional spaces (i.e.. 
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computed with respect to the conventional unit). 

This simple geometric occurrence is at the foundation of Santilli's unification 
of the Minkowskian and Riemannian geometries studied in the next chapter. As 
indicated earlier, the isotopies of the Minkowskian space with isometric f| = T*t) 
admit as a particular case all possible Riemannian metrics f| = T(x)xt| = g(x). The 
isominkowskian space admits two interpretation, the first over the isoreals, in which 
case the Minkowskian axioms occur, and the second when projected over 
conventional fields, in which case the Riemannian axioms are recovered in their 
entirety. 

The projection of isospaces on conventional spaces can be easily computed for 
diagonal metrics and isotopic elements via the use of a new conventional space 
S6c,g,R) over the reals with coordinates 



As we shall see, the above simple rule has considerable pragmatic value in 
■applications. 

j. In order to prevent possible misrepresentations, the reader is suggested to 
.meditate a moment on the above properties prior to initiating the study of additional 
. aspects. For instance, the study of the geodesies of isospaces via conventional units 
leads to a host of inconsistencies which generally remained undetected by the non- 
initiated reader. 



II.2.5: Isotopies and isodualities of continuity, manifolds and topology 

The notion of isocontinuity of Class I on an isospace was first studied by Kadeisvili 
[22] and resulted to be easily reducible to that of conventional continuity. In fact, an 
isofunction has the structure f(x) = f(x)*1. Then, the isomodulus |~of an 
isofunction t(x) on isospace S(x,g,R) over the isofield R(n,+,x) is given by the 
conventional modulus | f (x) | multiplied by the a well behaved isounit 1, 




(2.37) 



under which we have the identity 



(2.38) 



f t(x) f = |f(x) |*1 



(2.39) 



As an illustration, an infinite sequence fi, - >s said to be strongly isoconvergent 
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Lim k - >00 t? k - f \ = 
ie isocauchy condition can then be expressec 
t f m - * n t < S 
al and m and n are greater than a suitably i 



(2.41) 



3). The isotopies of 

other notions of continuity, limits, series, etc. can be easily constructed [26]. Note that 
functions which are conventionally continuous are also isocontinuous. Similarly, a 
series which is strongly convergent is also strongly tsoconvergent. 

However, a series which is strongly isoconvergent is not necessarily strongly 
convergent (ref. [115], p. 271). As a result, a series which is conventionally divergent 
can be turned into a convergent form under a suitable isotopy. This mathematically 
trivial property has rather important applications, e.g., for the reconstruction of 
convergence at the isotopic level. 

The isodual isocontinuity of Class II is a simple isodual image of the 
preceding notion and its explicit form is left to the interested reader. 

The notion of an N-dimensional isomanifold and isotopology of Class I 
were first studied by Tsagas and Sourlas [122]. These authors also introduced a 
conventional topology on an isomanifold. The latter was lifted into an isotopology 



Hi [100]. 
All isounits of Class I < 

1 = diag. ( nj 2 , n 2 2 , .. 



fs be diagonalized into the form 

n k (t,x,...)>0, k=l,2 N, (2.42) 



Since R k - R, it is evident that ft" - R N , where R f 
conventional fields R(n,+,x). But the total unit of ft" is 
can introduce a topology on R N via the simple isotopy 



Cartesian product of N 
(2.33). Therefore, one 
conventional topology 



t = (0, R N ,Rj), 

et of ft" defined by 
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Rj = ( P = ( a), a 2 , .... a n ) 7 fi ( < a,, a 2 , a n < m ( , n, , rrij , a k e ft ) . (2.45) 

As one can see, the above topology coincides everywhere with the 
conventional Euclidean topology t of R n except at the isounit 1. In particular, f is 
everywhere local-differential, except at! which can incorporate integral terms. The 
above structure is called the Tsagas-Sourlas-Santilli isotopology or integro- 
differential topology. 

Definition 2.4 [122,1001 A "topological isospace" of Class I f (R n ) is the isospace of 
Class I ft" equipped with the isotopology r. A "Cartesian isomanifold" of the same 
class Ni(R N ) is the isotopological isospace t(R") equipped with a vector structure, an 
affine structure and the mapping 

f : ft" - ft", T: a -» f(a) = a, V a eft. (2.46) 

An "isoeuclidean isomanifold" of Class I W(E(x,S,ft)) occurs when the N-dimensional 
isospace E is realized as the Cartesian product 

E(x,S,ft) - ft 1 "ft 2 x ... "Rn . (2.47) 

-; and equipped with the isotopology r with isounit (2.34). 

For all additional aspects of isomanifolds and related topological properties we 
refer the interested reader to Tsagas and Sourlas [122] and to Santilli [IOOl The 
extension of the results to n isodual isotopology is trivial and will be assumed herein. 



H.2.6. Isotopies and isodualities of functional analysis 

The data elaboration under isotopies require a step-by-step lifting of all aspects of 
functional analysis into a new discipline called by Kadeisvili [22] isofunctional 
isoanalysis. This includes the isotopies of conventional and special functions, 
distributions and transforms. 

For instance, the conventional Dirac delta distribution has no meaning under 
isotopy, mathematically, because of the loss of applicability of the conventional 
exponentiation and, physically, because particles are no longer point-like. The 
isodirac distribution [23] is the reconstruction of the conventional distribution for 
an unrestricted unit permitting a direct treatment of the extended character of 
particles. The Fourier transform, Legendre polynomials, etc., also admit simple yet 
unique and unambiguous isotopies with important applications in various disciplines. 

Regrettably, we are unable to review the isofunctional isoanalysis in details 
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and are forced to limit ourselves to a review of the following basic notions (see 
monograph [115] for detailed presentation as of 1995). 

Recall that in the transition from the two-dimensional Euclidean to the 
Riemannian geometry there is the loss of the trigonometric and hyperbolic functions 
due to curvature. Under isotopies the situation is different. In fact, we can represent 
all possible two-dimensional Riemannian metrics in an isoeuclidean space which, as 
such, satisfies the axioms of flatness in isospace (see next chapter), thus permitting 
the reconstruction of trigonometric and hyperbolic functions for all possible 
Riemannian metrics [1 15]. 

To outline the latter reconstruction, consider the Three-dimensional 
isoeuclidean isospace E = E(r,S,R) 

E = EffAR) : T = lM), 8 = T*S, 8 = Diag. (1, 1, 1), 

1 = Diag. ( n^, n 2 2 , n 3 2 ) . (2.48) 

An isoline on E over R is the conventional topological notion although referred to 
isopoints with values r = r*l on an isof ield R. An isostraight line in the isoeuclidean 
(x, yHsoplane has the form 

a*x + 6xy + c = 0, x, y € E , a, 6, 6 e R , (2.49) 

although, its projection into E over R is givea in general, by the curve 

[axy/ ni (r,...) + b * y / n 2 (r, ...) + c ]*1 = (2.50) 

Intersecting isostraight isolines then permit a unique and consistent definition of 
isoangles d which is impossible in the Riemannian treatment of gravity. 

The study of the isoeuclidean geometry has established that conventional 
numerical value of angles are preserved under Isotopies, i.e., isotopies map parallel 
(perpendicular) straight lines into isoparallel (isoperpendicular) isostraight isolines. 

The projections of the isoangles $ on the (X, yHsoplane and the angle S with 
respect to the z-axis into E over R assume the forms 

$ = ()>x1 (t ,, 6=exl 9 . (2.51a) 

1^, = l/ ni xn 2 % = ni xn 2 , 1 9 = l/n 3 , T e = n 3 . (2.51b) 

The isotrigonometric functions axe given by [4g,5h] 
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sosin a = n 2 * sin a , isocos a = ^ x cos a , (2.52a) 
:>sin 2 a + isocos 2 a = nf^<isocos 2 a + n 2 _2 xisosin 2 a = 

- cos 2 a + sirfti = 1 , (2.52b) 
i isounit for simplicity. The 

x = r x n, x sin ( 8/n 3 ) cos ( 6>lTifn 2 ) (2.53a) 

y = r x n 2 * sin ( 6/n 3 ) sin ( <S,/n x *n 2 ) , (2.53b) 

z = rxn 3 xcos(9/n3), (2.53c) 

have the isopythagorean theorem for an isoright isotriangle with 
and isohypothenuse D [115] 

D 2 = DxD = A 2 + B 2 = AxA + 6 * 6 e ft, (2.54) 



D 2 = [Axa/ n^t, r, f, ...) + B x B / n^t, r, r, ...) ] xl , (2.55) 



/ n[ x n 2 ) , isosinh a = n 2 * sinh (a/n,xn 2 ), (2. 
socosh 2 a - isosinh 2 a = 1, (2.56) 



;e monograph [ 1 161, Sect. 5. 
entional spherical coordinat 
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a* = e j* = We^-l =1x(e txx ), (2.57) 
where e* is the ordinary exponentiation.; the isologarithm of an isonumber a on 

log- a =11og e a. (2.58) 
with axiom-preserving properties 

.Iso1nj,a = ^ Isoln e = l, Isoln! = 0, (2.59a) 
Isoln(axb) = Isolna + Isolnb, Isolna/b = Isolna- Isoln b, (2.59b) 
Isoln a" 1 = - Isoln a , 6 * Isoln a = Isoln a b , etc.; (2.59c) 
the isotrace and isodeterminant of an isomatrix A = A*), where A is an ordinary 

IsotrA = ( Tr A ) x 1 Isodet A = [ Det (A xT) ] *1 , (2.60) 

with axiom-preserving properties 

Isotr (Axfi) = (isotr A) * (Isotr B), Isotr (6*A ** 6 _1 ) = Isotr A, (2.61) 

Isodet (Axfi) = (Isodet A) * (isodet 6), Isodet (A -1 ) = ( Isodet A ) 1 
(6.3.20e) 



and others isof unctions the reader can easily construct when needed. For special 
isofunctions and isotransform, we have to refer the readers to monograph [1 15] 
for brevity. 

The isodual isofunctional isoanalysis is the image of the isoanalysis under 
isoduality and inclusion isodual conventional and special isofunctions and 
isotransf orms the reader can easily construct via the isodual map (2.4) applied 
systematically to the entire theory, including isonumbers, isospaces, etc. 

The reader should however be aware that the elaboration of the isotheories 
with conventional functional analysis (e.g., the use of conventional trigonometry, 
logarithms, exponentiations, etc.) leads to a number of inconsistencies (such as the 
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violation of isolinearity) which often remain undetected by the noninitiated i 



II.2.7: Isotopies and isodualities of differential calculus 

Santilli's third important contribution to mathematics has been the identification of 
an isotopic generalization of the conventional differential calculus first presented at 
the 1994 International Workshop on Differential Geometry and Lie Algebras, held in 
Thessaloniki, Greece, and then published in ref. [100) (although the new differential 
calculus is implicitly contained in the first edition of monographs [116] of 1994). 

The lifting of the differential calculus has then permitted the achievement of 
axiomatically consistent the isotopies of virtually all mathematics used in 
quantitative sciences, including: Newton's equations, analytic and quantum 
mechanics, differential geometries, etc. 

The isodifferential calculus has therefore fundamental relevance for the 
studies herein considered. In fact, studies on isotopies prior to its appearance in 
memoir [100] are not invariant and, as such, they are not acceptable on axiomatic as 
well as physical grounds. 

Let E(x,8,R) be the ordinary N-dimensional Euclidean space with local 
coordinates x = (x k ), k = 1, 2, N, and metric 8 = diag. (1, 1, 1) over the reals R(n,+,x). 
Let E(x,8,R) be its isotopic image with local coordinates x = !x k ) and isometric 8 =T8 
over the isoreals R(n,+ x). Let the isounit be given by the N"N matrix of Class 111, 1 = 
ft,J> = (lj j ) = T l = (T^T 1 = (TjJr 1 whose elements have a smooth but otherwise 
arbitrary functional dependence on the local coordinates, their derivatives with 
respect to an independent variable and any needed additional quantity, 1 = l(x,.J. The 
following properties then hold from Definition 2.2 

x k - xM , x k = 8 ki x 1 = T k ' 8,j xJ = T k ' 8jj x>A = T k * x, , x, = By xh 

x'^AySxi = (x> xt,i *8 jm x x m M = XjXA'ixxj - x k *x k = x k xx k , 8'J = V& mn )~ x n 

x'xSjj* xl = XjXS'Wj = x'xxj = Xi*xJ , S'MUmnr'l'j. (2.63) 

Definition 2.5 [100]: The "first-order isodifferentials" of Class III of the 
contravariant and covariant coordinates x k and x k , on an isoeuclidean space E 
equipped with Kadeisvili's isocontinuity are given by 



a x* = 1 k '(t, x, ...) dx' , a x k = T k '(t, x, ...) dxj , 



(2.64) 
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area a fix) t(a k +ax k ) - ta k ) 
T ' a k ) = T7j I X k . a k - V -— - 1 it . a - Lim ax^ — ^ 

X " (2.65) 

ivAere Sf(x)/~Sx k = (af(x)/ax k M is computed on E and T^afM/ax 1 is the projection 
in E. The "isoderivative" of a smooth isof unction t(x) of the covariant variable x k 
at the point a k e £Xx k ) is £iven by 

am afM t(a k +ax k ) - ra k ) 

Sx k lx k = a k 8x lx k = a k ax k -*O k g- 

K ' (2.66) 

The above definition and the axiom-preserving character of the isotopies then 
permit the lifting of the various aspects of the conventional differential calculus. We 
here mention for brevity the following isotopies: the isodifferentials of an 
isofunction of contravariant (covariant) coordinates x k (x k ) on E(x,S,ft) are defined 
via the isoderivatives according to the respective rules 

m at „ , 

a«x)lcontrav = * dx k = T k '* — t k , (&! = [df(x)]*"t , 



an iteration of the notion of isoderivative leads to the second-order isoderivatives 

3 2 t(x) 8 2 f(x) a 2 ?® ^fto 

= tj. 1 t k J , = 1 k i1 k j (no sums on k 

3x k2 ax'axi 3x k 2 3Xj3Xj 

(2.68) 

and similarly for isoderivatives of higher order; the isolaplacian on E(x,8,ft) is given 
by 

A = \*d k = tfxSyxSJ = a'xSyxai "I'fcXaKxSijxaj, (2.69A) 

a k = Mai*, a k = a/ax k etc. , (269B). 
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and and results to be different than the corresponding expression on a Riemannian 
space S(x,g,R) with metric g(x) = S, A = S~ 1/2 x d t x S l/2 x S'J x dj. 

A few examples are in order. First note the following properties derived from 
definitions (2.31) and (2.32), 



Next, we have the simple is( 

a(x k x k ) a&'&jjxJ) . atx'SyxJ) 



and similarly for other cases 
For completeness w 
defined as the inverse of the 



J* ax = / T1 dx = j dx* = x , 



(2.72) 



namely, f = /t. Definite isointegrals are formulated accordingly. 

The above basic notions are sufficient for our needs at this time. The class of 
isodiff erentiable isofunctions of order m will be indicated C m . 

The isodual isodiff erential calculus is the isodual image of the preceding one, 
in which all quantities and all operations are subject ted to the isodual map. 

An important property is that Santilli's isodifferentials and isoderivatives 
verify the condition of preserving the basic isounit 1. Mathematically, this condition 

is necessary to prevent that a set of isofunctions t(x), g(x) on £(x,S,R) over the 

isofield R(n,+ x) with isounit 1 are mapped via isoderivatives into a set of isofunctions 
tlx), glx), defined over a different field because of the alteration of the isounit. 
Physically, the condition is also necessary because the unit is a pre-requisite for 
lack of conservation of the unit therefore implies the lack of 
it physical applications. 

^s an example, the following alternative definition of the isodifferential 
ax k = df^x 1 ) =[O t l k r )x r + l k j] dx 1 -W k jdx\ (2.73) 



would imply the alteration of the isounit, 1 # thus being mathematically and 
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physically unacceptable. 

Nevertheless, when using isoderivatives on independent isomanifolds, say, 
isoderivatives on coordinates and time, the above rule does not apply and we have 

&t \fft, x) = % [ \ fft, x) ] = % [ \% x, ...) a t f(t, x) ] . (2.74) 

Additional properties of the isodifferential calculus will be identified during the 
course of our analysis. 

Note that the ordinary differential calculus is local-differential on E. The 
isodifferential calculus is instead local-differential on E but, when projected on E, it 
becomes integro-differential because it incorporates integral terms in the isounit. 



H.2.8. Isosymplectic geometry 

Another important mathematical contribution made by Santilli has been the 
identification of a novel formulation of the symplectic geometry, originally 
submitted in memoir [66] of 1988 under the name of isosymplectic geometry and 
subsequently developed in various works (see the review in [115]) which possesses 
applications much broader than those of the conventional formulation. 

The original construction was based on the isotopic degrees of freedom of 
the product, as outlined in Sect. 1.9. In this section we shall outline the 
isosymplectic geometry as formulated in Ref. [100] via the isotopic degrees of 
freedom of the exterior calculus. A comparison of the two formulations is 
instructive to see the advances. 

The symplectic geometry (see ref.s [109] for a review and comprehensive 
literature) is the geometry underlying Lie's theory. Santilli studied the isotopies 
herein reviewed because no genuine broadening of Lie's theory is possible without a 
corresponding compatible generalization of the symplectic geometry. 

As the reader can see, the conventional and isosymplectic geometries 
coincide at the abstract, coordinate-free level to such an extent, to require no 
change in the symbols, and only their broader realization as compared to the 
conventional one. We therefore have in essence two different realizations of the 
same abstract geometric axioms, the isotopic realization being broader and 
admitting of the conventional realization as a particular case. 

symplectic geometry in its canonical realization permits a direct representation 
(i.e., a representation in the coordinates of the observer) only of (well behaved) 
local-differential and Hamiltonian systems. By comparison, the isosymplectic 
geometry in canonical realization is directly universal for all well behaved, 
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nonlocal-integral and nonhamiltonian systems. 

The latter direct universality is important in view of the physical 
problematic aspects caused by the practical use of Darboux's transformation of 
systems which are nonhamiltonian in the inertial coordinate b = (x, p) of the 
observer to other coordinates b' = Mb) = (x'(x, p), ptx, p)) in which the systems 

As stressed by Santilli in various publications [1 lOUl 151, llOOl, Darboux's map 
b -> Mb) is necessarily nonlinear and noncanonical. As such, the new coordinates b' 
are not realizable in actual experiments and, if used for mathematical purposes, 
they imply the violation of Galilei's and Einstein's special relativity because the 
transformed systems b' are highly noninertial. 

The primary meaning of the isosymplectic geometry remains that of being 
the geometry underlying the Lie-Santilli isotheory. However, in so doing, there is 
the emergence of an alternative to Darboux's theorem in the sense that the 
isogeometry in isocanonical formulation results to be directly universal, thus 
capable of representing all systems of the class admitted directly in the inertial 
frame of the observer without any need of Darboux's map. 

In this section we shall the main elements of the isosymplectic geometry in 
local realization by closely following ref. [1001. Unless otherwise stated, all 
.^quantities are assumed to satisfy the needed continuity conditions, e.g., of being of 
''class C 00 and all neighborhoods of a point are assumed to be star-shaped or have an 
Equivalent topology. Topological aspects are deferred for simplicity to the next 
section. 

; ; Let KKE) = KKE(8,ft) be an n-dimensional Tsagas-Sourlas isomanifold [44,45] 
on the isoeuclidean space E(x,S,ft) over the isoreals ft = ft(n,+,x) with nxn- 
dimensional isounitt = & l X I, j = 1,2, n, of Kadeisvili Class I and local chart x = 
(x k ). A fan^enf isovector X(m) at a point m e K*(E) is an isofunction defined in the 
neighborhood ft(m) of m with values in ft satisfying the isolinearity conditions 

X m (a xf +|5 x g) = a x + $ x Xjflfg) , 

Xrfift * g) = T(m) * X^lg) + g(m) x X m (f ) , (2.75) 

for all T, g e KKG) and a, ji e ft, where * is the isomultiplication in ft and the use of 
the symbol " means that the quantities are defined on isospaces. 

The collection of all tangent isovectors at m is called the tangent isospace 
and denoted TK1(E). The tangent isobundle is the 2n-dimensional union of all 
possible tangent isospaces when equipped with an isotopic structure (see below). 

The cotangent isobundle TtvI(E) is the 2n-dimensional dual of the tangent 
isobundle with local coordinates 6 = tOT = (x k , p,,), p. = 1, 2 2n,. Since p is 
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independent of x, the isounits of the respective differentials are generally different, 
i.e„ we can have 3x = 1dx and 3p = dp, 1 * W, in which case the total isounit of 
T*W(E) is the 2n-dimensional Cartesian product 1 2 = 1*W. 

Since the isomomentum is covariant with isodifferential 3p k = Txdp k , 
Santilli [1001 assumes the following particular form of the isounit of the cotangent 
isobundle 



where 1 is the isounit of the coordinates 3x = Idx, and T is the isounit of the 
momenta, Sp = Tp = T'dp. In different terms, we select the particular case in 

An isobasis of T*^(E) is, up to equivalence, the (ordered) set of 
isoderivatives 3 = O/W) = (t^a/ab"). A generic elements X e rWffi), called 
vector tsofW can then be written 1 = Mm) 3/W = ft 1 Tj/a/abK 

The fundamental one-isoform on 1*18(6) is given in the local chart 6 by 

s = ffyb) ab" = fiyt) d6" = p,, a x" = p k i k j dx 1 , r = ( p, 6 ) . (2.77) 

The above expression, which can be written 9 = p3x = Pjl'jdx-i to emphasize the 
differential origin of the isotopies, should be compared with the originally proposed 
one-isoform § = p*dx = pj/T^dx' [13] obtained via the isotopic degrees of freedom 
of the product. The preference of the isodifferential calculus over the 
isomultiplication is then evident for a geometric unity of the conventional and 
isotopic formulations. 

The space TTCKE), when equipped with the above one-form, is an isobundle 
denoted T^NME). The isoexact, nowhere degenerate, isocanonical isosymplectic 
two-isoform is given by 



The isomanifold T*KM£), when equipped with the above two-isoform, is called 
isosymplectic isomanifold in isocanonical realization and denoted T 2 *lvl(£). The 
isosymplectic geometry is the geometry of the isosymplectic isomanif olds. 

The last identity in (3.4) show that the two-isoform & formally coincides 




1 = r 1 , (2.76) 



& = as = ia^ay*) = ii^afAae 1 = 

= ax k A apfc = l k j dx' A f k J dpj = dx k A dp,-. 



(2.78) 
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selection of isounit (3.2). The abstract identity of the symplectic and isosymplectic 
geometries is then evident. However, one should remember that: the underlying 
metric is isotopic; p k = t k 'p ( , where p ( is the variable of the conventional canonical 
realization of the symplectic geometry; and identity & = w no longer holds for the 
more general isounits 1 2 = 1*W, 1 * iff -1 . 

Note that the isosymplectic geometry has the Tsagas-Sourlas Integro- 
differential topology and, as such, it can characterize interior systems when all 
nonlocal-integral terms are embedded in the isounit. 

A vector isofield £(m) defined on the neighborhood N(m) of a point m e 
T 2 *IvI(£:) with local coordinates 6 is here called a (local) Hamilton-Santilli isofield 
when there exists an isof unction H on N(m) over ft such that 

Xju = aa i.e., 

£ v (m) afi* 1 = afl(m) = OA/WarA (2.79) 

We are now equipped to present the main result of paper [100], Santilli's 
alternative to Darboux's Theorem for the representation of nonlinear, nonlocal- 
Integral and nonhamiltonian interior systems within the fixed coordinates of their 
experimental observation, which can be formulated as follows. 

Theorem 2.1 (Direct Universality of the Isosymplectic Geometry for Interior Systems 
■[100]): Under sufficient continuity and regularity conditions, all possible vector 
fields which are not (locally! Hamilton in the given coordinates are always 
Hamilton-Santilli in the same coordinates, that is, there exists a neighborhood N(m) 
of a point m of their variable 6 = R, p) under which Eq.s (3.5) hold. 

Proof. Let £^(6) be a vector field which is nonhamiltonian in the chart 6, 
and consider the decomposition 

X(b) = rtyb)£ a (b), (2-80) 

where the 2n><2n matrix (f^)) is nowhere degenerate and £ a is the maximal, local- 
differential and Hamiltonian sub-vector field, i.e., there exists a function H(b) and a 
neighborhood N(m) of a point m of b = (x, p) such that 

£ ^(m) db a = dH(m) = ( 9 H / 3 b a ) 36 a , (2.81) 

and all nonlocal-integral and nonhamiltonian terms are embedded in f\ Then, there 
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always exists an isotopy such that 

o^ v X"(m) afi^ = o^ a r°p(rn) XjHm) 36M- = 

= an(m) = (afl/awaB 1 = tJ*3H/< 



In fact, the script fl 1 is only a ur 
separate terms each in n-ilimension. Therefore, the quantity t h 



Corollary 2.1.A: For aJ 



( dx/dt ) = ( p/m )-3BM-(»H») (2-86) 

V dp/dt ' V F« A + F NSA 7 

where SA (NSA) stands for variational selfadjointness (nonselfadjointness), i.e., the 
integrability conditions for the existence (lack of existence) of a 
Thus F SA = - SH/6x, with H = p 2 /2m + V(x), while there is no sucl 
F NSA 

Then, the isohamiltonian representation explicitly reads 

( , ) ( pSA + pNSA ) = ( [ 0^0 B ' 
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(2.87) 



From which we have the general solution 

t = B = 1 + F^/F^ = A - ' = I" 1 , (2.88) 

where the last identity follow from the fact that, since 3H/3p = p/m, A remains 
arbitrary and can be therefore assumed to be A = B" 1 . q.e.d. 

The above results confirm, this time on independent geometric grounds, the 
corresponding results achieved in Sect. 2.5 on analytic grounds, thus confirming the 
overall unity of isotopic methods. 

Santilli [100] completes his study by showing that the above geometric 
isotopies do indeed preserve the remaining axiomatic properties of the symplectic 
geometry. For this it is sufficient to prove the preservation under isotopies of the 
Poincare Lemma and of Darboux's Theorem. 

To prove the preservation of the Poincare Lemma one can easily construct 
isoforms $ p of arbitrary order p. The proof of the following property is a simple 
isotopy of the conventional proof (see, e.g., [20]) via the use of the isodifferential 
calculus. 

Lemma 2.1 (Poincare - Santilli Lemma [100]): Under the assumed smoothness 
and regularity conditions, isoexact p-isoforms are isoclosed, i.e., 

a<s> p = a(a$ p .,) = o. (2.89) 

The nontriviality of the above result is illustrated by the following 

Corollary 2.1.A: Isoexact p-isoform are not necessarily closed, i.e., their 
projection in the original tangent bundle does not necessarily verify the Poincare 

By comparison, we should mention that the original formulation of the 
isopoincare lemma [32,37], that via the isotopic degrees of freedom of the product, 
did verify the Poincare lemma in both the conventional and isotopic bundle. 

To prove the preservation of the Darboux's Theorem [9], consider the 
general one-isoform in the local chart 6 
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m = lya ay 1 = <yi>) ifjx, b, db/dt, ...) db" , (2.90) 

ft = (P(x,p),Ojx,P>)- (2.91) 

The general Isosymplectic isoexact two-isoform in the same chart is then 
given by 

cm = i a ( ty6> ab" ) = i 0^ a, 6, as/art, ...) aeM- a ab" , 

3Ry 3ftl 8ft„ Sftn 

On, = - L - — = V 1 - ty— —. (2.92) 

v w * ab a ab a 

One can see that, while at the canonical level the exact two-form to and its isotopic 
extension w formally coincide, this is no longer the case for exact, but arbitrary 
two forms Q and Cl in the same local chart. 

Note that the isoform Ci is isoexact, Cl = &&, and therefore isoclosed, 9Q = 
(Lemma 3.1), in isospace over the isofield ft. However, if the same isoform Si is 
projected in ordinary space and called 0, it is no longer necessarily exact, O * d6 
and, therefore, it is not generally closed, dO * 0. 

Recall that the Poincare Lemma dO = d(d9) = for the case of Birkhoffian 
two-form Q (Sect. 2.4) provides the necessary and sufficient conditions for the 
tensor O^" = [ ( O a3 T 1 F' to be Lie [II 0]. It is easy to prove that this basic property 
persists under isotopy, although it characterizes the broader Lie-Santilli isotheory. 
We therefore have the following 

Theorem 2.2 (General Lie-Santilli Brackets [100]): Let 0(6) = 36 = ait^&m = 
Q^b^Aab" be a general exact two-isoform. Then the brackets among 
sufficiently smooth and regular isot unctions A(b) and 8(6) on T 2 *M(E) 



. »e_x-i r 



satisfy the Lie-Santilli axioms (Sect. 11.3.3) in isospace (but not necessarily the 
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same axioms when projected in ordinary spaces). 

The above theorem establishes that the isosymplectic geometry is indeed 
the geometry underlying the Lie-Santilli Isotheory, as discussed in more details in 
the accompanying paper by Kadeisvili [16]. In particular, the isocanonical two- 
isoform characterizes the isocanonical realization of the Lie-Santilli brackets 
studied in the next section, while brackets (2.93) are the most general possible ones. 

Even though we cannot use Darboux's theorem in practical applications for 
the reasons indicated earlier, it is nevertheless important for completeness to prove 
that it admits a simple yet significant isotopies. 

Theorem 2.3 (Darboux-Santilli Theorem): A 2n-dimensional cotangent 
isobundle T 2 *Ivf(E) equipped with a nowhere degenerate, exact, C°° two-isoform Ci 
in the local chart 6 is an isosymplectic manifold if and only if there exist 
coordinate transformations 6 6' (6) under which d reduces tc 
two-isoform to, i.e.. 



ObP/S6'°)(b") = V a (b(6"), 



The existence of a second transform 6" ->• 6' reducing Q a p to co^p is then known to 
exist (see, e.g., [30]). This proves the necessity of the isodarboux transform. The 
sufficiency is proved as in the conventional case [1091 q.e.d. 
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locality and canonicity are reconstructed in isospace over isofields, as studied later 

The isotopies of the remaining aspects of the symplectic geometry (Lie 
derivative, global treatment, symplectic group, etc.) can be constructed along the 
preceding lines and are omitted for brevity. The isosymplectic geometry is also 
expected to admit a genotopic and hyperstructural extensions although they are 
not studied in here for brevity (see [100,101]). 

We should mention that the preceding formulation of the isosymplectic 
geometry is solely restricted for the representation of matter. The characterization 
of antimatter is made via the antiautomorphic isodual map 1 2 -* \ 6 = ~\ This 
permitted Santilli the discovery of the isodual isosymplectic geometry [100] which 
is characterized by isodual coordinates b d , isodual isodifferentials a d b d , isodual 
one-isoforms tfltfi), isodual two-isoforms <5 d , isodual cotangent isobundle 
Vtift£,' i ), and similar isodualities. 

One should keep in mind that the isodual isosymplectic geometry admits as 
a particular case Santilli's isodual symplectic geometry, which is a novel anti- 
isomorphic image of the conventional geometry. 

The proof of the following property is instructive 

Lemma 2.2 [100,101]: Isosymplectic one- two- and p-isoforms are isoselfdual, i.e., 

conventional symplectic geometry is applicable for the characterization of both, 
particles and antiparticles when formulated in spaces and their isoduals, 
respectively. 

Note that the use of the conventional symplectic geometry for the 
characterization of antiparticles leads under symplectic quantization to the 
physical inconsistencies recalled earlier (an operator image which is not the charge 
conjugate particle, but merely a particle with a change in the sign of the charge). 
The study of other aspects is left to the interested reader. 

In closing we mention the remarkable abstract unity of the conventional 
symplectic geometry and Santilli's isosymplectic geometry and its isodual which 
could be all expressed with the same abstract symbols, which are then 
differentiated via different realizations. 

In short, Santilli has proved that, contrary to a rathe popular belief in 
mathematical circles, the contemporary formulation of the symplectic geometry is 
far from being the most general one, because it admits the isosymplectic 
formulation, as well as the yet broader genosymplectic and hypersymplectic 
realizations [100,101]. 
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II.2.9: Isotopies and isoduaiities of Newtonian mechanics. 

As it is well known (see, e.g. [13]), Lie's theory admits two fundamental realizations, 
one in classical and one in quantum mechanics, with interconnecting map given by 
the naive or symplectic quantization. 

The preceding isotopies were introduced by Santilli for the construction of 
step-by-step isotopic generalizations of classical [62] and quantum [61] mechanics 
and their interconnecting maps. The new mechanics have been conceived for the 
most general possible, nonlinear, nonlocal and noncanonical, interior dynamical 
problems. They reached maturity of formulation only recently in memoir [100] 
following the advent of the isodifferential calculus. 

It is important to review at least the essential elements of the isotopic 
classical and operator mechanics because they provide corresponding realizations 
of the Lie-Santilli isotheory used in applications. As a matter of fact, Santilli 
proposed the isotopies of Lie's theory precisely for quantitative treatments of the 
above generalized mechanics. 

To conduct our outline, we shall keep using Santilli's notation ([100], [115]) of 
putting a "hat" on all quantities belonging to isotopic formulations, while 
conventional symbols are used for quantities belonging to conventional 
formulations (see [72] for details). 

As it is well known, conventional classical mechanics is formulated in the 
conf iguration space via the seven-dimensional space E(t,8,R)xE(x,8,R)xE(v,8,R) where 
t is time, x = (x k ) represents the space coordinates and v = IvM represents the 
velocities, the latter being independent from the former. 

The Class I isotopies of classical mechanics in configuration space require 
their formulation in the isospace 

S(t,x,v) = Eft,fif t ) )x E&8,R) x E(v,S,R) , (2.97) 

characterized by the total isounit 

l to t=VW (2 - 98) 

where: 1 1 = T t ~ 1 is the (one-dimensional) isounit of time and 1 x = t~ 1 is the (three- 
dimensional) isounit of space and l v is the three-dimensional isounit of the 
velocities hereon assumed to coincide with l r for simplicity. By assuming that 
the isotime is contravariant we have \ - t><l t , while for the space components we 
have the general rules 
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x = bM = (x k ) , x k = 8 kl x 1 = V* 8y x : 
v = (v k M = {dx k /dtM, h = \iV = V 



cft=l t xdl, = "l^xdx 1 , a% = Vxdxj, 
3v k = l k ,xdv'. 3v k = V x d? k , 
a/oft = t t d/dt, S/ S x k = T k 'x a/ax' , a/ax k = l k , xa/ax, , 
a/aC* = V x a/av 1 , a/av k =1 k j x a/av, 



ax' / ay = s'j , aSij / a Xj = s,J , ax 1 / a Xj = 1 
a(v 1 8 ij vJ)/av k = 2v k . 



dt 3r s dt ar 1 

where m = mxl t is the isomass, i.e., the mass in isospace, and NSA stands for 
variational nonselfadjointness, i.e., the violation of Helmholtz's integrability 
conditions for the existence of a potential (see volumes (109) for detailed studies). 

The first main function of the above equations is to turn dynamical 
equations which <Jo nor admit a Lagrangian or a Hamiltonian representation in the 
(t, r, v) coordinates of the experimenter into an isotopic form which is indeed 
representable with the Lagrange' and Hamilton's equations on isospaces over 
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isofields. This objective is achieved by embedding all nonpotential forces in the 
differentials, il.e., representing the deviations from the geometry of empty space 
by the isogeometry. 

The second main objective of Eq.s (2.102) is to lift the historical Newtonian 
representation of "massive points" into the representation of expended, 
nonspherical and deformable bodies with a shape represented precisely by the 1- 
matrix, e.g., with explicit diagonal form for spheroidal ellipsoids 

1 = Diag.(n, 2 ,n 2 2 ,n 3 2 ), (2.103) 

with non diagonal expression for more complex shapes. 

The third main objective of Eq.s (2.102) is to extend the strictly 'local- 
differential" character of the historical equations (as necessary from the underlying 
Euclidean topology) into a form admitting of "nonlocal-integral interactions", i.e., 
interactions representable with surface or volume integrals, as typically occurs for 
resistive forces, and as permitted by the Tsagas-Sourlas-Santilli integro- 
differential topology, provided that all integral terms are embedded in the isounits. 

Recall that the actual size and shape of a body has no impact in its 
dynamical evolution when moving in vacuum. This is not the case when the same 
body moves within resistive media, where the size and shape of the body directly 
affect its trajectory. 

The new class of systems represented by Eq.s (2.102) is given by extended, 
nonspherical and deformable bodies moving within resistive media whose center of 
mass trajectory is conventional, i.e., local-differential, while admitting integral 
corrective terms due to the shape. 

As a specific example, consider an originally spherical body of mass m 
which moves along the x-axis within a resistive medium (say, gas or liquid) by 
acquiring an ellipsoidical shape a with semiaxes (a 2 , b 2 , c 2 ). By ignoring potential 
forces for simplicity, suppose that the body experiences only a nonlocal-integral 
resistive force of the type F X NSA = - yv x 2 J ct da 3fo,...), where NSA stands for 
variational nonselfadjointness [49], y > and SF is a suitable kernel. The above 
systems can be directly represented in isoconfiguration space Sft.x.v) via the 
Newton-Santilli equation 

m x3v x / SI = , i. e., m x d ( T/ v x ) / dt = (2.104) 
m = m , \ = 1 , 1 X X = diag. (a -2 , b~ 2 , c~ 2 ) exp ( - y t v x / a do S(a,.J ). 



The interested reader can then construct a virtually endless number of other 
examples. Note that, by comparison, the conventional Newton's equations can only 
represent point-like particles under local-differential interactions. By recalling 
that the terms "Newtonian mechanics" are referred to point-particles under local- 
differential interactions, the emerging new mechanics for extended-deformable 
particles under integro-differential interactions shall be referred to as the 
Newton-Santilli isomechanics. 

Recall that the notion of isoduality of Sect. 2.1 also applies to conventional 
formulations, including conventional mechanics. This has permitted Santilli to 
identify new anti-isomorphic images of conventional Newtonian, Lagrangian and 
Hamiltonian mechanics for the representation of antimatter first submitted in 
memoir (5gl. 

The isoduality of the ordinary Newton's equations are defined on the 
isodual space 

S ci (t d ,x d ,v d ) = E d (t d ,R d t )xE d (x d 8 d R d )x E d (v d ,8 d ,R d ) , (2.105) 



I d tot = I d t x r 3 x i d , I t d = -I, l d = diag. (-1, -1, -1), (2.106) 

Newton-Santilli isodual equation (Ref. [100], p. 39, Eq.s (2.23), 

dV d d ^uV.xl, v d ) 3 d U i (t d x d ,v d ) 

+ = 0. (2.107) 

d d t d d d t d 8V 3 d x kd 

d in this study for the representation of antimatter in exterior 

It is an instructive exercise for the interested reader to prove that Newton's 
equations change sign under isoduality (this requires the isoduality not only of all 
multiplications, but also of all quotients). However, such a negative value is 
referred to a negative unit, thus establishing their equivalence to the positive 
value of the conventional equations referred to positive units. Note that under the 
above representation, antimatter possesses negative masses, and moves backward 

It has been shown in Ref.s [105,106] that Eq.s (2.61) represent the totality of 
the experimental data on the classical behavior of antiparticles. 

The isodual isonewton equations are defined don the isodual isospace 

SW&V 1 ) = E d ft d ,R d t )xE d (x d ,S d ,ft d )xE d (v d ,S d ,R ci ) , (2. 1 08) 
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with isodual isounit 

!%=1f t x1<Jxl<l, V = -l t , l d = -l, (2.109) 
can be written (Ref . [5gl p. 39, Eq.s (2.24), 

a<V a d ^o d a d ,x (i ,v d ) s d o d a d ,x d v d ) 

mdxd _ + = o. (2.110) 

and are used in this study for the treatment of antimatter in interior conditions. 

For all details and examples of the emerging Newton-Santilli isomechanics, 
we refer the interested reader for brevity to memoir [lOOl 



JI .2.10. Isotopies and isodualities of Lagrangian mechanics. 

In memoir [100] Santilli has shown that all possible isoequations (2.56) admit 
a direct analytic representation, that is, a representation via a first-order action 
functional in isospace over isof ields (universality), directly in the coordinates of the 
experimenter (direct universality). 
..First, we note the following: 

Theorem 2.4 (Direct Universality of first-order isoactions) [100]: Under 
sufficient smoothness and regularity conditions, all possible action functionals of 
arbitrary (finite) order in the Euclidean space S(t,x,v) =E(t,R t )*E(x,8,R)xE(v,8,R) can 
always be identically rewritten as first-order action isofunctionals of Class I (or 
isoaction) on isospace Sft,x,v) =E(t)xE(x,8,R)xE(v,SR) in the coordinate of the 

A = J t t2 dt £(t, r, v, a, ...) = J\ ^ 31 tit, r, v) , 
t =^xm*v k xv k - ONtfJxv,,- o ft,f) (2.111) 

In fact, the above identity is overdetermined because, for each given £, there 
exist infinitely many choices of m, t t , iy, k and o . We shall assume that integral 
terms are admitted in the integrand provided that they are all embedded in the 
isometric to be compatible with the Tsagas-Sourlas isotopology. 

The isovariational calculus is a simple extension of the isodifferential 
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Theorem 2.5 (Euler-Santilli Necessary Condition) [loc. cit.l 
condition for a Class I isodifferentiable isopath P in isospace £(t 
extremal of the action isofunctional A of the same class is that ah 
equations (Ref. [100], p. 44, Eq.s (2.41) 

, a ata,r,v) &tft,r,v) 

W " [ -» J Po> " 



4 necessary 
ie following 



Euler-Santilli isi 
and Lagrange-Si 



The reader should keep in mind the "direct universality" of isoequations 
(2.66) for all possible, well behaved, nonpotential and integro-differential systems, 
which is evidently important for studies in the interior problem of interest for this 
monograph. 

The isodual LagrangeSantilli equations for the characterization of 
antimatter in vacuum are defined on structures (2.59), (2.60) and are given by Hoc. 



, d d 3 d iM^) 
^„ kd - 



and they provide a direct analytic representation of the isodual newton-Santilli 
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equations (2.61). 

The isodual Lagrange-Santilli isoequations for the characterization of 
antimatter in interior conditions are defined on structures (2.62), (2.63) and are given 
by Hoc. cit.] 



. 3 d ^L^t A ,} A ,v A ) a d C. d ft d ,r <1 ,v< i ) 1 



It is evident that the latter equations provide a direct analytic representatior 
the isodual Newton-Santilli isoequations (2.64) for antimatter in interioi 
iditions, and they contain as particular case the Isodual Lagrange equations. 



II.2.11. Isotopies and isodualities of Hamiltonian mechanics. 

The Class 1 isotopies of the Legendre transform based on the isodifferential 
calculus were introduced for the first time in memoir [100], They are defined on the 
isospace 

Sft, x, p) = Eft) x£rr,S,R) * £(p\8,ft> . (2- 1 16) 

with total isounits 

''tot = = V t * T . (2.117) 

where momentum isounit 1„ is assumed to be equal to the space isotopic element 
T x because of the covariant character of p. 

It should be indicated that, in view of the independence of the variables 
from r k , we can introduce a new isounit W = 2T 1 for the isospace E(p,S,ft) which is 
different than the unit! = T~ l of isospace £(r,S,ft), in which case the total unit is 1 2 
= l t *lxw. Selection (A. 10) is based on the simplest possible case W s 1 which is 
recommendable from the geometric isotopies of Part 4. Other alternatives belong 
the the problem of the degrees of freedom of the isotopic theories which is not 
studied in this paper for brevity. 

We therefore have the following isodifferentials and isoderivatives 

at = V A, ar* = "tVdr 1 , W'lW = s'jxl, etc.. 



a Pk = T k' xd Pi' dp k = l k j * dp'. Spi 7 &P| = S,x1J, etc., (2. 118) 
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The isocanonical momentum is then characterized by [100] 
SL(l,f,v) 

= = m*v k - O k ft,r), (2.119) 



under the following regularity condition in a (2n+l (-dimensional region £> of 
isopoints ft, r, p) 

/ 2ft.ft,r,v) \ 

Det. ( ) (D) * . (2.120) 

thus admitting a unique set of implicit isofunctions v k = f k (t, r, p). The isolegendre 
transform can then be defined by [5g] 

fjt, r, Oft, r, p) = Pk vHt, r, p) - % * m * v ( ft, r, p) vJ(t, r, p) + (2. 121) 

+ O k (t, r) * v k (t, r, p) + o ft, r) = Pk * p k 7 2 * m + Mt, r) * p* + «, r) = Aft, r, p). 

By using the unified notations 

6 = (61 J -) = {r k ,p k ), & = afjVat, (2.122) 

R° = (ft^) = (pk.0), (1=1.2 2n, k=l,2,...,n, (2.123) 

the isotopies of the celebrated Hamilton principle lead to the following: 

Theorem 2.6 (Hamilton-Santilli Necessary Condition) [1001: A necessary 
condition for an isofunctional in isocanonical form whose integrand is sufficiently 
smooth and regular in a region of points ft, 6, c) 

a = J^ 2 eft (p k * ar k /at - h ) (fj = J-^ 2 at (ft^ * y 1 - h > (ty (2.124) 

to have an extremum along an isopath P is that all the following "Hamilton- 
santilli isoequations" hold in the dispint or unified notations 

ar* 3Hft,r,p) a Pk SHft,r, P ) 

= , = - , (2.125a) 

dt Sp k St Sr k 



/. V. Kadeisvili 



-335- 



SantilU's Isotopies 



(2.125c) 



<V = V*" 1, = co^xl, (2.125(1) 

. hk° v SR°„ , , N x N -Inxn\ 
■ ( — - — ) = ( ). <2.125e 



vvj'f/i integrated form 



(2.125f) 



(2.126) 

Note that the latter quantities are the conventional covariant and 

originating from properties (2.72) and values (276) 

^tC v n^= aRV^- (2-128) 

The equivalence of Santilli's isolagrangian and isohamiltonian equations 
under the assumed regularity and invertibility of the isolegendre transform can be 
proved as in the conventional case (see, e.g., Ref. 109] Sect. 3.8). 

The novel brackets characterized by the isohamilton's equations between 
is S(6), 6(6) on the phase isospace, first achieved in Ref. [100], can be 



aA SB 36 3A 



cir* % Si* 3p k 3r k 3p k 81* 3p k 



/. V. Kadeisvili 



Santilli 's Isotopies 



evident. The isobrackets then provide the fundamental classical realization of the 
Lie-Santilli isoalgebras (see Part 3). 

Note that the projection of the above brackets in conventional space over 
conventional fields is given by 

[A, B] Isotopic = -^- J r 1 k ft,r,p,...)8 lcj — - — T, k (t,r,p,...)8 kj — 
3r t 3pj 3r ( 3pj 

(2.129) 

do not verify the Lie axioms (because they 
generally violate the Jacobi law). This illustrates again, this time from an algebraic 
profiles, the structural differences of the isotopic theory in its dual formulation, 
that on isospace over isofields and that projected on conventional spaces over 
conventional fields. 

Brackets (2.81) can be written in unified notation (2.76) 



-x n V«t/ = x o a fl x 

^ afiP 3b a 86 s 



(2.130) 



:e and the last identity o< 



isoexponentiated form provides a classic 
(see Part 3). 

The isotopic Hammon-Jacooi equations, identified for the first ti 
Santilli via the isodifferential calculus in memoir [100], are given by 



ilus initial conditions SA/3x° k = p k °, where x° and p° are iso constants, and they ai 
t the foundation of the isoquantization of the theory studied later on. 

An important property of the Hamilton-Santilli isomechanics is that it is e 
nvariant as the conventional Hamiltonian mechanics. In particular, tr 
il isotransforms are defined via 
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isotensor under the transforms 6 -*■ 6'(6) 



The study in details of the above isotransformation theory is suggested to the 
reader interested in learning these new methods. 

Note the abstract identity between the conventional and isotopic 
mechanics. Since the isounits are positive-definite, at the abstract level there is no 
distinction between dt and 31, dx and ax, etc. Therefore, the isonewton, isolagrange 
and isohamilton equations coincide at the abstract level with the conventional 
equations. This illustrates again the axiom-preserving character of the isotopies. 

Note the direct universality of Santilli's isohamiltonian mechanics in the 
fixed inertial frame of the observer, which should be compared with the 
corresponding lack of universality of the conventional Hamiltonian mechanics. 
This direct universality permits an alternative formulation of Darboux's theorem of 
the symplectic geometry outlined in the next appendix, according to which, under 
the needed smoothness and regularity conditions, all possible locally 
nonhamiltonian systems can always be locally isi 

The isodual Hamilton-Santilli equatior. 

sV.xV) = E d (t d ,R d t) x E cl (x d ,8 cl ,R cl )x eV.S^R' 1 ) , (2. 134) 



d d ^V^.v") 



le reader is encouraged to verify. The above equations provide 
resentation of the isodual Newton-Santilli isodual equations 
(2.107). 

The isodual hamilton-Santilli isoequations are defined don the isodual 
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S'W.p") = fi d a d ,ft ll t )xfi d (x d ,S d ,ft d )'<fi ti (p d ,S d ,ft d ) , (2.137) 

nth isodual isounit 

"•V^VV^V 1 = 1t dxldxt<1 ' \ i = -\ 1 d = -1 = ( t^ 1 , (2.138) 



a d 6" 3 d 6 d ) 



where again fi d = - ft, and they evidently represent the isc 
(2.110). 

The isodual Hamilton-Jacobi-Santilli equations [100] are evidently given by 

J d t d ) = - A, (2.140a) 

3 d A d ' 3 d A d 9 d A d 

+ H d (t d ,x d ,p d ) = 0, — - p d k = 0, — = 0, (2.140b) 

3 d t d 6 d r dk 3 d p d k 

and they are fundamental for the characterization of the isodual image of quantum 
mechanics, while the isodual Hamilton-Jacobi-santilli isoequations can be written 



- fi d * d a d t d ) = - A, (2.141a) 

a d A d ' a d A d 9 d A d 
+ ft d ft d ,x d ,p d ) = 0, — — - p d k = 0, — — = 0, (2.141b) 

a d "t d VW* S d p d k 



Note the complete equivalence in the treatment of matter and ai 
beginning at the primitive Newtonian level which then persists at all subsequent 
level including quantization, quantum field theory and electroweai 
[100,101], 

For completeness, we mention that Santilli had already 
monograph [110] the direct universality for the representation of 
Newtonian systems via the use of Birkhoffian mechanics, but unc 
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that they are (well behaved and) local-differential (as necessary from the use of 
the conventional symplectic geometry). 

In memoir [100] Santilli first, extended the above direct universality to 
include nonlocal-integral systems; and, second, he reduced the representation to a 
form admitting the conventional canonical structure co. 

Both results are important for this volume. In fact, the representation of 
generally nonlocal-integral systems is essential for an effective study of interior 
dynamical systems at both classical and operator levels, as we shall see. Moreover, 
the quantization of Birkhoffian mechanics yielded no meaningful operator 
mechanics. The latter impasse was resolved precisely in memoir [100] via the 
isohamiltonian mechanics. 

The connection between Birkhoff's equations and the Hamilton-Santilli 
isoequations is intriguing. Recall that the former are characterized by the most 
general possible, nowhere degenerate, exact symplectic structure 

Q^ftj) = 8R„ / dtP - OR^ / 8b" i (2.142) 



db" 8H(t, b) 

Q,,„(b)x = . (2.143) 

V dt 8b" 

It is'then easy to see that the above equations are reducible to the Hamilton- 
Santilli isoequations via the factorization of the general symplectic structure into 
the conventional symplectic structure and a factor interpreted as the 2N- 
dimensional isounit [100] 

V<b) = 1V<%„- (2.144) 

In fact, under the latter decomposition, Eq.s (2.93) reduce to 

db " 8H(t, b) 8H(t, b) 

u^x = T„ a x = . (2.145) 

dt 8b a 8b"- 

namely, they reduce to Eq.s (2.78b) for1 t = I. 

The reader should keep in mind that the direct universality of the 
Hamilton-Santilli isoequations establishes the corresponding direct universality of 
the Lie-Santilli isotheory in classical mechanics with a corresponding direct 
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universality for operator formulations indicated later on. 

II.2.12: Isotopies and isodualities of quantization 

As it is well known, quantum mechanics provides the fundamental operator 
realization of Lie's theory. It is therefore important to outline the operator 
realization of the Lie-Santilli isotheory which was first proposed in ref. [53] under 
the name of hadronic mechanics and then studied in numerous subsequent papers 
(see ref.s [116] for a comprehensive presentation), but reached maturity of 
formulation only in the recent memoir [101] following the appearance of the 
isodifferential calculus in the preceding memoir [100]. 

The reader may be interested in knowing that hadronic mechanics was 
specifically built for the problems of structure and interactions of strongly 
interacting particles generically called hadrons. Recall that quantum mechanics is 
strictly local-differential and potential-Hamiltonian. As such, it has resulted to be 
exactly valid for electromagnetic and weak interactions, although there are 
historical doubts whether the same discipline can also be exact for strong 

This is due to the fact that the range of the strong interactions coincides 
with the size (charge distribution) of all hadrons. As a result, a necessary condition 
to activate the strong interactions is that the hyperdense hadrons enter into 
conditions of mutual penetration-overlapping, thus resulting in the most general 
known systems which are nonlinear in the wavefunctions (and possibly their 
derivatives), nonlocal-integral (over the volume of overlapping) and nonpotential- 
nonhamiltonian and, therefore, nonunitary (because of the contact interactions 
which are absent in the electroweak interactions). In turn, any nonlinear, nonlocal 
and nonunitary study of strong interactions requires a structural revision of 
quantum mechanics beginning with its topology. 

The understanding is that the approximate validity of quantum mechanics 
for strong interactions is unquestionable. We are therefore referring to 
corrections of the quantum descriptions due to internal nonlinear, nonlocal and 
nonunitary effects. 

Santilli [53] proposed the construction of the isotopies of quantum 
mechanics under the name of hadronic mechanics precisely for the treatment of 
the latter contributions in a form which preserves the original quantum mechanical 

The fundamental dynamical equations of hadronic mechanics can be 
uniquely and unambiguously derived from the Hamilton-Santilli isomechanics via 
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the isotopies and isodualities of conventional naive or symplectic quantization. 

Recall that the naive quantization can be expressed via the mapping (for h = 

1) 

A = j t ' 2 ( p k dx k - H dt ) -+ -i x t, x Ln t|/(t, x) = - i x Ln i|/(t, x) (2.146) 

under which the conventional Hamilton-Jacobi equations are mapped into the 
SchrOdinger's equations, 

3 t A + H = -* ixa t <|, = Hx<(,, 

a k A-p,. = -* -ixa ki ). = PR"'!'- (2.147) 

By recalling the seven classes of new mathematics (Sect. 2.1), the above 
maps has been subjected to seven different liftings each one characterizing a novel 
mechanics. By including the conventional quantum mechanics as a trivial 
particular case fori h, the terms "hadronic mechanics" are today referred to eight 
branches, the conventional, isotopic, genotopic and hyperstructural mechanics, plus 
their four isoduals. 

The first four formulations all obey the same abstract axioms, by 
conception and construction. For this reason, santilli insists that the isotopic, 
genotopic and hyperstructural mechanics do not constitute "new mechanics" , but 
merely "new realizations" of the abstract axioms of quantum mechanics. In 
particular, they constitute a form of "completion" of quantum mechanics much 
along the "historical argument by Einstein, Podolsky and Rosen, as indicated 
beginning from the title of memoir [lOll. The above mechanics are used for the sole 
characterization of particles. The isotopic, genotopic and hyperstructural branches 
have also provided a novel operator realization of gravity for matter for physical 
conditions of increasing complexity. 

The remaining four branches (isodual quantum, isodual isotopic, isodual 
genotopic and isodual hyperstructural mechanics) are anti-isomorphic to the 
preceding ones. As such, they have resulted to provide an intriguing novel 
characterization of antiparticles [101,105,106]. the latter branches have also 
provided an intriguing and novel operator form of gravity for antimatter with 
conditions of increasing complexity. In this section we can only review only the 
following three new quantization. 

1) Naive isodual quantization. It is characterized the mapping of the 
isodual action (2.140a) 
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j \ d <P d k x< W c ~ H d x d d d t d ) _, -idxV LnVft 11 , x^. (2.148) 

should remember that I d = -1 = i, h d - Hit = Hi. LnV = - Lnt|> d , iV d = -iJj t . 
:h the isodual equations (2.140b) are mapped into the operator form, 

+ H d (t d , x d , p d ) = ->• i d x d 3 t d i|J d = H d x d ^ , 



which characterize the isodual quantum branch of hadronic mechanics. The 

latter is a novel, hitherto unknown, anti-isomorphic image of quantum mechanics 
identified by Santilli [101,105,106] for the characterization of antiparticles in 
vacuum. 

Its fundamental assumption is the lifting of the unit of quantum mechanics, 
Planck's constant, under isoduality, 

h = I -<• l d = - 1 , (2.150) 

and the reconstruction of the entire theory in such a way to admit the new unit I d 
as the correct, left and right unit at all levels. This implies the change of the sign of 
all characteristics of particles, that is, not only of the charge, but also of masse, 
energy, time etc., in a way fully analogy with the classical Newtonian counterpart 
of Sect. 2.8. 

The reader should be aware that the above new quantization resolves the 
following historical shortcoming of contemporary theoretical physics. Recall that, 
prior to Santilli's studies, heretical physics used only one quantization, as a result, 
the operator image of contemporary classical descriptions of antiparticles is not the 
correct charge conjugate, but instead the state of an ordinary particles with the 
mere change of the sign of the charge. 

By constructing a new theory for antiparticles which begins at the 
Newtonian level and then continues with its own quantization, Santilli has resolved 
this historical impasse. In fact, at the operator level isoduality has resulted to be 
equivalent to charge conjugation, as we shall review later on. 

2) Naive isoquantization. It is characterized by the map of the isoaction 
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(2.124) 

A = / t t 2[p k »ax k -ft*6ft] - -VxIsolnitfU) =-ix!LniKl,x) (2.151) 

where "i = i*l and we have used the notion of isologarithm, Isoln $ = 1 x Ln This 
implies the map of the Hamilton-Jacob-Santilli isoequations (2.132) into the 
operator forms 

\k + A = - 1*8 t $ = flxij, = ftx T x$, 

\A - p k = -* -1xS k $ = p k x4, = p k xTx$, (2.152) 

which are valid when 1 is independent from space and time coordinates, otherwise 
fl is replaced by the more general operator fl E " inclusive of the latter effects [128]. 

The above equations have the desired manifest isotopic structure first 
discovered by Mignani and, independently, by Myung and Santilli (see Ref. [1 16] for 
details and literature). They constitute the fundamental isoschrbdinger's equations 
of the isotopic branch of of hadronic mechanics which is used for the 
characterization of particles in interior conditions, operator gravity of particles and 
other applications. 

The rigorous operator map is given by the isotopies of symplectic 
quantization [116] and yields exactly the same results. 

As one can see, the fundamental assumption of isoquantization is the lifting 
of the basic-unit of quantum mechanics, Planck's unit, into a matrix with nonlinear, 
integro-differential elements 

h = I ->• 1 = l(t, x, x, if, ftp, ...) > 0, (2.153) 

and reconstruction of the formulation in such a way to admit 1 as the correct left 
and right unit at all levels. Nevertheless, as we shall see shortly, the original value h 
is recovered identically from 1 under the applicable expectation values, this will 
confirm the "hidden" character of the isotopies. 

2) Naive isodual isoquantization. It is characterized by the map of the 
isodual isoaction (2.141a) 

A " ~f\ a* (pV'W* - A^a t d ) - -1M isdrfi x d > = 

^ixldxLn^a 4 ,^), (2.154) 
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under which the isodual Hamilton-Jacobi-Santilli isoequatlons (2.141b) are mapped 
into the operator forms 

S d tA d + fi d = _> rx^ t $ d = fl d x d ij, d = fl d x1<ixij,d, 
S d k A d - p d k = -l d * d S d k (Jr 1 = P d k * d $ d = P d k * f x $ d . (2-155) 

which characterize the isodmi/ isotonic branch ofhadronic mechanics, and it is 

used for the characterization of antiparticles in interior conditions, operator gravity 
for antimatter, and other applications. 

This third branch is evidently characterized by the lifting of Planck's 

h = 1 -* l d = 1\ x, x, 6<K ... ) < , (2.156) 

under which all characteristics of the isodual branch change sign, and the 
reconstruction of the mechanics to admit l d as the left and right unit at all levels. 



II.2.13. Isotopies and isodualities of quantum mechanics. 

As indicated earlier, hadronic mechanics has reached maturity of formulation only 
in the recent (104 pages long) memoir [101]. To avoid a prohibitive length, in this 
section we shall outline the mathematical structure of the three branches of 
hadronic mechanics under consideration here. For clarity, only nonrelativistic 
hadronic mechanics will be considered in this section, relativistic extensions will 

Let £ be the enveloping associative operator algebra of quantum mechanics 
with elements A, B, unit ft = I and conventional associative product A*B = AB 
over the fields of complex numbers C = C(c,+ x), and let 3C be a conventional Hilbert 
space with states 1 4* >, 1 4> > , ... and inner product < i|> | <)> > = Jd 3 xipt(t,x)<t>(t, x) over 



1) Mathematical structure of the isodual quantum branch. It is given by 
the isodual enveloping associative algebra with elements A d = -At, B d = -B\ 
isodual unitl d = -I, and isodual product 



A d x d B d = A d x l d x B d = - ( At x fit ) , 



(2.157) 
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over the isodual field C d = C d (c d ,+,x d ), c d = -c, equipped with the isodual Hilbert 
space X d with isodual states | t|i > d = H tp >\ and isodual inner product over d 1 

<<t>|*|4<> d = < $ f 1 x I<1 x | (p >d x [d € c d . (2.158) 

We then have the isodual eigenvalue equations 

H d x d | <jj > d = E d x d | il<> d , (2.159) 

characterizing negative energies 13 d = -E < 0, as desired. 
The isodual eigenvalues are then given by 

< d H d > d = < i p| d x d H d x d | ( J;> d / d < i | J | d xd| ( j ;> a = E d = -E, (2.160) 

thus recovering the isodual eigenvalues, as needed for consistency. 

The above isodual theory stems from a novel invariance, the isoselfduality 
of the normalization of the Hilbert space [101,105] namely, its invariance under 
isoduality (Sect. 2.3) 

<<p|x| i |;>xi = << t ,pxidx| i j j> cixicl, (2.161) 

which assures that all physical laws of particles also holds for antiparticles. 

For remaining aspects of the isodual branch of hadronic mechanics we refer 
the reader to Rets [101,105]. 

Note that invariance (2.161) has remaining undetected throughout this 
century. This should not be surprising because its identification requires the prior 
discovery of new numbers, those with negative units. 

2) Mathematical structure of the isotopic branch. It is characterized by 

1) the Class I lifting of the (space) unit I -+ 1 = t _1 > with consequential 
isof ields of real ft = ft(n,+,x) and complex isonumbers C C(n,+,x>, 

2) The corresponding lifting of the quantum mechanical representation 
spaces, such as the Euclidean E(x,8,R) spaces into their isotopic form E(x,S,ft); 

3) The lifting of the enveloping operator algebras f into the enveloping 
isoassociative algebra { with the same original elements A = A, 6 = B, only 
written in isospace, now equipped with the isounit 1 and the isoassociative product 

Ax-fi = AxTxB, (2.162) 

as well as the lifting of the Hilbert space X into the isohilbert space X with 
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isostates | <J> >, | $ > , ... and isoinner product , first identified by Myung and 
Santilli (see ref. [1 16] for details and literature) 

3C: = <$|xtx|4,>x1 € 06,+,*). (2.162) 

The main equations of hadronic mechanics defined in terms of the above 
mathematical methods are explicitly given by.the isoschrOdinger equations for the 



- i x \iHt, x) = - i x T k ' 3j t|>(t, r) = p k x dXt, x) = p^ x t x $ft, x) , (2.163) 
and the related fundamental isocommutation rules 

[ ft TxJ ] = Pl x x J - xixp, = - 8i J, [ pj Tpj ] = IxTxJ] = 0, (2.164) 
(where we have used properties (2.46); the isoscrodinger equation for the energy 
ix^ttii) =iT t x3 t ^(t,x)= flx$ft,x) = 

= A*Txii4x) = E * ijjft, x) = Ex$ft,x), 

fl = fit, 6 = Exl eft(n,+ x), E e R(n,+,x) ; (2.165) 
and the isoheisenberg equation 

i a o / at = [Qrfli = q~*a - a*q = Qxtx a - a x txq. (2.166) 

with integrated form 

Qft) = e ixftxTx tx0(0)xe -ix t xTxfl i (2167) 

first identified by Santilli in the original proposal to build hadronic mechanics [53] 
and generally called Heisenberg-Santilli equations. 

It should be recalled for subsequent needs that the condition of 
isohermiticity on an isohilbert space coincides with the conventional Hermiticity, 
A^ = Kit As a consequence, all operators which are Hermitean-observable in 
quantum mechanics remain so in hadronic mechanics. 

For the isotopies of the remaining aspects of quantum mechanics we refer 
for brevity the interested reader to monograph [1 16]. We here merely indicate that, 
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for isounits of Class I, all distinctions between quantum and hadronic mechanics 
cease to exist at the abstract, realization-free level for which R - ft, C ~ C, f ~ £ E « 
E, 3C ~ 3t, etc. This ultimate abstract unity assures the correct axiomatic structure 
of hadronic mechanics to such an extent that criticisms on its structure may 
eventually result to be criticisms on quantum mechanics. 

The advantages of hadronic over quantum mechanics are similar to those of 
the Hamilton-Santilli over the conventional Hamiltonian mechanics. In fact, 
quantum mechanics can only represent (in first quantization) point-like particles 
under action-at-a-distance interactions. By comparison, hadronic mechanics can 
represent (in first isoquantization) the actual nonspherical shape of hadrons, their 
deformations as well as their nonlocal-integral interactions due to mutual 
penetrations of the hadrons. The possibilities for broader applications in various 
disciplines are then evident. 

3) Mathematical structure of the isodual isotopic branch. 

The isodual Hamilton-Santilli isomechanics is mapped via naive 
isoquantization into the isodual hadronic mechanics which is based on: 1) the 
isodual isofields of isoreals ft d (n d ,+,>< d ) or isocomplex numbers C^c" 1 .*,* 1 ) (Sect. 2.B); 
2) the isodual envelope ? d with isodual isounit l d = -1, isodual elements A d = -A, B d 
= -B, etc., and isodual product A d x d B d = -ATB; the isodual isohilbert space 3t d 
with isodual isostates | $ > d = - < $ [ etc. and isodual isoinner product <$ | T d | 4»l d 
overC d . 

In particular, at this operator level, the isodual map has is equivalent to 
charge conjugation (see [105] for brevity), although with a number of differences. 
For instance, charge conjugation maps a particle into an antiparticle in the same 
carrier space over the same field, while isoduality maps a particles in a given 
carrier space over a given field into a different carrier space over a different field 
(the isodual ones); charge conjugation changes the sign of the charge but preserves 
the sign of energy and time, while isoduality changes the signs of all physical 
characteristics, although they are now defined over a field of negative-definite 

Note that the naive (or symplectic) isoquantization apply for all possible 
isoaction (2.51). By recalling the direct universality of the Hamilton-Santilli 
isomechanics, one can therefore see that hadronic mechanics is also directly 
universal for all possible (well behaved), integro-differential, operator systems 
which are nonlinear in the wavefunction and its derivatives and nonhamiltonian 
[116]. 

In fact, the isoscrodinger's equations can be explicitly written 



i xl t (t, x, p, ...) x 3 t | d> > = fift, x, p) x ttt, x, p, 3&|), ...) x | $ > . (2.168) 
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The unrestricted functional dependence of the isotopic element then implies the 
following: 

Theorem 2.7 [116]: Hadronic mechanics is "directly universal", that is, capable of 
representing all possible, well behaved, nonlinear, nonlocal-integral and 
nonpotential-nonhamiltonian operator systems (universality), directly in the 
coordinates of the observer (direct universality!. 

This property is remarkable inasmuch as it establishes the direct 
universality of the Lie-Santilli isotheory also in its operator realization. Note the 
mechanism in achieving the above direct universality, which is first referred to a 
well behaved, but otherwise arbitrary nonlinear, nonlocal and nonhermitean 
operator Oft, x, p, 3i)>, ...). Then the latter operator is decomposed into the product 
of two Hermitean operators = Ht under the condition that all nonlinear nonlocal 
and nonhamiltonian terms are embedded in the isotopic element T. Finally, the 
underlying methods are reconstructed with respect to the unit 1 = t" 1 so as to 
reproduce Hermiticity in isohilbert space. 

For the isotopies of the remaining aspects of quantum mechanics we refer 
for brevity the interested reader to monograph [116]. We here merely indicate that, 
for isounits of Class I, all distinctions between quantum and hadronic mechanics 
cease to exist at the abstract, realization-free level for which R-ft,C-C,£~i, E- 
E, X ~ X, etc. This ultimate abstract unity assures the correct axiomatic structure 
of hadronic mechanics to such an extent that criticisms on its structure may 
eventually result to be criticisms on quantum mechanics. 

As a result, all properties holding for quantum mechanics also hold for 
hadronic mechanics. For instance, the condition of Hermiticity on X over C 
coincides with that on X over C. Thus, all quantities which are observables in 
quantum mechanics remain observable for hadronic mechanics. 

Finally, we mention that hadronic mechanics: preserves conventional 
physical laws, such as Heisenberg's uncertainties, Pauli's exclusion principle, etc.; 
provides a concrete and explicit realization of the theory of "hidden variables"; and 
ultimately results to be a form of "completion" of quantum mechanics much along 
the historical teaching of Einstein, Podolsky and Rosen. For all these aspects, we 
suggest to consult memoir [101] for brevity. 

The advantages of hadronic over quantum mechanics are similar to those of 
the Hamilton-Santilli over the conventional Hamiltonian mechanics. In fact, 
quantum mechanics can only represent (in first quantization) point-like particles 
under action-at-a-distance interactions. By comparison, hadronic mechanics can 
represent (in first isoquantization) the actual nonspherical shape of hadrons, their 



J. V. Kadeisvili 



Santilli's Isotopies 



deformations as well as their nonlocal-integral interactions due to mutual 
penetrations of the hadrons. The possibilities for broader applications in various 
disciplines are then evident. 



II.2.14: Isolinearity, isolocality, isocanonicity and isounitarity 

In Sect. II. 1 we pointed out that the primary limitations of the contemporary 
formulation of Lie's theory are those of being linear, local and canonical. The 
classical and operator realizations identified earlier indicate rather clearly that the 
Lie-Santilli isotheory is nonlinear, nonlocal and noncanonical, as desired. 

It is important to understand that such nonlinearity, nonlocality and 
noncanonicity occur only when the theory is projected in the original space over 
the original fields because the theory reconstructs linearity, locality and canonicity 
in isospaces over isofields (see [1 15] for all details and references). 

Let S(x,F) be a conventional vector space with local coordinates x over a field 
F, and let x' = A(wk be a linear, local and canonical transformation on S(x,F), w e F. 
The lifting S(x,F) -*■ S(x,P) requires a corresponding necessary isotopy of the 
transformations [52] 

x' = A(w) * x - A(\v) x t x x, T fixed, x € S(x-,F), w = wl € ft, 1 = r 1 , (2.169) 

. called isotransforms, with isodual isotransforms £' = A'Wxdx = - A(w)*x . 

It is easy to see that the above isotransforms satisfy the condition of 
linearity in isospaces, called isolinearity 

A*(a*x + 6xy) = ax(Axx) + 6*(Axy), v x, y eS(x,F), a, 6 e P , (2.170) 

although their projection in the original space S(x,F) are nonlinear because x' = AT(x, 



Lemma 2.3 [116]: All possible (well behaved) nonlinear, classical or operator 
systems of equations or of transformations always admit an identical isolinear 
reformulation 

The above property illustrates the primary mechanisms according to which 
the Lie-Santilli isotheory applies to nonlinear systems. In fact, as we shall see 
shortly, the latter theory is isolinear and, as such, it is capable of turning 
conventionally nonlinear systems into identical forms which do verify the axioms 
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of linearity in isospace, with evident advantages. 

Isotransforms (2.74) are also isolocal in the sense that the theory formally 
deals with the local variables x while all nonlocal terms are embedded in the 
isounit, namely, all nonlocal-integral terms disappear at the abstract, realization- 
free level. Nevertheless, the theory is nonlocal when projected in the original space. 

Similarly, isotopic theories are isocanonical because they are derivable 
from the isoaction (2.124) which is of canonical first-order type in isospace and 
coincides at the abstract level with the canonical action. 

Finally, nonunitary transforms on X, U*l/ ¥ I, can always be identically 
rewritten as the following isounitary transformations [101] 

U = 0xT l/2 , uxU T = 0*fjt = otxu = 1, (2.171) 

As a matter of fact, any conventionally nonunitary operator U, U*ut = 1 * I, on DC 
always admits an identical isounitary form on X via the simple rule U = 0T 1/2 . 



113. LIE-SANTIIXI ISOTHEORY AND ITS ISODUAL 



II.3.1. Statement of the problem. 

As recalled in Sect. II. 1, Lie's theory (see, e.g., [15] for a mathematical 
presentation and [13] for a physical formulation) is centrally dependent on the basic 

n-dimensional unit 1 = diag. (1, 1 1) in all its major branches, such as enveloping 

algebras, Lie algebras, Lie groups, representation theory, etc. 

The main idea of the Lie-Santilli isotheory [52], [53], [110] is the 
reformulation of the entire conventional theory with respect to the most general 

possible, integro-differential isounit Kx, x, x ) = 1* (Fig. 3.1). The Lie-Santilli 

genotheory [loc. citJ occurs when the Hermiticity of the theory is relaxed, 1 
and the hypertheory [105], [106] occurs when, in addition to relaxing the 
Hermiticity, the generalized unit is multivalued. This paper is primarily devoted to 
the isotheory with only marginal comments on the broader genotheory and 
hypertheory. 

The following introductory comments are in order. We should note from the 
outset the richness and novelty of the isotopic theory. In fact, the conventional Lie 
theory has only one formulation. By comparison, the Lie-Santilli isotheory can be 



/. V. Kadeisvili 



-351 - 



classified into five main classes I, II, III, IV and V as occurring for isofields, 
isospaces, etc., and admits novel realizations and representations. 



THE STRUCTURE OF LIE'S THEORY 




FIGURE 3.1: A reproduction of Fig. 41.1, p. 124, ref. [l 15] illustrating that the isotopies of Lie's 
theory are not studied within the context of nonassociative algebras, but are based instead 
on the isotopies of the enveloping associative algebra, from which the entire isotheory can 
be constructed, including isoalgebras, isogroups, isorepresentations, etc., as conceived in 
Santilli's original proposal [521. The dominant motivation of the proposal was of purely 
physical character and consisted in achieving methods for the construction of the most 
general possible nonlinear, nonlocal, and noncanonical transformations groups and 
symmetries in such a way to preserve the abstract axioms of the contemporary linear, 
local, and canonical Lie transformation groups and symmetries. This unity of 
mathematical thought then permitted Santilli to preserve the abstract axioms of 
conventional physical laws also for structurally broader systems. In particular, the 
isotopies of Lie's theory permit the applicability of the abstract axioms of Galilei's and 
Einstein's relativities also for nonlinear, nonlocal and noncanonical systems. Mathematicians 
should be aware that the use of other generalizations of Lie's theory (e.g., quantum 
deformations) imply the loss of the above unity. In turn, this implies the violation of 
conventional relativities by the generalized formulations, thus creating the rather sizable 
problems of first identifying their replacements and then establishing them experimentally. 

Second, we should point out the inequivalence of the conventional and 
isotopic formulation of Lie's theory in the following sense. Recall that, when 
formulated via Hermitean operators on a Hilbert space, Lie's theory is inclusive of 
all equivalence classes characterized by unitary transforms which, evidently 
preserve the fundamental unit, U*Ul = U**U = I. Being based on a generalized unit 1 
^ I, the Lie-santilli isotheory is therefore outside the equivalence classes of the 
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conventional formulation. In fact, the former is derivable via nonunitary 
transforms of the latter, 

uxu T =i=it^i, t = (uxutr 1 = ft, 

U x I x ijf = 1 , U*AxBxut= A'*t*B 

Ux(AxB-BxA)xU T = A'xtxB'-B'xtxA' 

A'=UxAxul B' = U«Bxljf, (3.1) 

where one should note that the isounit and isotopic element have the correct 
Hermiticity property and interconnection. 

The above inequivalence has rather profound implications, such as the fact 
that weights and, more generally, the representation theories of the Lie and Lie- 
Santilli theories are inequivalent. This can be see from the fact that nonunitary 
transforms do not preserve weight, e.g., because they do not preserve eigenvalues 

Hx|(l,> = Ex| t |;> H'xtx|$> = E'St|4>>, E's'E, 

H' = UxHxut = H't, E' = UxExut, |$> = U x | $ > . (3.2) 

The nontriviality of the Lie and Lie-Santilli theories is then illustrated by the 
fact that familiar spectra of eigenvalues, such as the discrete spectrum of the 
rotational group SO(3) E = 0, 1, 2, ... is lifted into a generally continuous spectrum E' 
= u*Exljt of the isorotational group S0(3), as we shall illustrate in section 3.6, even 
though the two groups are locally isomorphic for Class I isotopies, SO(3) » S0(3). 

The apparent discrepancy caused by isomorphic groups with inequivalent 
representations is instructive for the reader first exposed to isotopies. In fact, 
conventional theories admit only one formulation, while all isotopic theories admit 
two different formulations, the first on isospaces over isofields, and the second 
given by their projection on conventional spaces over conventional fields. 

As shown by Santilli in ref.s [115], [116], when the isotopic groups are 
formulated on their appropriate isospaces over isofields, they coincide with the 
conventional groups, including the identity of the preservations and related 
weights, while inequivalent representations and weights emerge only when the 
isogroups are projected in carrier spaces and fields of the conventional groups. 

The above occurrence becomes clear if one recalls that the map from 
groups to isogroups is characterized by the underlying map of the unit, I -*■ 1. 
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Therefore, conventional weights E and their isotopic images E - U x ExuT are 
manifestly inequivalent when both are considered with respect to the same unit I. 
However, the weights E = E*I and E' = E*l = Ex(U*ut) are manifestly equivalent 
when each is represented with respect to its own unit I and 1 = Uxut respectively. 

Despite the above mathematical equivalence, isorepresentation have far 
reaching physical implications. This is due to the fact that physical events occur in 
our space-time and not in isospace. As a result, the physically significant 
isorepresentations are the projections in the original Lie space, and their 
formulation in isospace has purely mathematical significance. 

To avoid ambiguities and misrepresentations, the correct formulation of the 
Lie-Santilli isotheory therefore requires the identification of the underlying spaces 
and fields. Throughout this section, unless otherwise stated, the Lie theory is 
formulated in the conventional spaces and expressed via conventional symbols, I, A, 

B A*B, etc., while the isotheory is formulated in isospaces over isofields and 

expressed with the symbols 1, A, B, A*B, etc. When using conventional symbols 
for the isotopic theory we means its projection in conventional spaces. 

The next topic which warrants advance comments is the invariance of the 
Lie-Santilli isotheory within its own isotopic context. We have recalled earlier that 
the conventional unit I is the fundamental quantity of the conventional Lie's theory 
verifying the familiar properties I n = Mx ... xi = I, I* = I, 1/1 = 1, etc. Moreover, the 
unit is a trivial first integral of the equations of motion, e.g., i dl/dt = [I, H] = [xH - 
Hx[ = H - H = 0. Moreover, the conventional unit is invariant under the group 
transformations it characterizes, e.g., for unitary transforms we have Uxlxijf = 
Utxixu - I. ';{,; 

In Sect. 2 we have shown that the fundamental unit of the Lie-Santilli 
isotheory, the isounit 1, does indeed preserve the axiomatic properties of the 
conventional unit, and it does indeed remain a first integral of the equations of 



1" = 1*1 * ... *1 = 1 , 1 * = 1 , 171=1, etc. 
idl/at= Ixfi - flxl = H - H = . (3.3) 

What remains to point out is its invariance. In this respect, it is easy to see 
that the isounit is not invariant both unitary as well as nonunitary transforms. In 
fact, under a unitary transform, Uxut = l/xU = I, we have UxW = V * 1 and, 
similarly, under a nonunitary transform, WxW f * I, we have WxW =1' *1. 

However, the isounit is invariant under isounitary transforms (Sect. 2.6). In 
fact, any nonunitary transform W X W^ ¥ I can always be identically written in the 
isounitary form 
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W = Hf x T 1/2 , W x wt = W* = Wf x W = # * W = 1 , (3.4) 

under which we have the invariance, not only of the isounit, but also of the isotopic 
products 

W Ax 6 - 6*A) x W t = A'xB' - 6" x A' , 

A'= WxASW T, 6- = i»xf^W t. (3.5) 

Note that the isounit and isotopic element are not only invariant, but left 
numerically unchanged. 

The above occurrence illustrates once more the necessity of lifting the 
entire mathematical structure of Lie's theory for the correct formulation of the 
Lie-Santilli isotheory, without any exception known to this author. 

It is remarkable that all the preceding properties persist under the 
broadening of the isotheory to its genotopic and hyperstructural coverings as the 



II.3.2. Isoenvelopes and their isoduals. 

In this section we study the universal enveloping isoassociative algebras (or 
isoenvelopes for short) for the case of Class III over an isofield of characteristic 
zero of the same class, as first formulated by Santilli in memoir [52] of 1978 and 
then presented in monograph [1 10] (for independent studies see [25], [121D. The use of 
Class III implies a unified formulation of the isotopies of Classes I and II and 
permits the unification of the envelopes of simple, compact and noncompact Lie 
algebras of the same dimension into one single isotope. 

To begin, let i = £(L) be a universal enveloping associative algebra of an N- 
dimensional Lie algebra L(see, e.g., ref. [15]) with generic elements A, B, C,... , trivial 
associative product A*B = AB (say, of matrices) and unit matrix in N-dimension I = 
diag. (I, 1 1). 

Let the (ordered) basis of L be given by (X k ) , k = 1, 2 N, over a field 

F(a,+,x). An (ordered) standard monomial of dimension n is the product of n- 
generators XjXXjX ... xx k with the ordering i a j s ... a k. The infinite-dimensional 
basis of £1) is then expressible in terms of monomial and given by the Poincare- 
Birkhoff-Witt theorem Hoc. cit.] 
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I , X k X ( x Xj (i a J), X, x Xj x X k (i a j s k), (3.6) 

The universal enveloping isoassociative algebra, or 
isoenvelope) ?(L) of the Lie algebra L [52] (see Fig. 3.2) coincide with { as vector 
spaces (because the basis of a vector space is unchanged under isotopies). The basis 
of J(U is therefore constructed with the same generators X k only computed on the 
new isospace S(x,Pta,+, x )), denoted X k and now equipped with the isoproduct A*8 so 
as to admit 1 = T" 1 as the correct (right and left) unit 

t ■. A*b = AxTxfi = STB, T fixed, 

ts<A = Axl»A vAe?, 1 = T" 1 . (3.7) 

The (ordered) standard monomials of dimension N of £(U are then mapped into the 
(ordered) standard isomonomials of the same dimension XjXXjX ... x£ k , i a j a ... a k 
ofJOJ. 

A fundamental property from which most of the Lie-isotopic theory can be 
derived is the following 

Theorem 3.1 (Poincare'-Birkhoff-Witt-Santilli Theorem [52], [110]): The 

cosets ofl and the standard isomonomials form an infinite-dimensional basis of 
the universal enveloping isoassociative algebra i(U of a Lie algebra L of Class III 

1, X k X t x Xj (iSj), XjXXjXX,, (iSjSk) (3.8) 

A detailed proof can be found in ref. [110], pp. 154-163, or ref . [121], pp. 74-93, 
and it is not repeated here for brevity (although its knowledge is assumed for more 
advanced treatments). 

Algebraically, the above theorem essentially expresses the property that non 
singular isotopies of the basic product, i.e., 

A x B: (AxB)xC = Ax(BxC) ->• A * B : (AxB)xC = Ax(B*C) , (3.9) 

imply the existence of consistent isotopies of the basis. Note the abstract unity of 
the conventional and isoenvelopes. In fact, at the level of realization-free 
formulation the "hat" can be ignored and bases (3.6) and (3.8) coincide. Nevertheless, 
the isoenvelope ?(L) is structurally broader then the conventional envelope £(L), e.g., 
because it unifies compact and noncompact structures as shown below, and this 
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begins to illustrate the nontriviality of the Lie-Santilli isotheory. 

Theorem 3.1 and isobasis (3.8) have important mathematical and physical 
implications. Recall that the conventional exponentiation is defined via a power 
series expansions in f 

e' wX = ej™* = 1 + (i w*X) /II + (i w*X) x (i w><X) / 2 + w e Fta,+,x) . 

(3.10) 

The above exponentiation is then inapplicable under isotopies because the quantity 
1 is no longer the basic unit of the theory, the conventional product « has no 
mathematical or physical meaning, etc. 

In turn, this implies that all quantum mechanical quantities depending on 
the conventional exponentiation, such as time evolution, unitary groups, Dirac's 
delta distributions, Fourier transforms, Gaussian, etc. have no mathematical or 
physical meaning under isotopies and must be suitably lifted. 

Isobasis (3.8) then permits the following 

Corollary 3.1.A [52]: The "isoexponentiation" of an element X e i via isobasis (3.8) 



= 1 + (i w*X)/ll + (tw*X) * (iw*X)/2! + = 

=Me iw,,I<X ) = (e tX ^ w )x1, w c Ma, + ,x). 
Wx X = (w*1)xTx X = wX, - ■ (3.10) 

The nontriviality of the isotopies of Lie's theory is clearly expressed by the 
appearance of the nonlinear, nonlocal and noncanonical isotopic element T(t, x, x, 
x, ...) directly in the exponent of isoexponentiations (3.10). This is sufficient to see 
that the Lie-isotopic space-time and internal symmetries are nonlinear, nonlocal 
and noncanonical, as desired. 

One should keep in mind the uniqueness of isoexponentiation (3.10) which 
implies the uniqueness of related physical laws This property should be compared 
with the lack of uniqueness of the exponentiation in other theories, e.g. the so- 
called q-deformations. 

The isodual isoenvelopesfH^) [62], [115] are characterized by: the isodual 
basis and the isodual parameters 

X d k = -X k , w d = w1 d = -w. (3.11) 
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Corollary 3.1.B: The "isodual isoexponentiation" is the isodual image of 
isoexponentiation (4.3.6) on the isodual isofield f <i (w d ,+, sd ) 




(3.12) 



Note that the preservation of the sign in the exponent is only apparent, i.e., 
when projected in an isofield, because, when properly written in the isodual 
isofield, one can use the expression 




(3.13) 



Isodual isoexponentiations play an important role for the construction of the 
isodual isosymmetries for antiparticles. The following property is trivial from the 
analysis of Sect. 3.1 

Corollary 3.1.C: Envelopes are isoenvelopes are not unitarily equivalent. 



It is easy to see that Theorem 3.1 holds for envelopes of Class III, as 
originally formulated [52], thus unifying isoenvelopes f and their isoduals £ d and 
permitting the unified representation of nonisomorphic Lie algebras of the same 
dimension. To clarify this aspect, recall that a conventional envelope £(L) represents 
only one algebra (up to local isomorphism), 

L - [fiUr. (3.14) 

The study of a nonisomorphic Lie algebras then requires the use of a different 
basisX\, resulting in a different envelope |'(L'). Thus, in the conventional Lie 
theory nonisomorphic Lie algebras of the same dimension are represented via 
different bases and different envelopes. 

This scenario is altered under isotopy because the isoenvelopes are now 
characterized by two quantities, the basis £(; and the isounit 1. We therefore have 
the novel possibility of using the same basis and changing instead the isounit. In 
fact, one isoenvelope J(L) of Class III with a fixed N-dimensional basis X k and an 
arbitrary N-dimensional isounit 1 represents a family of generally nonisomorphic 
Lie algebras L as the attached antisymmetric algebras 



t - iwr. 



(3.15) 
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In particular, it was proved in the original proposal [52] that, the isoalgebra C 
constructed via the above rule is not in general isomorphic to the original algebra 
L, £ * L, unless the isotopic element is positive-definite. 

Theorem 3.1 therefore offers the possibility of unifying of all simple Lie 
algebra in Cartan's classification of the same dimension which was presented as a 
conjecture. This would imply in particular the reduction of compact and 
noncompact structures of the same dimension to only one isotopic structure, and, 
for each given structure, the reduction of linear and nonlinear, local and nonlocal, 
canonical and noncanonical realizations to one primitive algebraic notion, the 
isoenvelope i(L) (see Fig. 3.2 below for more details). 

The above conjecture was illustrated in the original proposal [52] with an 
example that is still valid today. Consider the conventional Lie algebra so(3) of the 
rotational group SO(3) on the Euclidean space E(r,8,R) with unit I = diag. (1, I, 1). The 
adjoint representation of so(3) is given by the familiar expressions 

J[ = ^ 0° 0° 1° ^ , J 2 = ^ ^ , J 3 = ^ -? ^. (3.16) 

The universal enveloping associative algebra f(so(3)) is then characterized by the 
unique infinite-dimensional basis from the conventional Poincare-Birkhoff-Witt 
theorem [15] 

I, J k , JjXJj(iSj), JjXJjXJk ( jj « j s k ) (3.17) 

and characterizes only one algebra as the attached antisymmetric algebra 

[«(so(S))r ~ so(3). (3.18) 

The isotopies ?(so(3)) of the envelope fj(so(3)) of Class III are characterized by 
the the lifting of the basic carrier space E(r,8,R) into the isoeuclidean space E(r,8,R) 
with isometric, isotopic element and isounit 

8 = T8, f = diag.(g u ,g 22 ,g33), 1 = diag. (g 1 f 1 ,g 22 " 1 , gas" 1 ), (3.19) 

where the characteristic quantities g kk are real-valued, non-null but otherwise 
arbitrary functions of the local coordinates g^k't- r '- f . which, as such, can be 
either positive or negative. From Theorem 3.1, the isoenvelope £(so(3)) is then 
characterized by the original generators (3.16) although expressed now in terms of 
the isoassociative product J^J, = J ( xTxj ( an d isounit 1 with unique infinite- 
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1 , J k , Jj *T x Jj (i 4 j) , Jj xT x Jj x T x J k ( jj S j S k ) (3.20) 

It is now easy to see that the algebra characterized by the attached 
antisymmetric part of £(so(3)) is not unique, evidently because it depends on the 
explicit values of the characteristic quantities g kk . It was shown in ref.s [52, [110] 
that the isoenvelope ?(so(3)) unifies: all possible compact and noncompact three- 
dimensional Lie algebra of Cartan classification, the algebras so(3) and so(2.1); all 
their infinitely possible isotopes so(3) and sot2.I); the compact and noncompact 
isodual algebras so^) and so 6 ^); as well as all their infinitely possible isodual 
isotopes sodfe) and sVH&D, according to the classification 



so(3) for T = diag. (l, 1, 1); 
~ so(2.1) for T = diag. (1, -1, 1>, 
so(3) for sign. T = (+,+,+); 
[ % ( so ( 3 ) T : scfel) for sign. T = (+, -, +) (3.21) 

so^S) for T = (-1,-1,-1); 
SO^l) for T = diag. (-1, +1,-1); 
SO^) for sign. T = (-,-,-); 
so'fel) for sign. T = (-, +, -). 



The unification of all simple Lie algebras of dimension 6 in Cartan's classification 
was also identified by Santilli in ref . [59] and it will be studied later on. The general 
case of isotopic unification is studied by Tsagas [124]. 

The isoenvelopes are denoted £(L) and not £(D to stress the preservation of 
the original basis of L under isotopies, as well as to emphasize the existence of an 
infinite family of isoenvelopes for eacn original Lie algebra L 

The isoenvelope outlines above was further developed by Santilli [115] into 
the genoenvelope in which the product is ordered either to the right or to the left, 
resulting in two different structures 

£>: 1> = S" 1 , X t >Xj,iS], X i >X j >X k ,iSj4k, X i >X j = X i xSxX J , 

<i: <1 = ft" 1 , Xi<X|,iSj, X,<Xj<X k ,i4jSk, Xi<Xj = XiXftxx,, 

(3.22) 

interconnected by the conjugation = f, and defined over the respective 
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fields to the right and to the left (Sect. 2.3). The important property is that, as the 
reader can verify, each of the above two envelopes verifies the Poincare-Birkhoff- 
Witt-Santilli Theorem. 

In particular, the above infinite bases permit the definition of two 
exponentiations, one to the right and one to the left 

-e>' XXW = 1> + ( iX *w) /II + (ixxw) > (iXxw) / 2 + = ( e iXxS " w > *1> . 

<~ e [ W " X = <1 + (i W xx) /II + (i w*X) < (i wxx) / 21 + = <1 x ( e iwxft " X ) , 

(3.23) 

with similar dual genotopies of the remaining aspects. 

The genoenvelopes, in turn, can be further enlarged into the hyperenvelopes 
[106] in which the generalized units and multiplications are not only ordered to the 
right and to the left but are also multivalued, 

(P) : n>) = (SI -1 , (Xj) (>) (Xj) = (Xj) x (s) x (Xj! , i a j , etc. 

(<?): (<1) = (fir 1 , (XiJklDCj)- (XjlxfRlxlXj), iij, etc. (3.24) 

where ( ... ) denotes a finite and ordered set as in Sects 2.1 and 2.2. [115]. 

UNIVERSAL ISOASSOCIATIVE ENVELOPING ALGEBRAS 




SO(3) 



FIGURE 3.2: A reproduction of Fig. 4.3.1,p. 140, ref. [115]. The universal enveloping 
associative algebra £(U of a Lie algebra L [15] is the set (£, t) where { is an associative 
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The interested reader can then work out the remaining aspects of the 
hyperenvelopes. 

Note that envelopes to the right and to the left are trivially equivalent and 
the same happens for the isoenvelopes. On the contrary, genoenvelopes to the 
right and to the left are not equivalent and the same happens for the 
hyperenvelopes. This illustrates the emergence in the latter cases of a much 
broader representation theory. In fact, conventional envelopes can be studied via 
one-sided moduli (yielding the ordinary representations), the isoenvelopes require 
one-sided moduli (yielding the isorepresentations), while genoenvelopes require 
two-sided bimoduli (yielding the birepresentations), which are not reducible to a 
one-sided form as in the preceding cases, and the hyperenvelopes require two- 
sided hypermoduli (yielding the multivalued byrepresentations). 

Recall the conjecture that all possible Lie algebras of Cartan's classification 
with the same dimension may be characterized by one single isoenvelope (or 
genoenvelope) [52], [124]. We then have the conjecture that hyperenvelopes may 
unify all possible simple Lie algebra of the Cartan classification of arbitrary 
dimension into one single structure [ 1 15]. 

For additional studies we refer the reader to monographs [1 15], [121]. 



II.3J. Lie-Santilli isoalgebras and their isoduals. 

We are now equipped to introduce the following 

Definition 3.1 [52], [115]: A (finite-dimensional) isospace L aver an isofield 
F(a,+,*) of isoreal numbers ft(n,+,*r, isocomplex numbers C(c,+,*) or 
isoquaternions Q(q,+,*) with isotopic element t and isounit 1 = t -1 is called a 
"Lie-Santilli isoalgebra" over F when there is a composition [A,~B] in C, ca//ed 
"isocommutator", which verifies the following "isolinear and isodifferential rules" 
forall a,b<EFand A,6,CeL 

[a&x + 6*e;ci = rxurei + 6* [ere], 

[Ax8;C] = A*[6:C] + [A:C]x8. (3.26) 



and the "Lie-Santilli isoaxioms", 
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[a;bi = - (b:a], 
[ a ri e re 1 1 + [erierAn + icrure]] = o. (3.27) 

Note that the use of isoreals, isocomplexes and isoquaternions preserves the 
associative character of the underlying envelope. The use instead of isooctonions 
0(6,+,x) (Sect. 2.3) would imply the loss of such an associative character and, for 
this reason, isooctonions have been excluded as possible isofields in Definition 3.1 in 
a way fully parallel to conventional lines in number theory. Nevertheless, one 
should keep in mind that the Lohmus-PaalSorgsepp octonionizatlon process [31] 
resolves the above problematic aspects. 

In the original proposal [52] Santilli proved the existence of consistent 
isotopic generalization of the celebrated Lie's First, Second and Third Theorems. 
For brevity, we refer the interested reader to ref. [110], pp. 163-184 or to the ref. 
[121], Ch. II. We here quote the Isotopic second and third Theorems because useful 
for the speedy construction of realizations of isoalgebras (see later on for more 

Theorem 3.2 (Lie-Santilli Second Theorem [52], [110]): Let X = (X k ), k = 1, 2, 
.... N, be the (ordered set of) generators in adjoint representations of a Lie algebra L 

L: [ Xj , Xj ] = X, x Xj - Xj x Xj = Cjj k \ , (3.28) 

where Cjj k are the "structure constants". Then, one realization of the Lie-isotopic 
images t of L is characterized by the same generators X now computed in 
isospaces over isofields with isocommutation rules 

t: [ Xj TXj ] = XjXXj - Xjxx, = XjxfxXj - XjXTxX, = 

= X t x T(x, x, ..) x Xj - Xj x T(x, x, ...) x Xj = C (j k (t, x, x, ...) x X k = 

= e^x,*, ...)xx k , (3.29) 

where the C (j k are the "structure functions" in the isofield. 

Theorem 3.3 (Lie-Santilli Third Theorem [loc. cit.]): The structure functions 
C t j k of an isoalgebra L satisfy we conditions 



(3.30) 
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and the property (when commuting with the generators) 

Cij P x V + V x Cpi" + C ki P ft V = . (3.31) 

It is important to illustrate the above theorems with an example. Consider 
the generators of the su(2) Lie algebra in their adjoint representation, which are 
given by the celebrated Pauli's matrices and related commutation rules 

-(::)■ -(;;)■ --(.v) 

[ °n • a m 1 = CT n x a m _ CT m x CT n = 21 e nmk °k • (3 - 32 > 

Theorem 3.2 states that the same generators a k , when written in isospaces over 
isofields, can characterize one realization of the isoalgebra su(2) via the lifting of 

This property is readily verified by introducing a Class III isotopic element 
assumed diagonal for simplicity, and then identifying the structure functions under 
which the algebra is closed. By ignoring for notational simplicity the rewriting of 
the basis in isospace, we have the following illustration of the Lie-Santilli Second 
Theorem [115] 



°n = 2| £nmk XTX °"k. 
A = detT = g„g 22 , 



= ( 811 ° Wk- 

\ g22 / 

/ «,f'o \ _ a _J S22 o \ 

\ g 22 1 / \ g n / 

. = / Sz/gu \ 
€ * " e *V g u /g 22 /' 
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"functions" Cjj K are now elements of the isofield P(a,+,*) and, as such, are 
isonumbers and, thus, matrices. As such, they should be called more properly 
structure isofunctions, where the prefix "iso" stands precisely to represent their 
matrix character. 

Note finally that Theorem 3.2 provide only one method for the speedy 
construction of an isotope t of a given Lie algebra L In general, the above methods 
is not applicable because Lie and Lie-isotopic algebras are connected by a 
nonunitary transform (Sect. 3.1), thus implying different generators. In fact, 
another way of constructing Class 1 isotopes t of a given Lie algebra L is by 
generalizing the generators X k and keeping instead the old structure constants. This 
alternative approach is used in a number of applications because it ensures the 
local isomorphism t ~ L ab initio, while lifting original algebra into the desired 
nonlinear, nonlocal and noncanonical form. 

It should be noted that Theorems 3.2 and 4.3.3 were conceived for specific 
physical needs. Recall that the generators of a Lie algebra represent physical 
quantities, such as linear momentum, angular momentum, energy, etc. As such, 
these quantities cannot be changed under isotopies, thus explaining the preservation 
of the original basis. An additional motivation is that, among all possible 
realizations, the method of Theorem 3.2 results to be most effective in the 
computation of the symmetries of nonlinear, nonlocal, noncanonical systems, as we 

It is easy to prove the following: 

Theorem 3.4 [110]: The isotopies L -> L of an N-dimensional Lie algebra L 
preserve the original dimensionality. 

In fact, the basis e k , k = 1, 2 N of a vector space and, thus, of a Lie 

algebra L is not changed under isotopy, except for renormalization factors denoted 
e k . Let then the commutation rules of L be given by 



The isocommutation rules of the isotopes L are 

le, rej ] = 6, x t x ej - Bj x T x e, = Cy^t, x, x, ...) x ^ . (3.35) 

One can see again in this way the necessity of lifting the structure "constants" into 
structure "functions", as correctly predicted by the Lie-isotopic Second Theorem. 

We now review a few basic notions of Lie-isotopic algebras I. which can be 
derived via an easy isotopy of the corresponding conventional notions, as first 
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studied by Kadeisvili [25]. The Lie-Santilli isoalgebras t are said to be: 
a) isoreal (isocomplex! when P = ft IP = C); 

2) isoabellan when [A," 8] = 0, V A, B e L; 

3) A subset Lg of L is said to be an Isosubalgebra of L when 

[ton*] c to; (3.36) 

4) An isoideal occurs when 

[trtol c £„; (3.37) 

5) The isocenter of a Lie-isotopic algebra is the maximal isoideal I* which 
verifies the property 

[L:Lo] = 0. (3.38) 

Definition 3.2 [25]: The "general isolinear and isocomplex Lie-Santilli algebras", 
denoted with Gt(n,C), are the vector isospaces of all n*n complex matrices over 
C(c,+,*), and are evidently closed under isocommutators. The "isocenter" of 
Gttn,0 Is then given by c*t, VceC. The subset of all complex n*n matrices with 
null trace is also closed under isocommutators, it is called the "special, isolinear, 
isocomplex, Lie-isotopic algebra", and denoted Stfn,0. The subset of all 
antisymmetric n*n real matrices X, X 1 = -X, is also closed under isocommutators, 
is called the "isoorthogonal algebra", and is denoted o(n). 

By proceeding along similar lines, one can classify all classical, non- 
exceptional, Lie-Santilli isoalgebras into the isotopes of the conventional forms, 
denoted with A n , B n , C n and D n according to the general rules [25] 

Class A„_i = Stfa,Oi 
Class tin m 0(2n+I,CJj 
Class C n = SWn, Qj and 

Class % = «2n,0. (3.39) 

plus the isoexceptional algebras here ignored for brevity. 

Each one of the above isoalgebras then needs its own classification 
(evidently absent in the conventional case), depending on whether 1 is positive- 
definite (Class 1), negative definite (Class II), indefinite (Class III), singular (IV) and 
general (Class V), as well as whether of isocharacteristic zero or p, thus illustrating 
the richness of the isotopic theory indicated above. 
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The notions of homomorphism, automorphism and isomorphism of two 
Lie-isotopic algebras Land t' are the conventional ones. Similarly, all properties of 
Lie algebras based on the addition, such as the direct and semidirect sums , carry 
over to the isotopic context unchanged (because of the preservation of the 
conventional additive unit 0). 

By following Kadeisvili [25] we now introduce an isoderivation D of a Lie- 
isotopic algebra L as an isolinear map of t into itself satisfying the property 

HUTB]) = [«A)TB] + [ArWB)] VA,BcL. (3.40) 

If two maps 0[ and D 2 are isoderivations, then axD^ B*!^ is also an isoderivation, 
and the isocommutators of D[ and is also an isoderivation. Thus, the set of all 
isoderivations forms a Lie-isotopic algebra as in the conventional case. 
The isolinear map ad(D of L into itself defined by 

IsoadA(B) = [A;b], VA,Bet, (3.41) 

is called the isoadpint map. It is an isoderivation, as one can prove via the Jacobi 
identity (3.41). The set of all ad(A) is therefore an isolinear Lie-isotopic algebra, 
called isoadpint algebra and denoted t a . It also results to be an isoideal of the 



t (o) = £, L (1) = [L fo) ;£<<>> ], L (2 » = [L ( »rL ( »], etc., (3.42) 

which are also isoideals of L t is then called isosolvable if, for some positive 

Consider also the sequence 

L; o) = L, £<[) = [£<,/,£,], 'La = [£<!>:£], etc. (3.43) 

Then t is said to be isonilpotent if, for some positive integer n, C( n ) - 0. One can 
then see that, as in the conventional case, an isonilpotent algebra is also isosolvable, 
but the converse is not necessarily true. 

Let the isotrace of a matrix be given by the element of the isof ield 

IsotrA = (TrA)l eP, (3.44) 

where TrA is the conventional trace. Then 
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Isotr (A * B) = (Isotr A) * (Isotr B), Isotr ( B * A * B 1 ) = Isotr A . (3.45) 

Thus, Isotr A preserves the axioms of Tr A, by therefore being a correct isotopy. 
Then, the isoscalar product 

( A T 6 ) = Isotr ! ( Isoad A) * (Isoad B) ] (3.45) 

is called the isokilling form as first studied by Kadeisvili [25]. It is easy to see that ( 
A TB ) is symmetric, bilinear, and verifies the property 

(Isoad X (?) r2 ) + ( ? Tlsoad X (23 = 0, (3.46) 

thus being a correct, axiom-preserving isotopy of the conventional Killing form. 

Let e k , k = 1, 2 N, be the basis of L with one-to-one invertible map efc -*■ 

e k into the basis ej, of L. Generic elements in L can then be written in terms of 
local coordinates x, y, z, 

A'x'ej.B-yiej, C = z k e k = [ A TB ] = x 1 yJ [ e, ,"ej 1 = 

= x'xlCy"-*. (3.47) 



[ Isoad A (B) ) k = [ A : B ] k = Ctf x j xi . (3.48) 

We now introduce the isocartan tensor gy of a Lie-isotopic algebra L via the 
definition ( A TB ) = gy x 1 yJ yielding 

g ij (t,x,x,x,...) = C^C/. (3.49) 

Note that the isocartan tensor has the general dependence of the isometric 
tensor of Sect. 2.4, thus confirming the mutual consistency among the various 
branches of the isotopic theory. In particular, the isocartan tensor is generally 
nonlinear, nonlocal and noncanonical in all variables x, x, % ... . 

The isocartan tensor also clarifies another important point of the preceding 
analysis, that the isotopies naturally lead to an arbitrary dependence in the 
velocities and accelerations, and their restriction to the nonlinear dependence on 
the coordinates x is manifestly un-necessary. 

The isotopies of the structure theory of Lie algebras then follow, including 
the notion of simplicity, semisimplicity, etc. (see the monograph [24)) Here we limit 



/. V. Kadeisvili 



Santilli's Isotopies 



ourselves to recall the following 

Definition 3.3 [25]: A Lle-isotopic algebra L is called "compact" ("noncompact") 
when the isocartan form is positive- (negative-) definite. 

Numerous additional, more refined definitions of compactness and 
noncompactness are possible via the isotopies of the corresponding conventional 
definitions [15], [126] but their study is left to interested mathematicians. 

We now study a few implications of the isotopic lifting of Lie's theory. 

Lemma 3.1 [52], [110]: The isotopes of Class III L of a compact (noncompact) 
Lie algebra L are not necessarily compact (noncompact). 

The identification of the remaining properties which are not preserved 
under liftings of Class III is an instructive task for the reader. For instance, if the 
original structure is irreducible, its isotopic image is not necessarily so even for 
Class I, trivially, because the isounit itself can be reducible, thus yielding a 
reducible isotopic structure. 

Definition 3.4 [62]:Let L be a Lle-isotopic algebra with generators X k and 
isounit 1 = T" 1 > 0. The "isodual Lie-isotopic algebras" L d is the isoalgebra with 
isodual generators X k d = -X k conventional structure functions over the isodual 
isofield F d (a tl ,+, s ^) with "isodual isocommutators" 

i x, rx, t = - 1 x d i ^ i = - 1 X) rxj ] = x\ = - x k . (3.50) 

When the original algebra is a Lie algebra L the "isodual Lie algebra" is given by 
the structure L d over the isodual field f%P,+,>&) with "isodual commutators" 

[X i ,X j ] d = X i xdX ] -X j xdX i = -[X i ,X j ] =-Cij k X k . (3.51) 

L and t d are then anti-isomorphic. Note that the isoalgebras of Class III 
contain the isoalgebras L and the isoduals L d . The above remarks therefore show 
that the Lie-isotopic theory can be naturally formulated for Class III, as implicitly 
done above. 

Note the necessity of the isotopies for the very construction of the isodual 
of conventional Lie algebras. In fact, they require the nontrivial lift of the unit I -► 
I d = (-1), with consequential necessary generalization of the Lie product AB - BA 
into the isotopic form A*T><B - BxT*A. 
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The following property is mathematically simple, yet carries important 
physical applications. 

Theorem 3.6 [52], [115]: All infinitely possible, isotopes L of Class I of a (finite- 
dimensional) Lie algebra L are locally isomorphic to L, and all infinitely possible 
isodual isotopes L d of Class II are locally isomorphic to L d 

The simplest possible proof is via the redefinition of the basis X k ■* X' k = 
X k l, under which isotopic algebras L acquire the same structure constants of U 

[X,;Xj] - [X'iTX'j] = [Xj.Xjll = qj k X' k . (3.52) 

We should however indicate that, even though the above reduction is possible, in 
general we have Cjj" ^Cjj k 1, thus rendering inapplicable the realization X' = X 1. 
Also the realization X k = X k l does not yield the desired nonlinear-nonlocal- 
nonhamiltonian isosymmetries as we shall see in Sect. 4.6. 

Despite the local isomorphism L ~ t, the lifting L -* t is not mathematically 
trivial because these two algebras are not unitarily equivalent. The physical 
relevance of the isotopies originates precisely from their local isomorphism, 
because it permits the construction of nonlinear, nonlocal and noncanonical 
isotopes of the rotational S0(3), Galilean 0(3.1), Lorentz 0(3.1), Poincare P(3.1), S0(3) 
and other space-time and internal symmetries which are locally isomorphic to the 
original algebras ll 16]. 

We now illustrate the results of this sections with the isotopies and 
isodualities of the rotational algebra so(3) with generators in their adjoint form 
(3.16)). For this purpose, the isounit and isotopic element of Class III, can be realized 

1 = diag. ( ± bf 2 , ± b 2 " 2 , ± b 3 -2 ) , b k (t, r, f, if, ...) * , 

8 = t = diag. ( ± b, 2 , ± b 2 2 , ± b 3 2 ), (3.53) 

The Isotopic Second Theorem 3.2 then yields the isocommutation rules 

D p.] = 3, x T x 3j - 3j x t x 3j = Cij% r, f, f, ...) x t x \ , (3.54) 

where the D's are the conventional adjoint generators and the £» are the structure functions. 
It is easy to see that all possible isoalgebras (3.54) are given by (631: 
I) so(3) for t ■ I = diag. (I, 1, 1) with commutation rules 
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Uj.Jj] = J 3 , tJ 2 ,J 3 l = Ji, [J 3 , J t ] = J 2 ; 
2) sofe.1) for T = diag. (I, -1, I) with rules 

[3, T3 2 ] = 3 3 , [3 2 r3 3 ] = -3, , [3 3 ;3,] = 3 2 ; 



Q^y =b 3 2 3 3 , [3 2 r3 3 ] = b,^. [3 3 ;3,] = b 2 2 3 2 ; (3.57) 

4) An infinite family of isotopes so(2.l) isomorphic to so(2.I) for 
t = diag. (b! 2 , -b 2 2 , b 3 2 ) and rules 

D,;3 2 ] =b 3 2 3 3 , [3 2 :3 3 ] =-b, 2 3!, [33:3,] = b 2 2 3 2 ; (3.58) 

5) The isodual so^) of so(3) for T = diag. (-1, -I, -1) and rules 

[3[r3 2 ] = -3 3 , D 2 :3 3 ] = -3,, [3 3 r3,] = -3 2 ; (3.59) 

6) The isodual so d (2.1) of so(2.1) for T = diag. (-1, 1, -I) and rules 

I3ir3 2 ] = -3 3 , D 2 :3 3 ] = 3,, [3 3 r3il = -3 2 ; (3.60) 

7) The infinite family of isotopes scfl{3) ~ so^) for 
t = diag. (-b[ 2 -b 2 2 ,-b 3 2 ) and rules 

D^l =-b 3 2 3 3 , [3 2 ;3 3 ] =-bi 2 3,, Q^IJ = -b 2 2 3 2 ; (3.61) 

8) The infinite family of isotopes scfiiZl) ~ SO'fel) for 
T = diag. ( -b[ 2 b 2 2 -t^ 2 ) and rules 

D, rial = V3 3 . D 2 r3 3 ] = b, 2 3,, D 3 r3,l = -b 2 2 3 2 ; (3.62) 

;rify the above indicated local isomorphisms via the 

3' 2 = bf 1 b 3 "' 3 2 , 3' 3 = bf 1 b 2 ~'3 3 , (3.63) 
is in the r.h.s. of the commutation rules disappear and one 
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recovers conventional structure constants of so(3) and so(2.l) under isotopies (see 
Ch. 1 1-6 for details). 

It is instructive for the interested reader to verify with the above examples 
various other notions introduced in this section, such as the isocartan's tensor, the 
isokilling form, etc. 

The classical realization of the Lie-Santilli isoalgebra is that via vector 
isofields Xj on the isocotangent bundle (Sect. 2.8), while the operator realization is 
that of Sect. 2.6. 

It is significant to recall that Santilli presented his isotopies of Lie's Theorem 
as particular cases of the brooder genotopic formulation of the same theorems 
with a Lie-admissible structure, which are omitted here for brevity. We merely 
limit ourselves to indicate that the isotopic product is lifted into the genotopic 
product 

( A, B ) = A < B = B > A = Axftxfi - B x §x A , (3.64) 

which verify the axioms for the third definition of Lie-admissibility of Sect. 1.3. 

In an informal seminar at the International Congress of Mathematicians, 
held in Zurich, Switzerland, on August 1994, Santilli pointed out that the product 
(A, B) is Lie-admissible if computed in conventional spaces over conventional 
fields, while the same product verifies the Lie axioms when each term of the 
product is computed in its appropriate genospaces and genofields. 

In fact, the genoproduct exhibits in a natural way the ordering to the left 
and that to the right with consequential origin from the corresponding 
genoenvelopes (Sect. .3.2), and can be written (see next section for details) 

(A,B) = <5| A<B - B>A |f . (3.65) 

In this case the product (A, B) verifies the Lie rather than the Lie-admissible 
axioms because the genoenvelope and related genoproduct A<B, when referred 
to its own genounits <1 is isomorphic to the conventional envelope £ with product 
A*B and unit I, and the same happens for the conjugate genoenvelope Z > . 

Equivalently, we can say that the genotopy A*B ■* A<B = AxftxB is an 
isomorphism when A*B is referred to the unit I and A<B is referred to the unit <1 = 
ft" 1 , and the same happed for the conjugate genotopy AxB ->• A>B = AxSxB. 

The Lie-Santilli hyperalgebras can be defined via the hyperproduct 



(3.66) 
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where we have used the symbols of Sect. 2.2. 

It is intriguing to note that, when each ordered multivalued product is 
referred to its appropriate hyperenvelope and related hyperfield, the above 
hyperproduct too satisfies the Lie axioms, thus permitting a further structural 
broadening of the Lie-Santilli iso- and geno-theories. 



II.3.4 Lie-Santilli isogroups and their isoduals 

The isotopies of a topological groups are still lacking at this writing. Only the 
isotopies of Lie's transformation groups are available and they can formulated via 
the following 

Definition 3.5 [52], [115]: A Tight Lie-Santilli (transformation) isogroup" G, or 
"isogroup" for short, on an isospace S(x,f1 over an isofield P(a,+,x) (of isoreal 
numbers ft or isocomplex numbers C or isoquaternions Q) is a group which 
maps each element x e S(x,P) into a new element i' e S(x,P) via the 



x' = 0x x = 0xTx x , f fixed, (3.67) 



1) The map (0, x) ->• * x of Gx&vx.P) onto SCtf) is differentiate; 

2) lxO = <m,= 0,VfJeG;and 

3) 0, * ( 2 "x x ) = ( 0, * 2 ) x x, V x e S(x,P) and 1 , 2 6 G. 

A '7eft Lie-Santilli (transformation) isogroup" is defined accordingly . 

Right or left isogroups are characterized by the following isogroup laws 
first introduced in ref. [52] 

00) = 1, otw) * o(w-) = (Mi * m) = m + w-), m) * oi-wi = 1 , w e p, 

(3.68) 

A significant function of the isogroups is that of identifying the group 
structure of the classical and operator time evolution of isotopic theories, 
according to the isotransforms 

x' = Oft) » , C = (e* 51 )xx = (e^lxx (3.69) 

where we have used the isoexponentiation (3.10). which do indeed constitute Lie- 
Santilli isogroups as per Definition 3.5. 
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le insufficiency of the conventional Lie groups x' = e Hxt x for the 
ructures (3.69) on numerous independent grounds, such as: Lie 
(transformation) groups have a linear, local and canonical structure while 
structures (3.69) are nonlinear, nonlocal and noncanonical; Lie groups are dependent 

on the form 1 = diag. (1, 1 1) of the basic unit, while structures (3.69) have 

arbitrary integro-differential quantities! for basic unit; etc. 

Most of the studies conducted on isotopies until now have been focused on 
the achievement of a formulation of functional analysis, geometries and mechanics 
compatible with the isotopic structure of groups (3.69). 

The notions of connected or simply connected transformation groups (see, 
e.g., ref.s [15,], [126]) carry over to the Lie-isotopic groups in their entirety. We 
consider hereon the connected isotransformation groups (see Sect. 3.8 for the 
discrete part). 

An important property permitting the isocomposition of Lie-isotopic groups 
is given by the following 

Theorem 3.7 (Baker-Campbell-Hausdorff-Santilli Theorem [52], [110]): The 

conventional group composition laws admit a consistent isotopic lifting, resulting 
in the following "isotopic composition law" 



x 3 = x, + x 2 +[£,:x 2 ]/2+ [(x,-x 2 )r[x l ;x 2 ]]/i2 + .... ojo) 

By following Kadeisvili [25], we now study the connection between Lie- 
Santilli isogroups and isoalgebras. Let L be a (finite-dimensional) Lie-isotopic 

algebra with (ordered) basis X k , k = 1, 2 N. For a sufficiently small neighborhood 

N of the isoorigin of t, a generic element of G can be written 



es some open neighborhood M of th 
$ ( 2 ) = 0( X0 2 * 0f 1 , 



considering expression (4.5.7) in the neighborhood of the isounitl, in which a 
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-■ 2 + w,xw 2 *[ X 2 rXi 1 + (2) . (3.73) 

so have the following 



(t),J = C k ,Jw k . (3.75) 



The Lie-isotopic group G a of all inner isoautomorphism of G is called the 
isoadjoint group. It is possible to prove that the Lie-isotopic algebra of G a is the 
isoad joint algebra of L 

We mentioned before that the direct sum of Lie-isotopic algebras is the 
conventional operation because the addition is not lifted in our studies. The 
corresponding operation for groups is the semidirect product which, as such, 

Let G be a Lie-isotopic group and G a the group of all its inner 
isoautomorphisms. Let G° a be a subgroup of G a , and let A(g) be the image of g e 
G under G° a . The semidirect isoproduct * G° a of G and G° a is the Lie-isotopic 
group of all ordered pairs (g, A) with group isomultiplication 

(g,A-)*(g',A ? ) = (g*A(g'),A*A'). (3.76) 

with total isounit given by 

l tot = (1,1 A ), (3 - 77) 



(g.ArMA-VhA- 1 ). 



The above notions play an important role in the isotopies of the inhomogeneous 
space-time symmetries, such as Galilei's and Poincare's symmetries (Sect. 3.9). 
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Let Q l and G 2 be two Lie-isotopic groups with respective isounits 1 1 and 1 2 • 
direct isoproduct Gi<$6 2 of Gj and G 2 is the Lie-isotopic group of all ordered 
g ~ <gi. §2>. §1 e G l • 82 E e 2 • witn isomultiplication 



1 = (gf 



Definition 3.6 [62], [115]:: Let G be an N-dimensional isotransformation group 

of Class I with infinitesimal generators X k , k = I, 2 N. The "isodual image" G d 

of G ;s the N-dimensional isogroup with infinitesimal generators 3^ k = -£ k , 
isodual isounitV^ = -1 and isodual parameters w d = -w over the isodual isofield 
P d (a ti ,+,>< d ) with "isodual isotransformation" in a suitable neighborhood of l d 



' = O d (w d )X d x d = {e f d' dXdxdwd )* d i d = -(e 



(3.82) 



le isodual field F^ta 11 , +,>&) with generic "isodual transformations" 
x d ' = l/tw^x" = !e dlXdx<iwCl }x d x d = -(e iXw )x a . 



Lie groups G 
Lie-Santilli isogroups G, 
Isodual Lie groups G d ; and 

Isodual Lie-Santilli isogroups G d . (3.84) 

Realization G (G d ) is useful for the characterization of particles (antiparticles) in the 
homogeneous and isotropic vacuum, while realization G (G d ) is useful for the 
characterization of particles (antiparticles) within inhomogeneous and anisotropic 
physical media. 
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= 1, 2, 3, and isounit 

1 2 = diag. a, T). 
The Hamilton-Santilli equations (2.53), i.e„ 

aa^/at = ^ = (o^Tj/- 

where (J 1 ' 1 is the familiar canonical Lie tensor. E 



( e^} . a(0) -{ e M ) a(0), 



(3.87) 



simplicity. The computation of the L 
coincides at the abstract level with the < 
"fields. 

An operator realization of the Lie-Santilli isogroups is given by isounitary 
'transformations x" = Ox on an isohilbert space X [100] with 

0*0T = 0T*0=1, (3-88) 



with action on an observable Q realization via an isohermitean operator H 
according to Eq. (2.79) which can now be written in the full isotopic form thanks to 
Theorem 3.1, 

Q(t) - ( e iHXt ) » Q(t) ft ( e - ( e ^ ) * Q(0) * ( e""^"), (3.89) 

The use of the bimodular isotransforms and the techniques 
studied in this section, then characterize the corresponding Lie-Santilli isoalgebra 
expressed via infinitesimal time evolution law (2.78), thus confirming the 
interconnection and mutual compatibility between isoalgebras and isogroups in 
exactly the same manner as that for the conventional theory. 

The above classical and operator realizations are also interconnected in a 
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unique and unambiguous way by the isoquantization [100]. 

It is easy to see that isogroup (3.89) has a natural ordering to the right and 
to the left, thus requiring in a natural way two different isoenvelopes, one for the 
action to the right and the other for the action to the left, interconnected with 
Hermitean conjugation. 

This is precisely the structure of the Lie-Santilli genogroups which can be 

Q(t) = ( e> '""') > Q(t) < ( <e ""*") = ( e M * S><t ) * Q(0) * ( e ~ ltxft><H ), (3.89) 

and which yields as infinitesimal form the Lie-admissible time evolution (2.84), with 
product (3.3.65). 

Finally, we can formulate the hypergroup according to the structure 

(Q(t)} = ( (e>) ifH|Xt ) (>) (Q(t)l {<) ( (<e) "'"*") , (3.90) 



where we have used the same notation as ir 
infinitesimal version the hyperproduct (3.66). 

The latter properties are sufficient tc 
isotheory admits a step-by-step further gene 
type. 



i preceding sections, which yields as 

indicate the possibility that the the 
ralization of genotopic and structural 



II.3.5. Santilli's fundamental theorem on isosymmetries. 

One of the most important application of Lie's theory is that for the construction of 
the symmetries of linear, local-differential and canonical systems. Along the same 
lines, one of the most important application of the Lie-Santilli isotheory is that for 
the construction of symmetries, this time, of nonlinear, nonlocal and noncanonical 
systems. The latter objective is embodied in the following important property 
which we quote for brevity without proof: 

Theorem 3.7 [62]. Let G be an N-dimensional Lie symmetry group of an m- 
dimensional metric or pseudo-metric space S(x,g,F) over a field F 



G: x' = A(w) x, ( x'-yf A? g A ( x-y ) » ( x-yf g ( x-y), 
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where t stands for transpose and t for Hermitean conjugation. Then the 
infinitely possible isotopes 6 of G of Class III characterized by the same 
generators and parameters of G and new isounits 1 Usotopic elements T), 
automatically leave invariant the iso-composition on the isospaces S(x,g,f1, g = Tg, 
1 = T _I , 

Gx' = A(w)*x,(x'-y) t xAtgA*(x-y) = 

= (x-y) 1 g (x-y) , AT g A = A g A* = 1 g1 , (3.92) 

The "direct universal" of the resulting isosymmetries for all infinitely 
possible isotopies g g = T(t, x, x, ii, ...)g is then evident owing to the completely 
unrestricted functional dependence of the isotopic element T. One should also note 
the insufficiency of the so-called trivial isotopy 

X k ->• X' k = X k l , (3.93) 

for the achievement of the desired form-invariance. In fact, under the above 
mapping the isoexponentiation becomes 

« X'k * w k . ( e 'X'k T w k n _ ( e iX k w k n _ (ag4) 

namely, we have the disappearance precisely of the isotopic element T in the 
..exponent which provides the invariance of the isoseparation. 



II.3.6. Isotopies and isodualities of the rotational symmetry. 

One of the most important results achieved by Santilli as a culmination of all his 
efforts [47H118] is a generalization of the current formulation of the space-time 
symmetries of contemporary physics, the rotational 0(3), Lorentz L(3.1) and 
Poincare P(3.l) = L(3.l)xT(3.1) symmetries, with far reaching mathematical and 
physical implications. 

These generalized symmetries have been solely studied by Santilli up to this 
writing. The isorotational symmetry was studied in papers [62], [63], the isolorentz 
symmetry was studied in ref. [59] of 1983; their operator image in paper [60] of the 
same year; a comprehensive classical study in memoir [67]; a comprehensive 
operator counterpart in memoir [72] of 1992 (with the first experimental verification 
via the Bose-Einstein correlation); a comprehensive classical and operator study in 
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paper [79] of 1993; specific studied on the spinorial case were conducted in paper 
[95] with additional experimental verifications; a detailed classical treatment in 
monograph [114] and the operator treatment in monograph [116]. 

In this section we shall study the isorotational symmetry, while the 
remaining isosymmetries are studied in the subsequent two sections. 

Consider the lifting of the perfect sphere in Euclidean space E(r,S,SR) with 
local coordinates r = (x, y, z), and metric 8 = diag. (1, I, 1) over the reals SR, 

r 2 = r'sr = xx + yy + zz, (3.95) 

into the most general possible ellipsoid of Class 111 on isospace E nI (r,8,ft), 8 = T8, T 
= diag. (g! i,g22 . 233 U=T _I . 

r 2 = r l 8r = x g n y + y g^y + z g 33 z , 

8t = 8,"g kk = g kk (t, r, f, r, ...) * 0, (3.96) 

The invariance of the original separation r 2 is the conventional rotational 
symmetry 0(3). The isotopic techniques permit the construction, in the needed 
explicit and finite form, of the isosymmetries 0(3) of all infinitely possible 
generalized invariants r via the following steps: (1) Identification of the basic 
isotopic element T in the lifting 8 -► 8 = T8 which, in this particular case, is given 
by the new metric 8 itself, T » 8, and identification of the fundamental unit of the 
theory,! = T" 1 ; (2) Consequential lifting of the basic field 3t(n,+,*) =* ft(n,+,»); (3) 
Identification of the isospace in which the generalized metric 8 is defined, which is 
given by the three-dimensional isoeuclidean spaces E(r,8,sft) , 8 = T8 , 1 = T" 1 ; (4) 
Construction of the 0(3) symmetry via the use of the original parameters of 0(3) 
(the Euler's angles e k , k = I, 2, 3), the original generators (the angular momentum 
components M k = c ki j r' pj) in their fundamental (adjoint) representation, and the 
new metric 8; and (5) Classification, interpretation and application of the results. 

The explicit construction of 0(3) is straightforward. According to the Lie- 
Santilli theory, the connected component S0(3) of 0(3) is given by [63] 

S0(3): r'= M«rj9)=nWe 5 MA = 

= in K =l,2,3e ,MkT ° k )xl, (3.97) 

while the discrete component is given by the isomversions [loc. cit] r' = Tr*r = irr 

Under the assumed conditions on the isotopic element T, the convergence of 
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isoexponentiations is ensured by the original convergence, thus permitting the 
explicit construction of the isorotations, with example around the third axis [53] 

x' = xcos[9 3 (g 1I g2 2 ) i ] + yg22<gllg22>~ i sin[e 3 (g I1 g 2 2) 1 ]. 

y' = - xg 11 (g 11 g22)" i sin[e 3 (g 11 g22) i ] + y cos 1 9 3 [ g u g 22 )* 1, 

z ' = z . (3.98) 

(see [116] for general isorotations). One should note that the argument of the 
trigonometric functions as derived via the above isoexponentiation coincides with 
the isoangle of the isotrlgonometry in £(r,S,ft) (see paper [60]) thus confirming the 
remarkable compatibility and interconnections of the various branches of the the 
isotopic theory. 

The computation of the isoalgebras 6(3) of 0(3) is then straighforward. By 
assuming the M's to be in theor conventional regular representation, we have [63] 

6(3) : [ Mj ~Mj } = Mj * T * Mj - Mj x T * Mj = Cy* & M k , (3.99) 

where Cjj k = £jj k g kk -1 1 ■ Th e above isoalgebra illustrates the explicit dependence 
of the structure functions. The proof of the isomorphism 6(3) - o(3) was done [loc. 
cit.l via a suitable reformulation of the basis under which the structure functions 
recover the value ejj k = ejjj, 1 .The isocenter of so(3) is characterized by the 

c (0) = li c (2) = M 2 = M&M = 2k=l,2,3 M k* T><M lc- (3.100) 

In hadronic mechanics [1 16] one of the possible realizations is the following. 
The linear momentum operator has the isotopic form 

p k S | $ > = - j t k | $ > = - i T k ' V f | $ > . (3.101) 

where we have used the isodifferential calculus of Sect. 2.4. The fundamental 

[ r^pj] = ifi'j , Itfrfl = [ Pi ; Pj ] = 0. (3.102) 

Note that in their contravariant form the coordinates are given by r k = S ki r 1 . In 
this case the fundamental isocommutation rules are given by 



J. V. Kadeisvili 



-382- 



Santilli's Isotopies 



I ri ; Pj ] = i S f j = i 1 8'j , [ r,rrj] = [piPpjl = , (3.103) 

The operator isoalgebra 6(3) with generators M k = e ki j r 1 pj is then given by 

5(3) : [ Mj TMj ] = Mj * T * Mj - Mj * T * Mj = i e,j k * M k , (3.104) 

see [61] for details). The above results illustrates again the abstract identity of 
quantum and hadronic mechanics. 

Note the nonlinear-nonlocal-noncanonical character of isotransformations 
(3.45) owing to the unrestricted functional dependence of the diagonal elements g^. 
Note also the extreme simplicity of the final results. In fact, the explicit symmetry 
transformations of separation (3.43) are provided by just plotting the given g kk 
values into transformations (3.45) without any need of any additional computation. 
Note finally that the above invariance includes as particular case the general 
isosymmetry 0(3) of (the space-component of) gravitation which, since it is locally 
Euclidean, remains isomorphic to 0(3). 

As an example, the symmetry of the space-component of the Schwarzschild 
line element is given by plotting the following values 

g u = (1 - MAT 1 , g 22 = r 2 , g 33 = r 2 sin 2 e, (3.105) 

(see next section for the full (3+l)-dimensionai case). 

Despite this simplicity, the implications of the above results are nontrivial. 
On physical grounds, the isounit 1 > permits a direct representation of the 
nonspherical shapes, as well as all their infinitely possible deformations. By 
recalling that 0(3) is a theory of rigid bodies, 0(3) results to be a theory of 
deformable bodies [63] with fundamentally novel physical applications in the 
theory of elasticity, nuclear physics, particle physics, crystallography, and other 
fields [1151 [1 16]. 

On mathematical grounds, we have equally intriguing novel insights. To see 
them, one must first understand the background isogeometry E IH (r,8,&) which 
unifies all possible conies in E(r,S,M) [1 15], as mentioned earlier. To be explicit in this 
important point, the geometric differences between (oblate or prolate) ellipsoids and 
(elliptic or hyperbolic) paraboloids have mathematical sense when projected in our 
Euclidean space E(r,8,SR). However all these surfaces are geometrically unified with 
the perfect isosphere in E(r,8$). 

These geometric occurrences permits the unification of 0(3) and 0(2.1), as 
well as of all their infinitely possible isotopes, as reviewed in Sects 3.2 and 3.3. 

Even greater differentiations between the Lie and Lie-Santilli theories occur 
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in their representations when both considered in conventional spaces over 
conventional fields (see Sect. 3.1) because of the change in the eigenvalue equations 
due to the nonunitarity of the map indicated in Sect. 3.1, from the familiar form Hi); 
= E>, to the isotopic form H*$ = E*tji = Ei{i, E° >* E), thus implying generalized 
weights, Cartan tensors and other structures studied earlier. 

The first differences emerge in the spectrum of eigenvalues of 6(2) and ofe). 
In fact, the o(2) algebra on a conventional Hilbert space solely admits the spectrum 
M = 0, 1, 2, 3 (as a necessary condition of unitarity). For the covering 6(2) isoalgebra 
on an isohilbert space with isotopic element T = Diag. (gj ], g22>. the spectrum is 
instead given by 

Iti = 81 f 1/2 222 _1/2 M, M = 0, I, 2, g kk ¥ , (3.106) 

and, as such, it can acquire continuous values in a way fully consistent with the 
condition, this time, of isounitarity. For the general 0(3) case see also the detailed 
studied of rets [1 16]. 

It should be noted that the isounit for the polar coordinate underlying 
spectrum (3.106) is precisely the fact of M, 1 e = gn~ 1/2 g22~ I/2 and this illustrates 
the remark of Sect. 3.1 to the effect that the isorepresentations coincide with 
conventional representation when referred to the proper isospace over the 
appropriate isofield. In fact, the spectrum M = 0, 1, 2, ... computed with respect to 
the unit I and the isospectrum (3 = l e M computed with respect to the isounit 1 9 are 
equivalent. 

Despite the above mathematical equivalence, the physical implications 
are far reaching because, as stressed in Sect. 3.1, the representation which has 
physical meaning is that in our space, Eq. (3.106). This implies the possibility that 
the eigenvalues of the angular momentum which have been believed to admit only 
discrete values M = 0, 1, 2, can also admit continuous values M for particles in 
interior conditions, e.g., a neutron inside a neutron star (see [1 16] for all physical 
aspects). 

Similarly, the unitary irreducible representations of su(2) are characterize 
the familiar eigenvalues 

J 3 $ = M4i, J 2 4> = J(J+ 1 )i|j, M = J, J-I -J, J = 0,4, I (3.107) 

Three classes of irreducible isorepresentation of su(2) were identified in [76] 
which, for the adjoint case, are given by the following generalizations of Pauli's 
matrices: (1) Regular isopauli matrices 
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r:J 

t = diag. (gn ,g 2 2l A = detT = gng2 2 >0, 
[a i ,a j ]j = i2A i e ijk a k . 

63 * | b > = ± A* | 6 >. 6 2 *|6> = 3A|S>,. (3.108) 

(2) Irregular isopauli matrices 

s l' = ( " „' ) =C I' d 2= ( + °. J ) =CT 2. 

= I S22 j =a1o3j 
V> "gll ' 
la' l 'a 2 '^ = 2\& 3 ' , 

[ 5' 2 , 63' If = 2 i A &i' , I CT3, &i' ]f = 2 i A a 2 ', 
3- 3 S|6> = ±A|6>. 

6%|6>= A( A+2)|6>. (3.109) 

(3) Standard isopauli matrices 

•-(;:).•»-(•-;".)■ 
-(';'.:)■ 

T = diag. ( X , X" 1 ) , X * 0, A = det T = 1, 
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5" 3 »|6>=±|6> , a"^|6>=3|6>. (3.110) 

The primary differences in the above isorepresentations are the following. 
For the case of the regular isorepresentations, the isotopic contributions can be 
factorized with respect to the conventional Lie spectrum. For the irregular case this 
is no longer possible. Finally, for the standard case we have conventional spectra of 
eigenvalues under a generalized structure of the matrix representations, as 
indicated by the appearance of a completely unrestricted, integro-differential 
function X. 

The regular and irregular representations of 6(3) and su(2) are applied to the 
angular momentum and spin of particles under extreme physical conditions, such 
as an electron in the core of a collapsing star. The standard isorepresentations are 
applied to conventional particles evidently because of the preservation of 
conventional quantum numbers [116]. The appearance of the isotopic degrees of 
freedom then permit novel physical applications, that is, applications beyond the 
capacity of Lie's theory even for the simpler case of preservation of conventional 
spectra (see Section 3.G). 

A spectrum-preserving map from the conventional representations Jg of a 
Lie-algebra L with metric tensor g to the covering isorepresentations 3g of the Lie- 
Santilli algebra L with isometric g = Tg and isounit 1 = T" 1 is important for 
physical application. It is called the Klimyk rule [27] and it given by 



under which Lie algebras are turned into Lie-Santilli isoalgebras 

Ji x Jj - Jj x Jj = Cjj k J k = (J, * 3j - Jj * Jj ) k _1 T = Cij k k _I T 3 k , (3.1 12) 
that is, 

JjXjj - Yxjj = Cjj k 3 k , (3.113) 

thus showing the preservation of the original structure constants. 

However, by no means, the Klimyk rule can produce all Lie-Santilli 
isoalgebras, because the latter are generally characterized by nonunltary 
transforms of conventional algebras, with a general variation of the structure 

Nevertheless, the Klimyk rule is sufficient for a number of physical 
applications where the preservation of conventional quantum numbers is 
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important, because it permits the identification of one specific and explicit form of 
standard isorepresentations with "hidden" degrees of freedom represented by the 
isotopic element T available for specific uses. 

For instance, the standard isopauli matrices permit the reconstruction of the 
exact isospin symmetry in nuclear physics under electromagnetic and weak 
interactions [76], or the construction of the isoquark theory [99] with all 
conventional quantum numbers, yet with an exact confinement (i.e., possessing an 
identically null probability of tunnel effects for free isoquarks because of the 
incoherence between the interior and exterior Hilbert spaces), and other novel 
applications. 



II.3.7. Lorentz-Santilli isosymmetry and its isodual 

We now study the isotopies L(3.1) of the Lorentz symmetry L(3.1), introduced by 
Santilli in paper [59], then studied in detail in monograph [114] at the classical level, 
in monograph [116] at the operator level, and today called Lorentz-Santilli 
isosymmetry. 

Consider the line element in Minkowski space x 2 = xH- T^yx", p, v = 1, 2, 3, 4", 
with local coordinates x = { x 1 , x 2 , x 3 , x 4 ), x 4 = Cot, and metric T| = diag. (l 1, 1, -1). 
Its simple invariance group, the six-dimensional Lorentz group L(3.1), is 
characterized by the (ordered sets of) parameters given by the Euler's angles and 

speed parameter, w = ( w k ) = ( 6, v ), k = 1, 2 6, and generators X = ( X k ) = { 

M^y ), in their known fundamental representation (see, e.g., [31], [32]). 

Suppose now that the Minkowskian line element is lifted into the most 
general possible nonlinear-integral form verifying the conditions of Class III 

x 2 = & g uv (x, x, x, ...) x", detg^O, g = gt, (3.114) 

which represent: all modifications of the Minkowski metric as encountered, e.g., in 
particle physics; conventional exterior gravitational line elements with g = g(x), such 
as the full Schwarzschild line element; all its possible generalizations for the 
interior problem; etc. 

The explicit form of the simple, six-dimensional invariance of generalized 
line element x 2 was first constructed by Santilli [59] by following the space-time 
version of Steps I to 5 of the preceding section: Step 1 is the identification of the 
fundamental isotopic element T via the factorization of the Minkowski metric, g = 
Tn. which, under the assumed conditions, can always be diagonalized into the form 
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!-<8ll.g22.g33.g44'. T = T T , 



•e different than those of 0(3) because of the 

Step 3 Is the construction of the isospaces in which the isometric g is 
properly defined, which are given by the isominkowskj spaces M(x,g,$). The reader 
should keep in mind that, when g is a conventional Riemannian metric, isospaces 
lii(x,g,ft) are not the Riemannian spaces R(x,g,5l) because the basic units of the two 
spaces are different. 

Step 4 is also straightforward. The Lorentz-Santiw isosymmetry t(3.1) is 

0(3.1): x' = A(w)* x = A(w)x, (3.116) . 

verifying the basic properties 

AtgA = AgAt = 1gl, or AtgA = AgAt = g, 

DetA = [ Det (A T) ] = ±1. (3.117) 

It is easy to see that L(3.1) preserves the original connectivity properties of L(3. 1) 
(see [<?ll for a detailed study). The connected component S0(3.1) of t(3.1) is 
characterized by Det A = +1 and has the structure [loc. cit.) 

A(w) - TIVl,2,...,6 1 Xk * " k - ( TTk=l,2 6 e 1 Xk T Wk IT , (3.1 18) 

where the parameters are the conventional ones, the generators Xj. are also the 
conventional ones in their fundamental representation and the isotopic element T is 
given by Equations (3.23). The discrete part of L(3.l) is characterized by Det A = - 1, 
and it is given by the space-time isoinversions [loc. cit.] 



Again, under the assumed conditions for T, the convergence of infinite series 
(3.58) is ensured by the original convergence, thus permitting the explicit calculation 
of the symmetry transformations in the needed explicit, finite form. Their space 
components have been given in the preceding Section 3.E. The additional Lorentz- 
SantiUi isoboosts were explicitly computed for the first time in [59], yielding the 
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for all possible 




x' 4 = -X 3 g 33 (g33g44) _i sinh!v(g33g44) i ] + x 4 cosh [ v ( g3 3 g 44 ) i ] 
= Y(x 4 - g3 3 1/2 g44- 1/2 ^). (3-120) 



x 4 = Cot, 3 = v/Cq, p = v k g kk v k /c g4 4 c , 
cosh[v(g 33 g 4 4) i ] = y = ( 1 -P 2 ) - *, Sinh[v(g 33 g44) i ] « Pf. (3.121) 

Agaia one should note: (A) the unrestricted character of the functional 
dependence of the isometric g; (B) the remarkable simplicity of the final results 
whereby the explicit symmetry transformations are merely given by plotting the 
values gp^ in Equations (3.120); and (C) the generally nonlinear-nonlocal- 
noncanonical character of the isosymmetry. 

The isocommutation rules when the generators are in their regular 
representation can also be readily computed and are given by [loc. cit.l 

6(ai) : [ Mji V 1 = g va M|3u ~ |ia M&v ~ £vf3 Hip. + Sap ^av • < 3 - 122 ) 

with isocasimirs 



The classification of all possible isotopes S0(3.1) was also done in the original 
construction [59] via the realizations of the isotopic element 
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T = diag. ( ± bj 2 , ± b 2 2 , ± b 3 2 , ± b 4 2 ) , b^ > 0, (3.124) 

where the b's are the characteristic functions of the interior medium, resulting in: 

(1) The conventional orthogonal symmetry SO(4) for T = diag. (1, 1, 1, -l); 

(2) The conventional Lorentz symmetry SO(3.I) for T = diag. (1, I, 1, 1); 

(3) The conventional de Sitter symmetry SO(2.2) for T = diag. (1, 1, -1, l); 

(4) The isodual SO^) for T = diag. (-1, -1, -I, 1); 

(5) The isodual 0%!) for T = - diag. (I, 1, 1, I>, 

(6) The isodual ScA2.2) for T = diag. (-1, -1, 1, ~l>, 

(7) The infinite family of isotopes S0(4) « SO(4) for T = 
diag. (bi 2 ,b2 2 ,b 3 2 ,-b4 2 ); 

(8) The infinite family of isotopes SO(3.1)»SO(3. 1) for T = 
diag.(b 1 2 ,b 2 2 ,b 3 2 ,b4 2 ); 

(9) The infinite family of isotopes SO(2,2) « SO(2.2) for T = 
diag.(-b 1 2 ,b 2 2 ,b3 2 ,b 4 2 ); 

(10) The infinite family of isoduals SO^) « SO^) for T = 
diag.t-b! 2 ,^ 2 ,^ 2 , b 4 2 ); 

(1 1) The infinite family of isoduals SO^.l) - SOfe.I) for T = 
-diag.tb, 2 ,^ 2 ,^ 2 ,^ 2 ); 

(12) The infinite family of isoduals sCfliZSl - SCH2.2) for T = 
; diag. ( b! 2 , -b 2 2 , -b 3 2 ,-b 4 2 ). 

On the basis of the above results, Santilli submitted the conjecture that all 
simpletLie algebra of the same dimension over a field of characteristic zero in 
Cartan.-classification can be unified into one single abstract isotopic algebra of the 
same dimension. 

The above conjecture was proved by Santilli for the cases n = 3 and 6. A 
theorem unifying all possible fields into the isoreals was proved by Kadeisvili et al 
[26] in the expectation of such general unification. The conjecture has been recently 
studied by Tsagas [124] for the non-exceptional case. 

In the above presentation we have shown that the lifting of the Lorentz 
symmetry can be naturally formulated for Class HI. Nevertheless, whenever dealing 
with physical applications, the isotopic element is restricted to have the positive- or 
negative-definite structure T = ±diag. (b. 2 , b 2 2 , b 3 2 , b 4 2 ), thus restricting the 
isotopies to S0(3.I) - SO(3.1) and S0%1) - SCmi). 

The operator realization of the Lorentz-Santilli isoalgebra is the following. 
The linear four-momentum admits the isotopic realization [116] 

p |Jl x|$> = -i^Uo = -iT/aJiJo. (3.125) 

Also, for ^ = t\l V x v (where r| is the conventional Minkowski metric), one can show 
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bylloccit.] ^ 

VPiJ =i V' V^ 1 = = °' (ai26) 
The isocommutation rules are then given by 

6(3.1): [M^rMng] = i WW Mfti - - %P ^(i + ^3 Hiv ' • (3 - 127) 

thus confirming the isomorphism S0(3.l) - SO(3.1) for all positive-definite T. 

Again, from the analysis of this section one can conclude that the isotopic 
and conventional transforms and representations are equivalent when each one is 
formulated in its own space over its own field. However, the physical space time 
remains that of the conventional Minkowski space, and the isominkowskian 
representation has therefore a purely mathematical significance. 

The implications of the Lorentz-Santilli isosymmetry then emerge in their 
full light, because it implies a step-by-step isotopic lifting of the special relativity, 
called Santilli's isospecial relativity, outlined in the next section. 



II.3.8. Poincare - Santilli isosymmetry and its isodual. 

We now study the most important topic of this paper, the isotopies P(3.1) = 
£,(3.I)xt!3.l) of the Poincare symmetry P(3.l) = L(3.1)xT(3.1), where T(3.1) represents 
translations in space-time, which were first introduced by Santilli in memoir [67] of 
1988, then worked out in details in papers [79], [95], presented classically in 
monograph [114], quantum mechanically in monograph [116], and today called the 
PoincareSantiW isosymmetry. The. isospinorial form #(3.1) = SC(2.C)xT(3.l) was 
worked out in paper [95] (see also monograph [116]). For brevity, we here limit 
ourselves to a brief outline of the nonspinorial case. 

A generic element of P(3.1) can be written A = ( A, a ), A e 0(3.1), a € T(3.1) 
with isocomposition 

A'XA = U',a')x(A,a) = ( A x A' , a + A'x a '), (3.128) 

The realization important for physical applications is that via conventional 
generators in their adjoint representation for a system of n particles of non-null 
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X = (X k l = { Za<x a |1 Pav-'<a 1 'P;ni). 
P= < Pp. ' = (2kPa). k= '.2,- 10 . 



component of the isopoincare group is given by 

A = Tf k e % iXk Wk = { TT k e iXkTWk ) xl , (3.130) 



, T(3.1)*p = 0. (3.131) 
3 and 3.4 then permits the 



Theorem 3.8 (General Poincare'-Santilli isogroup [95]): The ' 

Poincare-Santilli isogroup" of Class III as characterized by the isotheory is 
by the twentytwo-dimensional isotransforms 

x ' = A * x Lorentz-Santilli isotransf . , 
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where the B-f unctions are given by the expansions 

Bp = bp + a a [t u ;P a ]/I! + a a aP[[b pi rP a ]rPp]/2l + (3.133) 

Isotransforms (3.132a)-3.132d) are a direct consequence of the preceding 
analysis. The last two isotransforms (3.132e) and (3.132f) originate from the 
isoscalar character of the line element, that is, its structure (x - y) 2 = 
numberxisounit e ft(n,+ x). In fact, the same isotransforms cannot be defined for the 
conventional line element (x - y? = number e R(n,+ x). 

To understand th dimensionality, we note that the Poincare-Santilli 
isosymmetry of Class III is given by the iseselfdual direct product P(3.1)xp d (3.1). By 
recalling that isotopic and isodual structures are independent (because defined on 
independent spaces over independent fields), this yields double the conventional 
dimensionaly, that is, twenty-dimensions. One additional dimensionality has been 
discovered by Santilli [101] via his isoscalar transforms (3.132e) which, when 
combined with the independent isotopic image via isodualities (1.32f), yields 
twentyy-two dimensions. 

Note that the isoduality and isodilation of the unit do not exist for the 
conventional transform, and this explains the reason of the transition from a ten- 
to an eleven-dimensional structure in each isospaces and its isodual. 

The classical [114] and operator [116] realizations of the isopoincare theory 
are similar, For brevity we review here the latter which is characterized by the 

( Mpv "Hip 1 = ' ( %a M pu " Hia Mpv " ^ Hip + ^IpS M av > • 

[ P^ y v ] = , p, v, a, B = 1, 2, 3, 4, (3.134) 

with isocenter is characterized by the isocasimirs 

c (0) = 1 _ C (D = P 2 = P x t x P = P^ g^ P„ , 

d 2) = W 2 = W^g^W v , Wp. = e^oppJ^xp?. (3.135) 

The restricted isotransformations occur when the isotopic element t is constant. 

An important application of the isotranslation is the characterization of the 
so-called isoplane-waves on lvl(x,T|$) 
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«x)-e,«*-le' 1 " A -le ,, 1 i * *" - 1 e M * A * B,M) 

C (3.136) 
which are solutions of the isotopic field equations, represents electromagnetic 
waves propagating within inhomogeneous and anisotropic media such as out 
atmosphere and offer quite intriguing predictions for experimentally verifiable 
<novel> effects, that is, effects beyond the predictive or descriptive capacities of 
the Poincare symmetry. 

As one can see, the verification of total conservation laws (for a system 
assumed as isolated from the rest of the universe), is intrinsic in the very structure 
of the isosymmetry. In fact, the generators are the conventional ones and, since 
they are invariant under the action of the group they generate, they characterize 
conventional total conservation laws. The simplicity of reading off the total 
conservation laws from the generators of the isosymmetry should be compared 
with the rather complex proof in conventional gravitational theories. 

The isodual Poincare-Santilli isosymmetry is characterized by the 

isodual generators Xj,^ = - Xj., the isodual parameters v/yA = - , and the isodual 
isotopic element T^ = -T, resulting in the change of sign of isotransforms. This 
implies a novel law of universal invariant under isoduality which essentially state 
that any system which is invariant under a given symmetry is automatically 
invariant under its isodual. In turn, this law apparently permits novel advances in 
the study of antiparticles [1 161 

The significance of the Lie-Santilli isotheory for gravitation is illustrated by 
the following important property of the isosymmetry f>(3.1) which evidently follows 
from of Theorem 3.5: 

Theorem 3.9 (Universal Poincare'- Santilli Isosymmetry) [95]: The general 
Poincare-Santilli isotransforms of Theorem 3.6 with Class III isounitsKx, x, x, ...) = 
T~' leave invariant all infinitely possible (3+l)-dimensional intervals with 
isometrics ti(x, x, x, ..0 = Tlx, x, Si, ...)n, where n is the Minkowski metric, 

(x-y£ =[(x-y)L i f, M >,x,x,...)(x-y) v n, (3.137) 

It should be noted that we have restricted the formulation of the above 
theorem to Class 111 on precautionary grounds pending topological studies on 
broader classes. In fact, a physically more significant formulation of Santilli's 
isopoincare symmetry is that of Class IV which include Class III plus the zero of 
the isounits which represent gravitational singularities [1161 A yet broader 
definition would be that of Class V with unrestricted, thus, discontinuous isounits. 

It is an instructive exercise for the interested reader to verify that the 



J. V. Kadeisvili 



-394- 



SantilU's Isotopies 



isodistance (3.75) is indeed left invariant by all isotransforms (3.70). 

As it is well known, each invariance of a space-time separation has 
profound physical implications. In fact, Theorem 3.7 essentially characterizes an 
isoselfdual covering of the special relativity for interior conditions worked out by 
Santilli at the classical [114] and operator [116] level, and known as Santilli's 
isospecial relativity. 

The latter is a covering of the conventional relativity because: 1) it applies 
for much broader systems (nonlocal-integral and variationally nonselfadjoint 
systems); 2) it is constructed via structurally more general methods (the isotopic 
ones), and 3) it contains the conventional relativity as a particular case for 1 = 1. 

Yet, the two relativities coincide at the abstract level by conception and 
construction for Class 1 isotopies [l 14], [l 16]. This ultimate identity of the special 
and isospecial relativities assures the axiomatic consistency of the new relativity 
because criticisms on the latter ultimately result to be criticisms on Einstein's 

To outline some of the main result and implications of the isospecial 
relativity, the Lorentz-Santilli isosymmetry has numerous applications for interior 
conditions, such as [1 16]: direct representation of locally varying speeds of light 

c = c g 44 1/2 = c /n, (3.138) 

where n is the ordinary index of refraction; exact-numerical representation of the 
difference in cosmological redshift between quasars and their associated galaxies, 
which is reduced to the decrease of the speed of light within the quasar's huge 
chromospheres; and other predictions in various fields. 

The isoinversions permit the regaining of exact discrete symmetries when 
conventionally broken, such as the regaining of the exact space-parity under weak 
interactions by embedding the symmetry breaking terms in the isounit. 

The invariance under isoduality (isoselfduality) assures the consistency of 
the isodual representation of antimatter, evidently because the same invariant holds 
identically for both matter and antimatter. 

Moreover, the invariance under isotopic dilation (isoself dilation) confirms 
the direct representation of the locally varying character of the speed of light. For 
instance, light propagating within homogeneous and isotropic water is represented 
by the isotopic element T with elements g^ = n 2 . The isoinvariant then reduces 
identically to the conventional invariant 

(x-yj 2 = [(x-ylN^/^Xx-yrixtn 2 !) = 



- (x-yP % (x-yM 
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This permits the resolution of the problematic aspects of the special relativity in 
water, such as the apparent violation of the principle of causality, or the violation 
of the relativistic sum of speeds (because the sum of two light speeds in water does 
not yield the speed of light in water for the conventional Lorentz symmetry, but 
the sum is correct for the Lorentz-Santilli isotransforms). 

Rather intriguingly, the quantity n in isoinvariance (3.139e) is non-null but 
otherwise arbitrary. Santilli's isospecial relativity therefore predicts in a natural 
way that the speed of light is a local quantity which arbitrarily smaller or bigger 
than the speed of light in vacuum. In fact, c = c /n is smaller than c in ordinary 
media such as water, but it is predicted to be bigger than c in other conditions, 
such as in the hyperdense media inside hadrons or inside stars. For all these aspects 
and related references, see [1 161 

The implications of Theorem 3.9 for gravitation alone are far reaching, and 
we can only indicate them here without treatment. To begin, the theorem includes 
as particular cases the conventional Riemannian metric f|(x, x, x, ...) = g(x),. The 
Poincare-Santilli isosymmetry therefore provides the universal invariance of all 
infinitely possible exterior gravitation in vacuum. More generally, Theorem 3.9 
includes all infinitely possible signature-preserving modifications of the Minkowski 
and Riemannian metrics for interior problems. 

The simplicity of this universal invariance should also be kept in mind and 
compared with the known complexity of other approaches to nonlinear 
symmetries. In fact, one merely plots the g^ elements in isotransforms (3.98), 
(3.120) and (3.I32) without any need to compute anything, because the invariance of 
general separation (3.75) is ensured by the theorem. For numerous examples, see [95], 
[1161 

Moreover, Theorem 3.9 implies the unification of the special and general 
relativities. [116]. After all, the unification is a necessary prerequisite for the very 
achievement of the universal symmetry of gravitation. Santilli achieves the 
unification by factorizing the Minkowski metric in any given exterior Riemannian 
metric g(x), 

g(x) = T gr (x)Ti, (3.140) 
and then by embedding the gravitational isotopic element T gr (x) in the 



yd = [T gr (x)r'. (3.141) 

The Poincare-santilli isosymmetry with the above isounit then evidently unifies the 
general and special relativity. 
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Note the necessity of the representation of gravitation in the 
isominkowskian space til(x,T|,R), fj(x) = T gr (x)r|, l gr = [T gr (x)r', for the achievement 
of such a unification. In fact, no isosymmetry can be formulated in Riemannian 
spaces, as clear from the review of this section. This implies the formulation of 
gravity in an isoflat space. In fact, the space M(x,f|,R), being an isotopy of the 
Minkowski space, preserves the geometric properties of the latter, including 
flatness, yet possesses the same metric as the Riemannian space, thus permitting a 
novel characterization of gravity. 

Another implication of Theorem 3.9 is a novel quantization of gravity [1 16] 
which is based on the embedding of gravitation in the unit of relativistic quantum 
mechanics without any need of a Hamiltonian In fact, the quantization is achieved 
via the lifting of the four-dimensional Minkowskian unit I = diag. (1, 1, 1, I) of 
relativistic quantum mechanics into 1 gr (x). As the reader can verify, the operator 
treatment of the Poincare-santilli isosymmetry reviewed above is a quantum 
version of gravity for Kx, x, it,. ...) = t gr (x). The commutativity of the linear 
momentum, Eq.s (3.134b) confirms the novel achievement of a flat representation 
of gravity in terms of the Riemannian metric which emerges as the structure 
functions g(x) = fj of Eq.s (3.134). 

The isotopic quantization gravity, called by Santilli quantum-iso-gravity, 
has itself rather deep implications. Recall that quantum gravity is afflicted by 
serious problems of consistency, such as the lack of invariance of the unit with 
consequential inapplicability to actual measures, the general lack oi preservation of 
Hermiticity in time with consequential lack of observables, etc. [116]. Quantum- 
iso-gravity avoids all these problems ab initio. In fact, the isotopies assure that 
quantum-iso-gravity is as axiomatically consistent as relativistic quantum 
mechanics. After all, the two theories coincide at the abstract level because, from 
the local Minkowskian character of gravity, T gr (x) is necessarily positive-definite. 

Also, Theorem 3.9 predicts antigravity for elementary antiparticles in the 
field of matter [86], [116]. In essence, calculations show that the gravitational force 
for antimatter-antimatter systems in vacuum characterized by P d (3. 1 ) is 
attractive in the same way as for matter-matter systems in vacuum 
characterized by P(3.1). However, antimatter-matter systems in vacuum experience 
a gravitational repulsion, because they are characterized by the projection of 
P^(3. 1) in the space of Pfe.l) (see [116] for details. Note that these results are derived 
by the simplest possible case of Theorem 3.7, that in vacuum fori = I andl d = -I. 

Theorem 3.9 has even greater implications in cosmology, because it implies a 
new conception of the universe called Santilli's isocosmology [116], which is based 
on the universal isosymmetry U = ("ite.lJxf^nte.I) and implies that, at the limit of 
equal amounts of matter and antimatter, all total characteristics of the universe are 
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identically null, including null total energy, null total mass, null total time, etc. 

This renders the act of creation of the universe more mathematically 
treatable then the "big bang" and other models, because the total characteristics 
remain null before and after the creation in Santilli's isocosmology, while for the 
"big bang" and other models we have the creating of the immensity of the universe 
literally from "nothing" with evident large discontinuity at creation. 

Recall that the Poincare symmetry provides the invariance only of 
relativistic classical and quantum systems. The significance of the Poincare-Santilli 
isosymmetry is then illustrated by the fact that it provides the invariance of all 
(well behaved) infinitely possible, linear or nonlinear, local or nonlocal, Hamiltonian 
or nonhamiltonian, relativistic or gravitational, exterior or interior, classical or 
operator, and local or cosmological systems. 



II.3.9. Mathematical and physical applications. 

Lie's theory is known to be at the foundation of virtually all branches of 
mathematics. The existence of intriguing and novel applications in mathematics 
originating from the Lie-Santilli theory is then beyond scientific doubts. 

With the understanding that mathematical studies are at their first infancy, 
the isotopies have already identified new branches of mathematics besides 
isoalgebras, isogroups and isorepresentations. We here mention: the new branch of 
number theory dealing with isonumbers; the new branch of functional isoanalysis 
dealing with isospecial isofunctions, isotransforms and isodistribution; the new 
branch of topology dealing with the integro-differential topology; the new branch 
of the theory of manifold dealing with isomanifolds and their intriguing properties; 
and so on. It is hoped that interested mathematicians will contributed to these 
novel mathematical advances which have been identified and developed until now 
mainly by physicists, except a few exceptions. 

Lie's theory in its traditional linear-local-canonical formulation is also 
known to be at the foundation of all branches of contemporary physics. Profound 
physical implications due to the covering, nonlinear-nonlocal-noncanonical Lie- 
Santilli theory cannot therefore be dismissed in a credible way. 

With the understanding that these latter applications too are at the beginning 
and so much remains to be done, we have recalled after Theorem 3.7 some of the 
implications of the isotheory. We refer the interested reader to monographs [116], 
[1 18] for several additional applications and experimental verifications in nuclear 
physics, particle physics, astrophysics, cosmology, superconductivity, theoretical 
biology and other fields. 



/. V. Kadeisvili 



Santilli's Isotopies 



SANTILLI'S ISO-GRAND-UNIFICATION 
AND ISO-COSMOLOGY 



Santilli's Isotopies 



HI.1. INTRODUCTION 

While this second edition was about to be released for print in early 1997, Santilli 
achieved in Ref.s [1,2,3] of Part III the apparently first, axiomatically consistent 
inclusion of gravitation in unified gauge theories, resulting in a novel Iso-Grand- 
Unification. 

This result is important for this volume because it constitute the climax of 
the entire chain of studies of the preceding Parts I and II which can therefore be 
justified only at the level of grand unification. The new Iso-Grand-Unification has 
therefore implications for all the studies considered in this volume, all the way to a 
deeper understanding of the isoselfdual cosmology of Ref. [1 16] of Part II. 

In particular, the new grand unification provide the ultimate confirmation 
for the need of the main lines of studies considered in the preceding parts, such as: 
the isominkowskian representation of gravity without curvature; the isodual 
representation of antimatter; the Lie-Santilli isotheory in general, and the Poincare- 
Santilli isosymmetry in particular; the synthesis of current relativities into one 
single unified formulation; the isospecial relativity (Ref. [1] of Part III and [116] of 
Part II); and other advances. 

In this Part III we shall outline these advances by following verbatim Ref. 
13] for the grand unification and Ref. [1 16] of Part II, plus the updates of Ref.s [1, 2] 
of Part III for cosmological profiles. An advanced knowledge on isotopies is needed 
for a technical understanding of this Part III. 

In essence, Santilli studies in Ref. [3] the structural incompatibilities for an 
axiomatically consistent inclusion of gravitation in the unified gauge theories of 
electroweak interactions due to (for brevity, see [loc. cit] for all historical 
references): 

1) Curvature. Electroweak theories are essentially structured on 
Minkowskian axioms, while gravitational theories are currently formulated via 
Riemannian axioms, a disparity which is magnified at the operator level because of 
known technical difficulties of quantum gravity, e.g., to provide a PCT theorem 
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comparable to that of electroweak interactions. 

2) Antimatter. Electroweak theories are bona fide relativistic theories, thus 
characterizing antimatter via negative-energy solutions, while gravitation 
characterizes antimatter via positive-definite energy-momentum tensors. 

3) Fundamental space-time symmetries. Electroweak interactions are 
based on the axioms of the special relativity, thus verifying the fundamental 
Poincare symmetry, while such a basic symmetry is absent in contemporary 

Without any claim of being unique, Ref. [3] presents, apparently for the first 
time, a conceivable resolution of the above structural incompatibilities via the use 
of the following new methods: 

A) Isotopies. A baffling aspect in the inclusion of gravity in unified gauge 
theories is their apparent geometric incompatibility despite their individual beauty 
and experimental verifications. 

The view here considered is that the above structural incompatibility is not 
necessarily due to insufficiencies in Einstein's field equations, but rather to 
insufficiencies in their mathematical treatment. 

Stated in plain language, Santilli claims that the achievement of axiomatic 
compatibility between gravitation and electroweak interactions requires a basically 
new mathematics, that is, basically new numbers, new spaces, new geometries, etc. 

The mathematics used for the resolution of the incompatibility due to 
curvature is the isomathematics studied in the preceding Part I at the elementary 
level and Part II at a more advanced level. The main idea is that presented by 
Santilli at VII Marcel Grossmann Meeting on General Relativity (see Ref. [105] of 
Part II), and consisting in: 

I) the factorization of any given Riemannian metric g = g(x) into the the 
Minkowski metric r| = diag. (1, I, I, 1) 

g(x) = ttoXTl, (u) 

where t(x) is a 4x4 matrix which is positive-definite (from the locally Minkowskian 
character of Riemann>, 

II) the reconstruction of the Riemannian geometry with respect to the 
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l(x) = [TMr 1 , U.2) 

III) the lifting of all associative products among generic quantities A, B (i.e., 
numbers, vector fields, operators, etc.) into the familiar isoassociative form 

A"«B = AxfxB, (1.3) 

under which 1 = T" 1 is the correct left and right new unit. 

This yields Santilli's isominkowskian gravity, namely, gravitation 
represented with the isominkowskian geometry (see Ref.s [1,2] of Part III) which 
admits all possible Riemannian metric and conventional field equations, but refers 
them to the generalized unit l(x). 

Note that curvature is contained in the isotopic term T(x), because ti is flat. 
Therefore, the reformulation of Riemannian metrics g(x) = T(x)xr| with respect to 
the isounit 1 = T" 1 , eliminates curvature in isospace, thus rendering gravitation 
geometrically compatible to the electroweak interactions. 

Ref. [3] also points out that the Iso-Grand-Unification can be derived from 
the isoselfscalar invariance studied in Sect. 1 1.3.8 

I - n 2 x[ =1, T| — T|' = n- 2 xn = f), (1.4) 

under which we have the novel invariance of the conventional Minkowskian line 
element „ 

x 2 = (x^^xj^x, 3 [xl i x(n- 2 x v )x x i']x(n 2 xi) = 

' (x^x^xx^lxl, (1.5) 

with related invariance of the conventional Hilbert product 

<<|>|*|<l<>xl » <$|x( n - 2 )x| 1 j,>x(n 2 xl) - <<),|xtx| i |,>x1. (1.6) 

The isominkowskian formulation of gravity then follows when the parameter n is 
enlarged to be function of the coordinates, as it occurs in the transition from 
Abelian to non-Abelian gauge theories. 

In short, the classical and operator isominkowskian representation of gravity 
is rooted in novel, fundamental symmetries of the Minkowski and Hilbert spaces, 
respectively. 

The reader should be aware that the proposed resolution of incompatibility 
1) works best where it is needed most, at the operator level. In fact, the operator 
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formulation of the isominkowskian representation of gravity the that of Sect. 
II.2.I3 when the isounit acquires the gravitational value (1.2). As such, it verifies all 
abstract axioms and physical laws of conventional relativistic quantum mechanics 
(see Ref. [105), Part 11). The emerging new theory, called operator isogravity, merely 
consists in embedding gravity in the unit of relativistic quantum mechanics. 

The reader should be aware that the above results imply the abandonment 
of curvature for the characterization of gravitation in favor of broader notions. 

Rather than being surprising or a peculiarity of grand unifications, the need 
to abandon curvature for isof lat treatments is dictated by a number of conceptual, 
theoretical and experimental evidence. 

On conceptual grounds, the assumption in the celebrated "bending of light" 
that light follows the curved geodesic of the local gravitational field is in 
contradiction with the experimental evidence that gravitation attracts all forms of 
energy, as it is the case for a mass in free vertical fall. In fact, light does carry 
energy, thus resulting in the prediction of bending within a gravitational field 
which is double the experimental value, one due to the curvature and the other 
due to ordinary gravitational attraction. 

This leaves no other scientific alternative than that of either assuming an 
actual curvature of space-time without gravitational attraction, or assuming 
gravitational attraction without curvature of space-time. Santilli elected the 
second alternative because the former is disproved by masses in free fall. 

On theoretical grounds, the following fundamental theorem was proved by 
Santilli in memoir [101] of Part 11: 

Theorem 3.1: The basic units of space and time are not invariant for all possible 
geometries with non-null curvature. 

Proof. Recall from Sect. 1 1.3.8 that the line element of the isominkowski 
space is "directly universal", that is, including as particular cases in the fixed 
coordinates of the observer the metrics of all possible curved geometries, thus 
including Riemannian geometry. Recall also from Sect. 11.3.8 that the universal 
symmetry of said line element, the Poincare-Santilli isosymmetry, is noncanonical 
at the classical level and nonunitary at the operator level. Theorem 3.1 then 
follows because noncanonical and nonunitary transforms are well known not to 
preserve the basic units of space and time by their very definition, q.e.d. 

The above theorem confirms the need for the isominkowskian 
representation of gravitation without conventional curvature in a way completely 
independent from the requirements of a grand unification. In fact, rules (l.lMl.3) 
permit the formulation of gravity under the uncompromisable condition of 
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possessing invariant units of space and time, although of generalized-character, as it 
is the case for the special relativity. Note that this is the very fundamental element 
of the covering isospecial relativity [II 

On experimental grounds, the need to abandon curvature for the 
characterization of gravity following the above advances is beyond scientific 
doubts. Recall that the isopoincare symmetry is the time evolution of geometries 
with arbitrary curvature. It then follows that geometries with conventional non- 
null curvatures cannot be applied to real measurements in a scientifically 
consistent way, because one of the fundamental conditions for measurements is 
precisely the invariance of the basic units. 

As an example, it is not possible to conduct the measurement, say, of a 
length with a stationary meter changing in time. The attempt at preserving old 
knowledge via the assumption that the entire system changes in time is flawed, e.g., 
for measurements of length related to far away objects which, as such, are outside 
the influence of the local gravitational field. 

In summary, to our best knowledge, no other known theory can resolve the 
incompatibility between electroweak interactions and gravitation due to curvature 
as well as the shortcomings of Theorem 3.1, thus confirming the need for Santilli's 
isominkowskian representation of gravity without curvature. 

B) Isodualities. Structural incompatibility 2) is only the symptom of deeper 
problems in the contemporary treatment of antimatter outlined in the introduction 
of Sect. II.2. 

The view submitted in Ref. [3] of Part III is that, as it is the case for 
curvature, the resolution of the above general shortcomings requires another, 
basically novel mathematics. 

That proposed by Santilli is the isodual isomathematics of Part II based on 
the isodual map of the isominkowskian representation of gravity 

1>0 - l d = -it = -1 < 0, (1.7a) 

g(x) = TMxt, - g^x) = t d x<V = - g(x), (1.7b) 

A x B = A«t«B -+ Ax d B = Axf d xB = -AxB. (I.7c) 

The latter approach implies Santilli's isodual isominkowskian representation 
of gravity for antimatter (Ref.s [1,2] of Part III) which is based on a negative- 
definite energy- momentum tensor, thus characterizing antiparticles with 
negative-energy as it is the case for electroweak interactions. 

The electroweak interactions themselves are also re-interpreted via the 
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isodual theory in the following way. The conventional retarded solutions are solely 
used for the representation of particles, while the advanced solution are solely 
used for the representation of antiparticles. Since advanced solution are usually 
discarded nowadays, the above isodual reformulation of electroweak interactions 
recovers all conventional numerical results. 

In conclusion, in Santilli's Iso-Grand-Unif ication, antiparticles are treated in 
both gravitation and electroweak interactions via the isodual theory, thus resolving 
incompatibility 2). 

The latter theory is also based on new symmetries, the isodual symmetry 
I - -n 2 xl = 1<l, r, - r,' = n- 2 xr, = f|, (1.8) 
under which we have the additional novel invariance of the conventional 



x 2 = Ixf-V^l-I = [x» 1 x(-n- 2 x V )xx , ']x(-n 2 xl) - 

s (x^x^xx^xl^ (1.9) 
with corresponding novel symmetry of the conventional Hilbert product 
<<]>|x| t | J >xi = <$|x(- n - 2 )x| i j J >x(-n 2 xi) = 

= <())|xt'3x|4,>xld i (1. 10) 

This establishes the isodual theory of antimatter on solid foundations at 
both classical and operator levels (see Part Ii for details on isodual theories). 

To our best knowledge, no other approach can resolve the incompatibility 
due to antimatter between electroweak and gravitational interactions, thus 
confirming Santilli's isodual representation of antimatter. 

Q Isotopies of the Poincare' symmetry and their isoduals. The most 
severe problems of compatibility between gravitation and electroweak interactions 
for both matter and antimatter exist precisely were expected, in the fundamental 
space-time symmetries, because of the disparity indicated earlier caused by the 
validity of the Poincare symmetry for electroweak interactions and its absence for 
gravitation. 

The latter problem is resolved by the Poincare-Santilli isosymmetry P(3.l) 
of Sect. II.3.8 constructed for the gravitational isounit l(x) = rixg" 1 , and its isodual 
P^(3.1) for the isodual gravitational isounit l d (A In fact, the electroweak 
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interactions of the Iso-Grand-Unification for matter are formulated on an 
isominkowski space M(x,fi,ft) with gravitational unit l(x), thus requiring the 
transition from the Poincare to the Poincare-Santilli isosymmetry which then 
becomes "universal", that is, applicable to both. A similar structure emerges for 
antimatter under isodualities. 

In conclusion, to our best knowledge, Santilli's isotopies and isodualities of 
the Poincare symmetry are the only known approach capable of resolving the 
structural incompatibility between gravitation and electroweak interactions due to 
the fundamental space-time symmetries. 

When adding the isodual isopoincare symmetry for antimatter, the total 
space-time isosymmetry of the Iso-Grand-Unification is given by the isoselfdual 
product 

S Tot Isoselfd = #(3.1)x# d (3.1) = 

= [StfeO* millxISE^, C d )* d T%I>] = S d Tot Isoself , (1.II) 

where #(3.1) characterizes the unified theory for matter and # d (3.l) that for 
antimatter. Everything follows in a unique and unambiguous way. 

To understand the implications of this Part III, the reader should know that 
Santilli discovered the above universal isosymmetry in the study of the symmetry 
of the conventional Dirac equation 



In essence, Santilli noted that the negative unit is present in the very 
structure ofDirac's gamma matrices. Dirac was forced to invent the "hole theory" 
because negative-energy solution referred to positive units behave in an 
unphysical way. Santilli argued that negative-energy solutions when referred to 
negative units behave in a fully physical way. He therefore constructed his isodual 
mathematics precisely around Dirac's negative unit -I s = I d s . 

This permitted the following isodual reformulation of the conventional 
equation (see ref.s [3] of Pat III and [106] of Part II) 



(/^ + i*m)*|*>= 0, 



.12a) 




(1.12b) 



\ * > = Column ( | <!), >, 1 1\> 2 > ) • 



(1.12c) 



(^"PU + ixm)x| i |,>= 0, 



(I.I3a) 
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|*> = CoIumn (|ip>,|iV> d ), (I-13c) 

which is fully symmetric for particle and antiparticles and, does not require second 
quantization for antiparticles, an occurrence which is expected for a theory of 
antiparticles which begins at the classical Newtonian level (see Part 11). 

The following additional property discovered by Santilli Hoc. cit] has 
fundamental relevance all the way to cosmology: 

Lemma 1.1: The conventional Dirac gamma matrices are isoselfdual, i.e., 
invariant under isoduality, 

yi y -u = -ytu = yi (1.14) 

The above property established that the belief held throughout this century 
that the Poincare symmetry is the global symmetry of Dirac's equation is 
inconsistent. In fact, the Poincare symmetry is not isoselfdual, P(3.l) * pdfe.l). As 
such, it cannot possibly be the symmetry of isoselfdual laws such as Eq.s (1.2) or 
(1.13). 

In this way Santilli constructed the following true isoselfdual symmetry of 
the conventional Dirac equations, 

St ot Dirac6 = <P(3.1)xiP d (3.1) = S d tot Dirac , (1-15) 

which is twenty-dimensional because isodual spaces and parameters are 
independent from conventional; structures. 

In particular, Santilli's studies disprove the additional belief held 
throughout this century that the spin in Dirac's equation is characterized by a 4x4- 
dimensional representation. In fact, the correct spin symmetry of Dirac'xs 
equation is SU(2)*SU d (2). As a result, the spin for particles does indeed remain 
characterized by the two-dimensional Pauli's matrices o k and that of antiparticles 
by their isodual Pauli matrices o\ = -a k . 

Next, Santilli discovered in memoir [101] of Part II the additional 
isoselfscalar invariance of Dirac's equation, i.e., its invariance under transforms 
'(1.4M1.6) which, when combined with their isoduals (1.8M1.10), brings the total 
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dimensionality of the symmetry of Dirac's equation to twenty-two independent 
parameters. 

The final step was the lifting of symmetry (1.15) to isounits with nontrivial 
functional dependence which lead the fundamental isoselfdual isosymmetry (1.1 1). 

The reader is suggested to meditate a moment on the implications of the 
above discoveries. First, they imply that contemporary mathematics as currently 
formulated is nor applicable to antimatter. 

Second, the above results establish that the conception throughout this 
century of gravitation as being represented by curvatures is fundamentally flawed 
and should be replaced with broader notions. 

Third, the same results establish that the classical and quantum physics of 
this century has been constructed with incomplete space-time symmetries, 
evidently because they are not isoselfdual. 

Finally, the reader should not be surprised that the new invariances (1.4M1.6) 
and (1.8H1.10) have remained undetected throughout this century. In fact, their 
identification required the prior discovery of new numbers, first the isonumbers 
with arbitrary positive units for invariances (l.4)-(1.6), and then the additionally 
new isodual isonumbers with arbitrary negative units for invariances (I.8M1.10). 



III.2. ISCMJRAND-IXNIFICATION 

In a communication to the VIII Marcel Grossmann meeting on General Relativity 
scheduled- to be held in Jerusalem next June, 1997, Santilli (Ref. [3] of Part III) 
presented a basically novel Iso-Grand-Unification with the axiomatically consistent 

In particular, Ref. [31 presents the formal derivation of the new unification; 
provides very simple means for its explicit construction for each given 
gravitational metric; proves the invariance of the theory under nonunitary 
transforms; identifies the new grand unification as a realization of the theory of 
"hidden variables"; and indicates that it is along the historical teaching by Einstein, 
Podolsky and Rosen on the lack of completion of quantum mechanics. 

The isotopies of gauge theories were first studied in the 1980's by Gasperini 
[4a] followed by Nishioka [4b], Karajannis and Jannussis [4c] and others, and ignored 
thereafter. These studies were defined on conventional spaces over conventional 
fields and via the conventional differential calculus. As such, they resulted not to 
be invariant following the recent studies of memoirs [100,101] of Part II. 

In Ref. [3] Santilli introduced, apparently for the first time, the isotopies of 
gauge theories, or isogauge theories for short, formulated in an invariant way, 
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that is, on isospaces over isof ields and characterized by the isodifferential calculus 
(see Sect. II.2.7). The isodual isogauge theories were apparently introduced in Ref. 
[3] for the first time. 

The essential mathematical methods needed for an axiomatically consistent 
and invariant formulation of the isogauge theories for matter are the following 
ones, heron assumed as known from Part II, all having the same basic isounitKx, ...): 

1) Isofields of isoreal numbers ft(fi,+,x) or isocomplex numbers C(c,+,><) and 
related novel isonumber theory. 

2) Isominkowski spaces (3(xc,f|,R) equipped with Kadeisvili isocontinuity 
and Tsagas-Sourlas isotopology of Sect. 11.2.5 (see also the recent studies by 
Aslander and Keles, Ref. [5a] of Part III). A more technical formulation of the 
isogauge theory can be done via the isobundle formalism on isogeometries recently 
reached by Vacaru (Ref. [5b] of Part III) which is under study at this writing. 

3) Isodifferential calculus of Sect. II.2.7 

4) Isofunctional isoanalysis of Sect. 1 1. 2.6 

5) Isominkowskian geometry which is a symbiotic unification of the 
Minkowskian and Riemannian geometries available in its latest formulation in Ref. 
[2] of Part III. 

6) Hadronic mechanics outlined in Sect. II.2.13 (see memoir [101] of Part II 
for its latest presentation). 

7) The Lie-Santilli isotheory studied in details in Part II. 

Once the reader has acquires a technical knowledge of the above methods, 
the formulation of the isogauge theories is trivial, and merely consists in putting a 
"hat" on all symbols and all operation of conventional theories. 

The isogauge theory for matter is characterized by a non-Abelian isogauge 
symmetry G which is the isotopic image of the conventional symmetry G, i.e., the 
symmetry G reconstructed for general isounits 1(x, ...). Since the latter are positive- 
definite, G ~ G by conception and construction. 

The isosymmetry G is characterized by: universal enveloping isoassociative 
algebras ?(g) where the preservation of the symbol g of conventional algebras 
indicates the preservation of the original generators and only their rewriting in 
isospace over isofields); Lie-Santilli algebra g; and the Lie-Santilli isogroup G 
realized in terms of isounitary operators on a isohilbert space 3t over the isofield C; 
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4>'(x) = Cxiftx) = (e 



where e is the isoexponentiation and % is in the isominkowski space. The 
nontriviality of the isotheory is then shown in this first step by the appearance of a 
nonlinear operator t in the exponent of the isogroup structure. 
The isocovariant isoderivative is then defined by 

IV * = < V 1 * 8 * V 69 * X k > * • (2 ' 2) 

where one should recall that"i = lA, g = %A, g is the usual electroweak structure 
constant,1xg><A u k *X k = (ixgxjy k xx k H and the A's are the potentials. It is easy to see 
that the above isoderivatives verify the Lie-Santilli axioms in isospace. 
It is then easy to prove the isocovariance law 

(IV$)' = 0*IV*. (2-3) 

under the usual redefinition, although in isotopic form 

A'u = " g" 1 * ( ) * r 1 , (2.4) 

The Yang-Mills-Santilli isofields are then defined by 

<V V = "!*§*[£(! T fit,]*®, (S- 51 

where [ A,"B] = A*B - B*A = AxfxB - B x txa is the Lie-Santilli isoproduct, and they 
verify properties identical to the conventional ones, only written in isospace. 

Finally, we mention that the isogauge theory is derivable from the isoaction 



A= /axt-F^xfH"), (2.6) 



and then the use of the Lagrange-Santilli isoequations (Sect. II.2.10). 

Santilli [loc. cit.] insists that the above isogauge theory is not a new theory 
but only a new realization of the abstract axioms of the conventional non-Abelian 
gauge theories. In fact, the isogauge theory coincides at the abstract level with the 
conventional theory to such an extent that they can be presented with the same 
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conventional symbols, those without "hats", and then subject them to different 
realizations, the conventional realization for the conventional theory and the 
isotopic realization for the covering theory. 

The isodual isogauge theories for antimatter are the anti-isomorphic 
images of the preceding theories under the isoduality of the totality of the 
preceding quantities and of their operation. 

The total gauge symmetry is therefore G * G d and it is isoselfdual. 

Santilli Iso-Grand-Unification is given by the preceding isogauge theory 
and its isodual in which the isounit acquires the gravitational value (1.2). The total 
isosymmetry is therefore the isoselfdual structure 

STot'" G " U = (#<3.I)*G) x (£H3.1)x d G d ) = 6%"™. (2.7) 

It is evident that the above theory resolves the axiomatic incompatibilities between 
electroweak and gravitational interactions identified in Sect. 1 1 1. 1 - 

Santilli then provided in Ref. [3] a very simple method for the explicit 
construction of the Iso-Grand-Unification for any given gravitational theory. It is 
given by the selection of a transformation U which is nonunitary on conventional 
Hilbert spaces, U*ljt * 1, which is assumed to characterize the isounit according to 

1 = Uxljt = tix) = rixIgMr 1 , (2-8) 
yielding specific models, such as that for the Schwarzschild metric 
1 = U x = Diag. ( ( 1 - 2xM/r), (1 - 2xM/r), (I - 2xM/r), (1 - 2xM/rF' ) . (2.9) 

The entire isogauge theory then results from the systematic application of 
the above nonunitary transform, to the totality of quantities and operations of the 
conventional unified theories. 

This yields: the isounit I -* I '= IMxut = Uxtf = 1; the isonumbers n -+ n ' = 
Uxnxljt = nxl = h; the correct isoproduct with the correct Hermiticity and value of 
the isotopicelement, A*B ->■ Ux(AxB)xut = A*t*B' = A*B', T = (UxuT)" 1 = T l = TV = 
U*Axijt' B ' ~ U* B *Ut. the Lie-Santilli isoalgebras and isogroups; the Yang-Mills- 
Santilli isof ields; and all other aspects of the isogauge theory, now in a specific 

Note that the lack of implementation of the above nonunitary lifting to only 
one of the conventional; profiles, e.g., numbers or differential calculus, implies 
numerous inconsistencies. 

Santilli then showed how the resulting Iso-Grand-Unification is indeed 
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invariant. In fact, any additional nonunitary transform W X W^ = 1 * I, can always be 
factorized into the form W = tfxt 1/2 under which it becomes an isounitary 
transform, WxW f = WxW? = W^W =1 yielding the invariance of the Iso-Grand- 
Unification- 1 - V = W31*#T = 1, m -* Ux(AxB)xWt = A«6; etc. 

Note that the invariance implies, not only the preservation of the isotopic 
structure, but actually the preservation of the numerical value of the isounit and 
isotopic element. Note also that the selection of a nonunitary transform wxwt = 1 
?<1 implies the selection of a different gravitational theory. 

The above Iso-Grand-Unification results to be a concrete and specific 
realization of the theory of "hidden variables" (see, e.g., Ref. [6a] of Part III). In fact, 
gravitation is "hidden" in the conventional theory, not only because the 
conventional and isotopic unified theories coincide at the abstract level, but also 
because the gravitational isounit preserves all axiomatic properties of the 
conventional unit 

1" = 1 xl = 1, (2.10a) 

1* = 1 , 1 n = 1 , etc. (2.10b) 

dl/dt =1*B - fix! = fi-ft = o, (2.10c) 

while the isoeigenvalues and isoexpectation values of the isounit recover the 
conventional unit, 

1*|$> = r'xTxl^ = 1x|$l>, (2.11a) 

<1> = <4,|xtxlxTx|i|)>/<i| J |xtx|i!,> = 1. (2.11b) 

It then follows that the proposed IGU constitutes an explicit and concrete 
realization of the theory of "hidden variables" X = t(x, ... ), 

flx|4,> = fixx(x,...)x|$> = e x x | $ x = E x x|$>, (2.12) 

when the theory is correctly reconstructed with respect to the new unit 1 = X" 1 for 
axiomatic consistency. In particular, von Neumanns Theorem [6b] and Bell's 
inequalities fee] do not apply to the above isotopic realization of "hidden variables", 
evidently because of the nonunitary character of the theory (see Ref. [116] of Part 
III) for details). 

Most intriguingly, Santilli Hoc. cit.] shows that his Iso-Grand-Unification is a 
realization of the teaching by Einstein, Podolsky and Rosen on the "lack of 
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completion" of quantum mechanics, only applied to the isotopic completion of 

We should indicate that the above iso-Grand-Unification is far from having 
sole mathematical meaning because, in addition to the first, axiomatically 
consistent inclusion of gravitation in unified gauge theories of electroweak 
interactions, the isotheory has numerous applications and experimental 
verifications on existing data and predicts fundamental, basically novel events. 

First, the Iso-Grand-Unification is the culmination of all studies by Santilli. 
As such, all existing applications and experimental verifications in particle physics, 
nuclear physics, astrophysics and other theories are applications and verifications 
of the Iso-Grand-Unification (for their outline see memoir [101] of Part II). 

moreover, the Iso-Grand-Unification has the following novel predictions: 

1) Prediction that antimatter emits a new photon, called isodual photon 
(see Ref. [106] of Part II), which coincides with conventional photon for all 
interactions except gravitation and which, if confirmed, may allow one day to 
ascertain whether far away galaxies and quasars are made up of matter or of 

2) Prediction that all stable isodual particles, that is, the isodual photon, the 
isodual electron (positron) and the isodual proton (antiproton), experience 
antigravity in the field of matter (defined as the reversal of the sign of the 
curvature tensor (see also Ref. [106] of Part II). As indicated in Sect. II.2.I, this 
prediction avoids the usual arguments against antigravity because, e.g., bound states 
of stable particles and their antiparticles such as the positronium, are predicted to 
experience attraction in both fields of matter and antimatter, and for other reasons. 

3) Prediction that part of the cosmological redshif t is of isotopic type, that is, 
due to the decrease of the speed of electromagnetic waves within astrophysical 
chromospheres (see Ref. [1 16] of Part II). In particular, Santilli's isominkowskian 
geometry explains the visible different in the tendency toward the red visible by 
the naked eye at sunset and sunrise. 

4) Prediction that the neutron can be stimulated to decay via subnuclear 
mechanisms (see Ref. [101], of Part II), with vast implications in nuclear and other 
technologies; 

5) Prediction of a new, clean, subnuclear energy called "hadronic energy" 
based on stimulated beta decays [loc. cit.]; and other predictions. 

Note that the isotopies leave unrestricted the functional dependence of the 
isounit l(x, ... ), provided that it is positive-definite. Ref. [3] uses only the x- 
dependence to represent exterior gravitational problems in vacuum. The isogauge 
theory also admits an arbitrary nonlinearity in the velocities and other variables 
which can be used for the study of interior gravitational problems. Also, the 
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isogauge theory naturally admits a dependence of the Isounit on the 
wavefunctions and their derivatives while preserving isolinearity in isospace, as 
studied in Sect. II.2.I3 (thus preserving the superposition principle, as needed for a 
consistent representation of composite systems). Moreover, the isotheory is a 
particular case of the broader geno- and hyper-theories (see the concluding 
comments). Thus, the Iso-Grand-Unification was presented in Ref. [3] as a 
particular case of yet broader formulations. 

A scientific appraisal of the new Iso-Grand-Unification requires the 
knowledge that the isotopies not only preserve the original axioms, but also the 
original numerical values (see Ref. [1161 of Part II). As a result, the Iso-Grand- 
Unification outlined above, not only is impeccable on axiomatic grounds, but also is 
unquestionable on experimental grounds because it reproduces in isospace all 
experimental results of both electroweak and gravitational interactions. 

In closing, the most significant possibility suggested by Santilli [3] is that 
gravitation may have always been present in unified gauge theories. It did creep in 
un-noticed because embedded where nobody looked for, in the unit of gauge 
theories. 



Ill J. ISOCOSMOLOGY 

Santilli's isocosmology is the new cosmology characterized by the total symmetry 
(see ref. [1 16l Sept. 9.6 of Part II and the updates in Refs. [1,2,3] of Part III) 

^Universe = { #(3. i) Si G ) x [ <H3. l) 3 d G d ) ■ S d Tot Unlverse , (3. l) 

where #(3.1) and # d (3. 1) are the space-time symmetries for matter and antimatter, 
respectively, while G and G d characterize direct products of internal symmetries 
and their isoduals, including gauge, unitary and other symmetries. 

It is evident that the above cosmology is based on the use of the 
isominkowskian (and not the isoriemannian) geometry [2] and the applicable 
physical laws are those of the isospecial (and not isogeneral) relativity. In this way, 
Santilli's isopoincare symmetry, isominkowskian geometry and isospecial relativity 
become "universal", that is, applicable everywhere throughout the universe. 

It should be indicated from the outset that Santilli's cosmology is the first 
and only one characterized by a symmetry. This is evidently due to the fact that 
gravitation does not possess a symmetry in other treatments, thus preventing the 
study of a cosmology based on a universal symmetry. 

The assumption of basic symmetry (3.1) characterizes the new cosmology 
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uniquely and unambiguously. Some of the basic properties of the new cosmology 
are the following: 

1) Lack of curvature, as a necessary condition to define a total symmetry 
for the universe. In fact, the admission of curvature prohibits even the 
formulation of a symmetry for gravitation, as studied in details in Part II. The 
universe is predicted to be everywhere isoflat. This resolves old controversies, such 
as the prediction of double bending of light, one for curvature and one for 

2) Isoselfduality, i.e., invariance under the map of all quantities and their 
operations into their anti-Hermitean images. This is mathematically a fundamental 
property of Santilli's new cosmology with far reaching implications, some of which 

3) Equal amounts of matter and antimatter in the universe, evidently as 
a consequence of the isoselfduality. Needless to say, this is a limit conditions which 
does not preclude other possibilities, such as total amount of antimatter being 
smaller than that of matter, in which case however isoselfduality must be broken. 

4) Null total characteristic of the universe, i.e., null total energy, null total 
linear and angular momenta, null total time. Etc.. This is a consequence of 
characteristics 1) and 2), under the assumption that total quantities are referred to 
one single observer wether made up of matter or of antimatter. 

5) Local notions of time and space. The local character of time is a 
consequence of the basic units of isosymmetry (3.1) for which the flow of time 
depends on the value of the fourth component 1 44 . The latter depends on the local 
gravitational field as in Eq. (2.9), thus resulting in the indicated local time. Note that 
questions such as "the age of the universe" have no meaning for Santilli's 
isocosmology because the answer would be "the age of the universe is identically 
null". Alternative questions such as "the age of the matter component of the 
universe" also have no meaning because of the local character of time. A question 
which may have meaning for the isocosmology is "the average age of the matter 
component of the universe". However, the latter question too is soon voided by 
broader versions of the new cosmology, such as the multivalued hypercosmology 
indicated below. The local character of time evidently implies a corresponding local 
notion of space. In turn, these imply the mathematical prediction of a new form 
of locomotion called "isolocomotion" (see Ref. [1 15] of Part II) in which motion 
occurs without any application of a Newtonian force, and via the alteration instead 
of the local units by means of sufficiently large local energies. 

6) Arbitrary local maximal speeds (for matter and of their isoduals for 
antimatter). In isominkowskian space the maximal causal speed remains that of 
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light in vacuum c [Ref.s [115,1 16] of Part II and Ref.s [1,2] of Part III). However, the 
projection of the above speed in our space-time yields the local value c = c /n 4 
where 114 is unrestricted (except for being positive-definite) and can therefore be 
smaller, equal or bigger than 1. This fundamental prediction is amply confirmed by 
the fact that, on real scientific grounds, the speed of light in vacuum is no longer a 
barrier. In fact, photons traveling within certain guides at speeds bigger than c 
have been measured and then independently confirmed; large masses have been 
measured to be expelled during astrophysical explosions at speed bigger than c and 
confirmed by additional measurements; according to all phenomenological and 
experimental data available, the speed of photons inside hadrons, nuclei and stars is 
bigger than c (see Ref. [101] of Part II for details and references); etc.. 

7) Average speed of light in the universe bigger than that in vacuum (in 
the matter component and of the isodual light in the antimatter component). We 
are here referring to the average value of the speed of light throughout the 
universe, thus including the value in vacuum c , plus the value c = c /n 4 within 
physical media of low density (such as atmospheres and chromospheres in which c 
< c ) or of high density (such as the media inside hadrons, stars and quasars for 
which c > c ). Calculations have indicated that the latter dominate over the former 
-resulting in an average speed c° = Averfc) > c . 

8) Lack of the missing mass. The universe has been conjectured to have a 
"missing mass" based on the assumption that the speed of light has everywhere the 
value c in vacuum, resulting in the energy equivalence E = mc 2 . The assumption 
of an average value of the speed of light c° > c evidently implies a revision of the 
above belief. Injfact, the new total energy of the matter component of the universe 
is given by 

E Tot Un ' v = rnTot x c° 2 = m Tot * c 2 / Aver (n 4 ) > E° To t = m™ * c 2 - < 3 -2) 

The above occurrence not only eliminates the need of the missing mass, but 
actually permits a first estimate of the average speed of light in the universe 
precisely from the value of the missing mass, according to the expression (eq. (9.6.6), 
p. 462, Ref. [116] of Part II), 

n° 4 = Aver. n 4 = [ ( m Tot / ( m Tot + m Mjss ) ] l/2 < 1 , (3.3) 

for which c = c /n° 4 > c , as predicted by Santilli. 

9) Lack of discontinuity at creation. According to current theories, such as 
the "big bang", the creation of the universe is based on a large discontinuity, the 
creation of an immense amount of energy from nothing. In Santilli's isocosmology 
such a discontinuity is eliminated, because the total characteristics of the universe 
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were identically null prior to creation and remain identically null after creation. 
They have been merely separated into equal and opposite values at Creation. This 
view permits, apparently for the first time, quantitative mathematical-geometrical 
studies of the &eation thanks precisely to the lack of its discontinuity.. 

For other characteristics of the novel isocosmology, we refer the interested 
reader to Ref . [116] of Part II and Ref.s [1,2,3) of Part III. 

As final comments, recall that the isomathematics is a particular case of the 
broader genomathematics (see memoir [100] of Part II) which occurs for non- 
Hermitean generalized units and is used for an axiomatization of irreversibility. In 
turn, the genomathematics is a particular case of the hypermathematics Hoc. cit.] 
which occurs when the generalized units are given by ordered sets of non- 
Hermitean quantities and is used for the representation of multivalued complex 
systems (e.g.,biologicaI) in irreversible conditions. Evidently both the 
genomathematics and hypermathematics admit anti-isomorphic images under 
isoduality. 

To understand the dimension of the scientific construction studied in this 
volume, as well as the amount of novel research it is generating on aspects yet to 
be investigated, one must therefore keep in mind that the Iso-Grand-Unification 
and Isocosmology were submitted as particular cases in the following chain of 
lifting of contemporary models: 

1) Isodualities of conventional gauge theories and cosmologies for the 
treatment of antimatter without gravitation in vacuum. 

2, 3) Isogauge theories, Isocosmology and their isoduals, for the inclusion 
of gravity for matter and antimatter in reversible and closed-isolated conditions in 

4, 5) Genogauge theories, genocosmology and their isoduals, for matter 
and antimatter, respectively, in irreversible and open interior conditions. 

6, 7) Hypergauge theories, hypercosmology and their isoduals, for 

multivalued, irreversible and open generalizations, e.g., the study of cosmologies 
inclusive of biological structures. 
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ABOUT THE BOOK 



After reviewing Santilli's isotopies of fields, spaces and algebras, the book 
presents a detailed description of the isotopies of the symplectic, affine and 
Riemannian geometries which are nonlinear in the coordinates as well as 
velocities and accelerations, nonlocal-integral in all variables and 
nonpotential. The monograph presents Santilli's isogeneral, isospecial and 
isogalilean relativities for the description of interior dynamical problems 
(such as a satellite during re-entry) while preserving the axioms of the 
exterior problem in vacuum. This second edition reviews substantial 
advances occurred in isotopic relativities during the last three years. 
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